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_ 1+ 1—if3
Cube root of unity are |, —_}H and Ly

Here one is real and other two are complex numbers which are conjugate to

each other

1115 Nature of imaginary cube root of unity :

. . : -1+i43 1-iy3
I'he imaginary cube root of unity are - and

. |

1 +1+3 =153
let o = — :—1‘ and 7 = J

3 =R 1438 11— | =3
h:!'ﬂ-u"—?l . Jam 1 - A =_'I'
L=
! ] + w'.i‘
Apmin §*= - =

. One of the imaginary cube root of unity is the square of the other imaginary cu
root of unity. If & is the unaginary cube ool of unity then the other imagnary ¢

rool of unity is @
1., @ are the cube root of unity.
.0 15 the cube oot of unity
=a =1
» T = =i}
= (@=1 N pm +a+li=0
= +@+l=0(since, @ -12 Oasm+1)
L.1.16 DeMaiv ri's Theorem :

Statcment- IT i is an inleger positive or negative then

(cos B+ sin OF = cos 50 + § 5w
As we have if 2= r({cos 8 + { sin 8), then 27 = ¥ (cos O

i sin )" *
amp s =amp (z2)=20. And |z IR =
Hence = (cos 20 + § gin 200 e
From * and ** we nave  (cos 0 + § sin 0) =cos 20 4 i sin 26

Complex Number 13

it can be extended 1o (cos 0+ f g4 - i i

Thislltnrmismlmdglhﬂa:::'nﬂr m’ﬂ“‘"fﬂ"’ﬂhuﬂﬂmm“rﬂ-

Hnisnfrlclhnpmiﬁwnrnmhr:_nmnfMtrﬂ
cos m + § sin m,

Huthisll'mmmhenppliadinmmhgmurmmphmbm

Mlustration:

{cos & + i sin 0Y = cos 20 + / sin 20

{cos 0 + i 5in 0)* = cos 60 + / sin 68

(cos 8 + isin @) ' = cos (- 40) + i sm (— 40) =~ cos 48— § sin 48
{cos 58 + i sin 50Y ={(cos 8 + i sin #Y°}* = cos 300 + § sin 100

ues of (cos 0+ i sin By is

_lrhul out examples,
1. (i) Reduce toa+ib form

A+ R b ar . T e .
ST “—EK]-'FF-_': ],—fr' =E=r=ﬂ'+1=ﬂ.'!'.ﬂl'

whrrea=0adb=1
-i " . i} l
(i) [QP 2011] Find conjugate of 357

s U . (3=50 _{Jujil _13—5.‘1 _}_—51' i__i_
C 345 (3+5(3-5D T9-2%F 9425 34 T3 -

1 - LR .
s 2 = 1 —— e
LumJLLgﬂI['uI'3+ 5 conjugale of I3 34 " 3a

1
2. Sumplify: Hj{l-:h[l+;j

I 1 :
In: (1 - il +5)=l=it7-l=—i+g=—-i-i=-2i
f i '

NOP 2011 /81 +/~64
In: JoRl+-64=9+Bi=1T

1
DIOP2011] i + 3
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jieifz=a+ ib, where aand b are real, 7 = J=1, a* +b* » 0,then Jo© + ' (h
is positive square root of a* +47) is known as Modulus of « + ib and s denoted &
|z | or mod(z). Thus mod(z) = mod (a +ib)=+ .uir";-" +h_
or |zl=|lavibl=+ [ 44

PE '
Again tan POE =—— ==, the amplitude of the complex number x + iy may B¢

OF
; ¥ R ¥
writlen as tan~' - If z = x + iythen amp z =tan igd or, arge=tan-'(=
- . 3
Let modulus of complex number is denoted by r i.e OP =r then cosé= o
smmél = : which means x=rcos @ and y=rsinil
—sx+ iy =rcos @+ irsin & = r(cos U+ isin &)

Thas any complex number can be expressed as r (cos @+ sin & which is the

polar form
L1111 Properties of modulos
i Modulus of acomplex number and its conjugate complex nois same.

¥ letz=a+ibthen =0 ~1h

lzl= la+ibl=g" +b" = «,,IH': b (=hy =|Z|

(il) Modulus of the product of two complex numbers is equal 10 the product of modulus

il of those complex numbers.
" letz,=a+ib, ,=c+id
Now |z, zl=|(a + ib}ec + idi={ac - bdy+ i{be+ ad)|

'—'-.'Il;ur' —MT- (e + ad )’

\'IH".:"' +b1d? = 2abed +b'e® +a'd® + 2abed

— e - IR
la® +b We' +d )=zl 2]

(i) Moduus of the quotient of two complex. number is egual 1o the guotient of modulus
of those complex numbers.

Letz,=a + ib, 3,=c¢ + ib Then {Proof is not shown at present )

(iv) 2§ = |z = |5

x

Complex Number I

12 Properties of amplitude :

fi)amp = —ampz
) For z, and z, two complex numbers amp (z,.z,) =amp(z,) + amp( z, )

s
{iif) For z, and 2, two complex numbers amp f = ampiz, ) ~amp( 2, }

Square root of a complex number :
Since the sqquare of 4 complex number is a complex mumber s0 we can wiite,
Javib =x+iy
Squaring bothside, a+ib=(x+ ) = a+ib=(¥-¥ )+ iy
Equating real and imaginery part, we have

P=yag ... (i) and 2xy=5
Now, (B+ ¥y = (F—¥P+48y =a’+ ¥

:}It.pf; |Iﬂ'1'|"h:r 1111111111 i
i) ) =X -%{-fr-‘ b )

(i) - (i) ;:..J.r! = %{m—ﬂ}l

Since product 1y = b2 hence xy and b will have same sign. Thus b will be
+ve, when x and ¥ will both + ve or x and y will be both - ve. similarly, b

will be —ve. when x and y will be of opposite sign. So, if Ja+ib=x+ iy then
Ja-ip = x—iy. For if Ja+ib =x+ iy then squaring we have
a+ib=(r-y)+2ixy sothatx*~y'=a and Zxy=b

a—ib=( ¥ —-y)—2ixy=(x-iyf Hence, Jo—ib = x=iy

L1.14 Cube root of unity : Let Yimzx =1 =1

= 1= 0= 2-1"=0 =(x- I +x+1)=0
ax=lor f+x+1=0

1xJ3 12
Now 2 +x+1=0 =x= SRE
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Numbers. Now, z,+z,={a+ib) +(a+ib) = (a+a,)+ i(b+h) .
=M+ iN where M =(a,+ a,) and N=b+b, .8 Geometrical Representation of Complex Number:
Addition of Complex Numbers 15 also a Complex Number. 'Iht:ﬂ-_l]'ﬂjghllint.}{ﬂxi and YOY' intersects at right angles ot the point O. Let A is
(ii) Subtraction of Complex Number: Letz, =a+ib andz,=a+ib,bet a point on XOX' such that OA = 1 unit. Take the point E such that OF = runit. E
Complex Numbers. Now, z, -z, ={a+ib)-(a+ib,)=(a~a)+i(b~5b,) represents the number +x. i xis—vethen E lies on OX'. Now, with centre O
=M +iN where M ={a,- a,Jand N={b-h) , ﬂl’l‘-‘-‘ﬂl‘tlm_.ﬁ.ﬂu.hlch intersects the ’
Subtraction of two or more Complex Numbers 1s also a Complex Number. i ey H_Ihl': POIRL 13 scRracuin J_..-*"!' "\\7"“
(§ii) Multiplication of Complex Number: Let 2, =a +i b and z, = a,+ i b, be twa the poant i (= ..,,Ir—'l ). Now we take & point IJ . \ ¥
Complex Numbers. Now, z,.z,=(a+ib).(a+ib,) C on OX such that OC = y unit. Now draw ! o LW g
=g a+iab+iab,+0bb, acircle which intersects the imaginary axis 1 \ B E '
- (@,a,-bb,) + i (ab+ab,) =M+ iN ~atthe point I and [ Now the point 1 wall \ A
where M={a,a—bb,) and N=lab+a b,) represent the number iy and point L¥ -~ 1 Pt
Multiplication of two or more Complex Numbers is also a Complex Number., will represent the number —iy. The point P is J r
{iv) Division of Complex Number : Letz, =a+ i b and z, = a,+ i b, be two taken on XOY wtfus:m—mﬂ#nnns :
J M : are (x, v). The pomt P will represent the Figl.l
Complex Numbers. Now 5 _ o +iby _ (a, +ib Na, ~ib,) complex number x + iy, The point : :
aibers. Now, o = ok (s cihie =iy P{co-ordinates(x, —y) will represent the complex number y—iv. W Q (—x, ¥} is a

point on 2 quadrant then Q' will represent the complex number —x + iy

aa, +bb, +ilah —ab,) Similarly if Q¥{—x, —y) isa point on 3rd quadrant then Qf will represent the complex

PR number —x — iy. If z = x + iy then the point Plx, ) will represent the complex
: number z. S0 any complex number lying in 2 plane can be represented by a point in
a,a; + 5,0, 113 a,b, —ab, the same planc, 5
; S a,” +b, T 1.1.9 Argand Diagram: ‘IMHEI-$Mﬁngm:mandhmghwminmnkm
| =M+ iN ; of complex numbers arc geometmically represented is called the Argand Driagram and
| Dhvision of two or more Complex Numbers is also a Complex Number. B 1 lfxﬂmlﬂ::ﬁ\gﬂkdmm”[:n;ﬁlft or z-plane.
i 116 Canjugate of Complex Number: 110 ] nmpll".l. : ,fT
I z=a+ibis acomples number then its conjugate complex number will be The mmplr?: number ¢ + iy can be
&  F=a-ib Conjugate complex number is dt:l-mln:-.] by -- . represented in the ﬁ:g,und ﬁm:hj :
S i i -~ the point P, then the lincar distance of 7}
1.1.7 ]"r:‘r[HE'rth of Conjugate of Complex Number: E - the point P from origin O s Tkt e
&.-,. AT) Addition of a complex number and its conjugate complex number is {i:l n:ﬂ@ modulus of the complex number and r Ed
Thusz+z=(a+ib)+(a - ib)=2a, whichis arcal number. e the angle POE 15 called the amplitude v
£ (i) Subtruction of acompiex nuimber and its conjugate complex numberis l imaginery ) (or ﬂ.@m }ifmfgmﬂw =] 5=
mamber. Thus ;-7 =(a+ib)—(a-ib)=i2Zhwhichis an imaginary number, Modulus of the complex number 0 X E X
M 2L EE = L s poecty s - a+ib= OP= J@+8 Y
¢ (WzZ=(a+ibMa-ib)=a+p Fig 1.2




1.7 Determinant
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1.8 Matrices
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Trigonometry
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angles: 2.2.1: 2.2 2 Addition and Subtracnon formulae for compound
angles: Worked out examples: Exercise 2.2; 2.3 Transformation of
Sums and Prodocts- 2.3.1 l-\[lm*-\.:-.!l:'l'l'l of sum and dilference as
nroduct; Worked out examples; Exercise 2.3; 2.4 Multiple and
Submultiple Angles: 2.4, 1 Comllary; Worked out examples; Exercise
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2.6: 2.7 Properties of Triangles; 2.7.1 Sinc Rule; 2.7.2 Cosine
formula; 273 In any tnangle; 2.7.4 Trigonometrical Ratios of
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n e of sides: Worked out examples; Exervise 2.7
Mensuration
1.1 Area; 3.1.1. Some Important Formulae; 3.1.2 Rectilincal Figures
and Curvilinesl Figures: 3.1.3 Irregular Rectilineal Frgurcs; 3.1.4
Curvilineal Figures; Worked out examples: Exercise 3.1; 3.5 Sphens;
Exercise 3.5: 3.8 Frosium Of Right Circular Cone And Right
Myramid
CDORDINATE GEOMETRY
41 Hq'ﬂlarlguh' Cartetian Coordinate and Polar conrdinate:
411 Coresiisn Coondinates; 4. 1.2 Polar Coordinmies: 4. 1.3 Translioermoticon
ol € ariesian {oordinaies mnio |1-"|!-.'r conrdinates and vice-veres: 4.1 .4
Distunce Formuly; 4.1.5 Ratio Formula; 4.1.6 Amrca of 8 triangle
whose vormices are piven in Cariesian coondinaies; Worked oot
Expmples; Fxercise 4.1; 4.2 Straight Line; 4.5.1 Standard forme
of the equations of a straight line; 4.2.2 Distance of a line from a
pecrimd; & 3 Coll IMIEArITY 4.2 4 Points of interscction of teo efr .jlyh!
ies; 4.2.5 Equation of a straipght line through the paint of
imtersection of two given lines: 4, 2.6 Angle berween twio given lines;
4.2 7 Condition of Perpendicularity and Parallelism; 4.2 8 Reflection
ol a pomt on 4 line: Worked out Examples: Exercise 4.2
Miscellne cous Worked ool Examales

129 - 149

COMPLEX NUMBER

150 — 158

159 — 2138

1.1 Introduction: We have discussed about Natural number, Real number, Rationz|
number etc. Here we will introduce imaginary number. In the set of real number
R, the equation x*+ 9 = 0 has no solution. Because here ¥'=—19

+ x= 4,/-9 which is impossible.
Since we know that square of a (positive or negative ) number is always positive.

To petsolution of the equation, mathematician En_hr_imdneasynﬂﬂiuhm
by i, which is the first Jetter of the word jmaginary. For the square root of -1, be
introduce the property

-1 =2 [ P=ii=Jo] 1= JS1P=-1]

Mo .J_g cun be writien as J—_]_‘.fl_‘ - .JFﬁ niﬁ

1.1.2 Positive power ol i

=it Pe-D-D =1 3 M= ==

1.1.3 Definition of Complex Number:

If a und b are two real numbers then a nuymber of the forma + i wherei= /1 is
called a Complex Number. cg f;.: _'_1:‘, 4-i7, T +4i etc

Note: 1. The Complex Number zcan be written as a + ib.

236 — 188

289 - 332

3 Let z=a+ ib then ‘a’ is called real part of zand we wnite it as Re(zi=a
Similarly ‘b’ is called imaginary pariof zand we wrile it as Im{z) =h

3. Every real number can be expressed us r=r + {0 (i.c.a + ib form). So it is also
a eomplex Number. :

114 Equality of Complex Number: Letz =a +ib and 2, =a+ ib, be two Complex
Numbers. Then, z,=2, if a=a,and b=0,

1.1.5  Operation on Complex Number:

i) Addition of Complex Number : Let 2 =a + ib, and 2= a + ib, betwo Complex

—
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1
Soln: #f+ 5 ==1-1=-2
i

(ivMOQP 2011) '™

Soln; i "M =(7y*={-1y"=
p 2" 1+ ™
(VIQP2014] a+0™ r
& a+H" ¥ o
S'.'l]."- 1.| 2 !_}'._h :, :*.:JI_' 4 :" = I. : |t 4 = e ‘I{_;}'I 4= |||.:;

linisodd = itis0

—— with real denominators.

Ex 3.00) [QP 2009, 2016] Express

ol 243 (2+302+0)
S 2—4 2=iN2+D) :.1.._i=_:”+R”
(i) [QP 2010)] Transform (2 <+ /)2

Soln: (2 4 2= 304

| + Bi I

)4 - 30) into A+ iB form.
3i)=(4+2i-

W 4 —31) =28 -16g

= (7 2li+ 124
=28—-3Ti=12=16-37i =16+ (-37)

=A+1 B

where A =16 and B =-37
o 2+3i 2-3
()|QP 2011] Express - = T m the form a + ib.
T T
243 oy I P S T O 1 O O 1Y
Sl N3+ &)+ (2 - 3NS5 — 46
S—4i S+4i (3-4i)5 + 4i)
11 = _1...| d I..' (i .-_?I i ¥ _i
S g v
. ot T 10 i
‘- I'|
g ¥ f } 11}
(WNQP 2016) Express in the form A + g =70
2+

/ 4B

OF - 3PN 4 - ) = (4 - 4i + 3} 4 -3}

Complex Number 15

{2+3."f_-5+1:i (~5+1202-N

&b
24i 244 C+2=7)  se =g riT

ution: 1)

4.()|QP 2009, 2013, 2015,2017] Provethat Ji= J-| = /3
ELHS = i+ Joi = J[,ﬁ,.. J=iy = ‘ﬂ'-l-{-.‘}i-if{wi'.!
= J2 =RHS Proved

1+2i+3%" + &' |
.5‘-.'-&1 "'?f""'h?

1+2i+3" +47  1+2i-3-4
Si' #6687 +Ti® 48’ S5+6i-7-%

i) Q.P 2010] Prove that

ELHS=

o T |
'_1-15-1-]“15 Proved.
5.(i) Find out the Modulus of cach of the following:
4 I+ 4
m)4+3i (MB)3-4 (e)-i {d}i*-fﬁ («)2016] 1245

12+ 5i

(Di2010] —=- (@ BOT] .

{h] |"|'H.'I|;i{ : - 4;] - \I'-'i"' -I--.-: _-'.'E = §

(€) |-i= o+ (=Di=y0* +(-1)" =1

4+ (0

4 4 +i0 — 4_ -
@ LBl il |““""'1'| 5
3+ 4i| P4l 34 3

(e) = ¥

12+5i p2+34° v12' +8° 13

__—ﬁ



e |

m—m . 23

roduction o Polytechnic Mathematics—1
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Bs: (0641 i) S+20 (i) 3-21 () 4=3 M)4~i () 501+

Vi) 3(3—1) (viii) 247 (ix)3a—ib (x) 2+ [3i
(i) If x=-3+2| provethatx?+6x+13=0

(ii)Ifx=3+2iand y=3-2iprovethat x? —xy+y =—3Iandx '+ p'=_18
R

Flﬂ] lf_r'l'.!_}'“‘m prove that x>+ y?=9

(iv)Iifx=2+iand y=2~i provethat x’—y?=—38i x*+y=124
{(vVilfx=4+3/and y=4-3/ provethatx *+xy+y?=39

I, +5, +1
Ans 3

Exercise 1.1

1. Reduce to a + ih form
_a+ib ,__\}2*—]1
W c—id " -2
ac—bd bc—ad o ' s ;
i =4 §— Ay 0+i (@) =(1-0 (v)I-21 (¥) =< i
e ¢ +d’ rq_" +d” l 2
|

Gy +it ()i (v) I

. L5
i) = V) (" +t;_r"+* (=P +0)
+ I

nlr
]

. (i) Evaluate: (a) (2" — P (b)(1 + @ +ta* +o* X1 + @ + o' +o')

Ans(@)0 (b)1 (c)—1

2. Find the value of: (1)
.-"l.T‘-‘h"f:llr:I] (1Y £ [y O () —i

(v} 1

3. Find out the Modulus of each of the following,

1+ J4+ 40 1= (iv) I+ 4
i) == ' v e
W 14 W 2esi W - T+ 24i
_ 3 el
Ans (1)1 (u) 3 {1} | (1v) <
13 3
! 4. Find out the smplitude of each of the following
L ] _ . 1 .
(1) = (i) 2+2i {iil} | (iv)y =24 %, § T I
3 B LY E
\ Ans (i) 225 (i)45 (i) 90 (w) =90 (v)-6lr
:'I ¥ '1'" = £
£. Write in polar form: (1) -~ (iiy2+2./3 (i) (1 +i) 1 +20( 1 +38)
" u T L
.'|'.I:'“|--||'I'._i1\.-_-l--|'\-.ll | (i) ¥(cos — +isin =) |i=iJ|'!!'ll-'i1‘-,'r|JhiH;r]
) i |

6. Plot the points in the argand plane: (i) 5i (i3~ ()3
7. Find the square rool of: (1) 35+ 124

F2—54 (vinyi3+ 4

(¥}15 =RBi {vi)! (w7 {ix) 9’ — B — ibah

(x)-1+ /24!

O TN T T e

Gi)21+208 - (Gil) 5128 (iv) T8

(c) @'+ @
Prove that (a) (1 + e N1 + e’ X1+ o' X1+ ") =1
) R+w+ e’ P+{-1+3e-a’) =65

(©) (1 - o+ o)1 + w-p*)=32

(@) (1 +3-p? ) =—12

(cos2@ + isin 28)° (cos 38 — isin38)" ]

R

Bhow thal - =5 + isin30)  (cos 48 + isindd) "

{cosd + isin®)" (cos 26 + isin 261)"
- (cos 38 + isin 3@) (cosdd — isin46) " i

Show th

| \ 1
Find the value of i. (-)* i Q+6)* @i D

Ans- i, cos(4n + 3]% +isin{4n + 3}111 a=0,1,23.45




P 1 e

20 An Introduction 10 Polytechnic Mathematics-1

E'unplﬂ MNumber 7

- 7 il q_i - E - !
R e se S U g L =lCos(2nm + )+ isin(2na + 1)), e, 1.2
2n
R L'ns{—!—+£}-rfsh[-zﬂ+£}
(m=0), cos(x+ le“p+r5.u'||;rr+ 4] (n=1) 3 3 3 i

LR S
s are COS— rmm—‘_|_|:m—+:'sin5—:f
3 3 3 3

1 -1
— [} =+ I} —I-"H"'J.:l .
. | )
- v Or, =+i—_ I, l‘fﬂ
2 2 - .

Ex 13. Find the value of wf:‘! oy
15 Solve: 22+ 1=0D

i !
ton: x= (=1)*={cosx + isinz)*

H N - T a IEUE
Soln: J14i= P 1|.'-.-Lm_— 15— = .'-!'{E-.'In::-q + 151N -i]--

el

- r: P o
2 fcos(Znxr + —) + isin{2nx +—)) ={cos(2nx + x)+isin{2nx + 2)}* .n=0,1.2.3
4 4
lnx m. . . Inmk =
s £ =CO8[—— + — )+ ism{ —— + —)
i ]
= 2% {cosinr + =) +istnina +—)} . m=0, | d y 1y ’
\ 8 )
T o i 3T 3 . N
i 15 are CO3— + 15— CO0S— + 80— CO5%— +I5in—
x " , i ! L 4 4 4 + i
ssfcos—+ism—} (n=0), ¢[cos(x+ —)+ism(x+—=)}(n=1)
2 8 e '- B B
Tr Ix I 1
g — b‘]"'\-”l_ ["r. t*_—:l_|—1
o vl
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= F=(74+252=16 —x=+4
yre=(25=TV2=0 — y=43
= . ] i 4 3
since xy > 0 so x and v are of same sign. Hence JT=24; =+(4

Ex 8. Prove that .,l'_i o i e

— fef OF "
I"‘il"h.l‘l.l“:l:' Let -|.|I | 'i‘ll | '-,-. | aaas L.
We have x .,‘-"-_.I y = F==l-x
. —1£iy3 :
> rx4l=m) _aym_ = N

1

Ex®. If & is imaginary cube root of unity prove that:

N2-a)2-a*N2-0"N2- ") =49

(i) QP 10151} plz, = II oo I‘w- 0

(i) QP 2009, I (1 - o+ 0 )2 +() + B — @ Jr=—4
GOIQP 2002) (1 - o+ ' ) + (1 + w0 — 0’ V= 16
(QP 201, 2005) (1 — w4+ ™ )+ (] + gy — @ y=32

Solution: (D(2—aX2—a’W2- o™ H2-m!)

(Z2=a)2 rl"lf:—r:?l'f:-- W e = L

i, a3t g’l.l-l Sil'hl:r: o= |
*L-@) (2-a* ) =(4—_4 5+ T T P &}, & = g
U+t otag’ +3-5a¥1+ o+ @ +3 S5e” ) since 1 4 i+
*0-3o)3-50")=9-15p - 15m 25
49 - 18 — 134" =15 19 — 15{1 4 e 49 _ 0 = 40
: | 1 I 2+ N )+ {1 + 20N ~en b= {14 2a)2
) —= = - e e Wil - =
i 1 1 r i
+ Lo S R (1 + 20N2 + 00K —n i
£ "-\.r_._-\-r :;r & 4
=7 T tes L
Caeny gl i+ = .
o (1 LU | 1L i ] J }T I_rl i il

i)

—*

Comiplex Number 19

=({0-2a)?+(0 zm?]r*=4{m=+m‘;=4m-‘+m]= 4
W) (1 = 4+ 523 +(1 ro-2°)V=(1+ o <20+

m?]3+[l *'El!-l""'ﬂl':—zﬂ-'::'.
“0-2@)’ +(0-20" P =_g(,1+

af)==8(1 + =_16

¥l -ao+ta’VY+{l+ s - Pl % m -0+

o P+l +p+ o =2’ )*
=(0-20)* +{0-20y=_33,,

Fa")=-32p'+e)=32
XW0.1f a4 ib=x+iy prove that

=a. ﬂ ﬁ -
W) 734
olution: (i} a+ ih=(x+ fy )= + P+ 30 + 35
= (' - 3n7) + ixy —
= a-b={x'-3o") - i3y — ) = r* 4 "= 3y — Ayt
=X = () + 3x(lyY - 3 (i) = (x— iy )
(1i) From above example @ = x* - 3’ b=y -y

0 Va-ib=x-iy

b ) 2 g
2,b_x-39" 3y,

- - I v F LR T T - JE
5 = > G-+ OBx2 -y =dx?—p7
11. Find the value of (2 + 24y,
o =
In: (2 +2iF =22 (1 +ip =4 {ﬁ{-:ﬂﬁ; + um‘}”’ - u{mai I-isin;lr
o AN 2
=H[L‘J11.~.E*-itill1?}—ﬂ;
il
2. Find the value of ,;
- | .rr_ i
+ ) o ]ull."m:E - HHH:;
_RTONE_ - . x. x A
(cos — H:ﬁm__‘!l = S C0 2 + =) +isan{2nx + _||:

2§
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Complex Number 17
vu PR+ P23 3
(1) mod o .'l — = ""I...___.. . arg ( 1+7i 3= 1+ )= -.L_ j'.t_
I- ad [ =il | \-I-J e 1||' 'm IE-]-:': Ill'g[ J-I_m-l _1 4
1245 1243 13 ot - S n A
— —— 3 w r J‘ - A e
B Bas - as Tl 33 . polar urlnlaull{msql amnl‘]
1+% @Q+3N1+2) 1-6i+5
— e . o eeeeeee—— S
(i) Find the modulus and angument of the complex number (b) 3 (=201 +2i) 1+4 t
1+ 2 1

(a)OF 2009 Ji+1 {b) -

- 1+ 3
=3 Tow

- F1+i= {2

1-2i
Solution: (a) |[v3 + 1 o | 2 1+ 3 1 3x
arg (7o) =amg (-1 iyt Ty
arg [ J31+ 7)) =1an —!-—-=T _ Ir . 3w
: 3 B .. polar form s ﬁ{cnsTﬂsmT}
— 6.0i) [QP2ZOLI)If x=1+1 find the value of x*-2¢ + 2 .
1+ 42 VI +2° Soln: ¥ dx+Z =2k + 141 = (x= 1P+ I+ i=IEET =17+ 1=0
e -3 -3 vl + = *«:; (i} Ifx =3 + 2iand y =73 2i find the value of £ + xy +p*
149 Saln: x¥ 4y +y I=x?+yp )4 xp={3+2)2+(3-2)* +3+ 23 -24)
'J-T'—"'l._:'l arg (1 +2) —arg (1-3/) ~ tan"' 2 - tan™ (-3) =2(3F+ @1+ (9 +4=10+13=23
i y . | _ (i) |QP 2014) If ==a+iband le=2{=f2z-1| povethata®+h7 =1
- =] i
I_mll;_.‘.| 33 an I -4 51}'!11?:—3:7_|r’J—]-l-.I'H.-I=ﬁ-l N+ h?’=gt+h?-4a+4
(i) Convert the following 1o the polar form: (x) 147 - 1+ {2z i [(2a— 1)+ ‘-:_ﬁ'-'_ - {2;: IV+db?’=4al+bN-da+
S : (2—i)’ =24 . gt bi-da+d=4a*+bY)-4a+1
— Jal+bY=3 a*+b =]
|+7 +7i I+ TIHI+4) 3-79472% x 7. Find the square root. N I+d4i (i) 724 s
R VS ey " nd A ar (A4S + 4D TR |+ In: (i) Let Japdi =x+ly = x -y =3 ZIxy=4, xlb = J37 44! =2
| &7; . 2=(3+5W2=4 x==xL V=(5-3)2=1 —my==I

since xv > 0'so x and yare of same sign. Hence J3+4; =£{2+7)

g S gl e gy
Gy Let JT—241. =x—iy = F=)y=7 2y=20, +y=J7 +M 23




i0 An Introduction o Polytechnic Mathematics-1

Panial Fraction 31

X ] =3=-68 =8=-1/2
x=2 =T= 12D =D=T/12 uating the cocfficients of P wehave 0= + B+ C=— M4+ 14+ =C=0

ing the constant terms we have 0 =—A + B—D =14+ 1/4-D = D=1/

X +x+1 5N I 1 4
Henos (2 =1z’ =4)  6(x+1) " Ax-D 4x+2) " 12(x-2) 4 x? x’ S il o 1 g 1
P T A DT 4 1) T Axt]) T AG-D 2 +D)
)
Ex 7. — "
X —~X . _—
s Xz +1)
. X 4+ x+| I"‘l | | ﬂ B {:=+H
e ' 71*-'_.| 11—|4_—-| = A 2l Rl
x? - xix—=1Nx+1) x(x—1) x+I)x" =x+1) ¥ x41 x'—x+l
e Lt B e ke, AGx 4+ 15" = x+1) + Bre(x’ —x+ 1)+ (Cr+ D)x(x+1)
x=1) x =x-1 x(x-1) g x+INzx' —x+1)

= | =Alx+ I -x+ 1)+ Bx{e? —x+ 1)+ (Cx + D)x* + 1)
=l sle—d f=-] ' Boe | =yl S3B ey Bl

x= | ==1= 8 lx=0 = | =d ;
3 | Equating the coefficients of x' we have 0= A +.B+C=-l—l.ﬂf£'=&£=—2ﬂ
Hence — 2 I —— a2, 2 y X el ‘quating (he cocflicienis of x we have 0= B+ D=— 183+ D =D=173
| X x ¥ix—1) ; ¢ =] T : | I i
| Ex8. — HENCE “ 1) x x+l) Ax -x+1)
| X
{ x’
| = — ¥ — — ‘- (II - !HI""I}
- (x+D{x~1)x" +] . :
\ R X’ (x—2)x" +2x" —x-2) +(5x" —4)
We write - - - Y 4. Fi Cx 4+ D i X ‘
EHI X —I)x" +1) k41 g} x” +1 Sx” -4 2 -
By -2 47— =X—a4t P
; . | . 4 e x+1Hx—-1Kx+ 2)
- 1% x -lll-'m"._i""‘--_:]"'I'f"l.'J.-,l':lﬂ_g-' 0 Y +2x -2 { '] H

Sxt =4 A B L

(x+Dx—1%x* +1 s Ay . Nt
We write {(x+1}x=-1Kx+2) =x+1 =x-1 x+2

*EEAx -1+ 1)+ Blx+ 1N + 1) (Cx + DY - 1)
=l == a4

=1l= 4R B~ 1/4

— 1/4
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| Fraction 29
x 3. ; d % |
NS ST BT S oo TR
: e X +x +1 x* 2’ #1 (x*+1V -x
1 - S A(x+2)" + Blx+ )x+2)+ Clx+1) 2
= g 3 (x+2) . 2) 1+ 3
x+1 x+2 [x+2) {(x+1)x+ < B+ Ts 00T 1=
s = Ax+ 2P+ Blx+ 1)Mx+2)+Clx+ 1) :
. X .
i | = 1= A We write 3 . = Arv+ It 3 i-'l'-l‘.l'.:'
- ! ( " { (x -l-I-I-_rHI'.q..I_..:} -Tz'l‘.l:'l'l =x+l
I L —1 R L ) i

i'ﬂ',:::ﬂ:u:' the coefficients of x* we have 1 =A + =1+ 8 = B=10 = x* = (Ax + B)x - x+ 1)+ (Cx+ D)a¥ +x + )

_ Equating the coefficients of ' we have 0 =4 + |
o X ! 4 Equaling the coefficients of x* we have | = —4 + B+ C+D Il
Hence (x+1x4+2) x+1 (x+2) Equating the coefficients of rwe have 0 =4 - B+ C+ D )11
- Equating the constant terms we have 0 = 8+ D v
T . S From 1 and IV | =-A+C v
; (x—1Y (x+1) Fromland V C=1/2 A=-112
i B ¢ D From [ and 11 =0 andfrom |V B=0=0
TRl k=1 =1 (e Otnt Do 3
P (1= ol -x
| (s =1)" + Blx + D(x ~1)' 4 Clx 4 Dz =1) 4 D(x +1) ey S
| !:.:, 11 1 X f X
. a I o 1 T BT
/ = = dx=1V+Bx+ 1 x=1¥+Cx+ IDNx=11+ Xx+1) AR S 1
| £=1 =22=2D D= B =" 4x+]
] - 5 i i . T B
re= — = —2=-K4 = A=]14 b (x —1x —4)
Eguating the coeihicients of x° we have . I
e e B, N X" +x+ » A < 8 +_¢'_f+ D
: _ (x—Ix+IXMx+2¥x-2) x+1 z-1 x+2 x-2
Fquating the coeMicients ol ¥ we have
(i 34 - B+ W+ 1+ C =C=17 ﬂ_{—l]-[r" --djilﬂ'{;w_'l]-[:._-"_ ---}J.F.E'{.}_-E:ILI-' _—_]]_I+£J'{.t+1}{_.tl—1;|
) | | b (x+Dlx=10x+2)x-2)
ll,_-:_. X " —
: Vx4 Slx+1) 4x } HMx—1 (=1} = xtxtl
Rx g =t

= Ax= 1N -H+Blx+ INE-4)+Cx=-2)x*=1) + Dix + 2(x*— 1)
r=—] =1=64 = A=1/6
= -2 = 3= -12C =C=-1/4
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(ase 1- Factors of g(x) are non-repeated linear faclors

pix) = (ax + B)cx + d)(ex + ).......

f{x) . g ___‘-'
Fhen #lx) ax+bh ox+d ex+ |
: 2x -3 2x -3 A B
[iustratson: - Gx +8 (x+4Nx+ jll x + 4 .
Case 11- Factors of g{x) are repeated linear factors.
glx) = {ax + b)cx + dYf
fix) A B B, B
- 5 t t Py A
- g{x) ax+b ex+d (ex+d) (ex+ 1)
5 x* —2 | . a4,
lustration (x—3x+1lY  (x=3) x+1 (x+DF (x+1)

Case [11- Factors of g{x) are non-repeated linear and quadratic factors.

HU.-': L [..-_J'_l.' Tt -'.':I-l x4 dr 4 )
. j {x) | {x+=[1)
Then e, 1y s
BlX) ax+0 ox" +dr+e
! A {.x 4 ||':'
Mstrtion T T — J
(x—3Nb6x" +2x+1) r—3 63" 4+2x+1
Case [V- Factors of g(x) are repeated quadratic factors
BV = ax + oex + dx + 2¥
[ 4 Cu+D, _ Cp+D, C,x+D,
EiX) m+b ex'sdesre (cx' +ix4+e)? "o

i

Partial Fraction 27
= 25 x' +5
USIRIOn: o —2) (x" + 22 43)
o - B e Cx+D, % C.x+ D, < Caxs D,
-2 (2=2) "7 42p43 (2" +2x43) T (2’ 42043
Abave four possibilities we will discuss bere.,
The unknown values 4. B, C, ............. are determined by putting different values

of x.

out examples.
2r=-3
x’ +6r+8

2x-=13 A B
] (x4 2)x +4) S22 xak
2r=3=A{x+ 4)+ Blx+ 2)
x= -4 = —l1=-28 =8=1172
= ~2 = —T= 4 o A=-T1
2x =13 7 11
(x+2Kx+4)  2x+2) 2Ax+4)

Alx+4)+ B(x+ 1)
{r+2)ix+4)

Hence

x° X Tx+10—(Tx£10) _ Tx—10
B +7x+10  © +7x+10 T {x+1)x+5)
_ Tx—10 A 8 Alx+5)+ Blx+ 2)

Wl Y 2Nx+5) x+2 x+5 (x+2Xx+5)

= Tx— 10=A{x+ 5)+ B{x + 2)
e —5 5 -45=-38F =B=15
x=-2 D -M=JM>A4A=-8

Tx—10 B 15

x? 8
Hence [.r+2h[x+i]= x+3 xS

15
- =] = &
+Tx+10

+J:'+2 T oxd
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|
24 cos(Br + ”'n;l:" + i sin(Bn + 1=

ﬂ:.n 0, 1,4

_—

- x e et e . N
i =1, cos—Xisin—, T|COS_XISili—
3 . SN 3 )

|
15.1f x+ = 2 cos 8, prove that x = cos 8 i sin 8.

|
Henoe show that ¥ +— 2 Cos
X

L X R X

PARTIAL FRACTION

1 Introduction: Fraction we consider here is of that type in which numerator and

; (x
denominaior are polynomial function. It is of the form ﬁ‘ i degflx) <degaix),
then the fraction is proper fraction. Otherwise it isan improper fraction An
improper fraction can be reduced to sum of a polynomial and a proper fraction.
For if deg gix) <deg flx), then fix) = g(x)glx)+ rix) and

f_ o n®)
gm—qiﬂ el(x)

S0 g(x) isa polynomial and () is a proper fraction.

If deg gix)=deg fix) then g(x) is a constani and isaproper fraction. From
elementary algebra, it is known that any number of fractions can be summed up
w0 a single fraction. The inverse process, in which a proper fraction is expressed
as the sum of a set of simpler proper fractions 1S called decomposition of the
given fraction into partial fractions.

2.2 General Rule for resolution into pariial fraction :

Let us observe the following sum-

.r.I{.'t-' I!{.'l.':l .IL.[I} X _-“-:I}

L el Al S % :

T Ty =)

Here we sum up a number of fractions mio a single fraction, and the denominalor
g(x) of the sum 15 the LOM of the denominators g, (x). g,(x), £,(8)- - Because
decomposition is an inverse process hence we require 1o factorise g{x) inio
different simple factors. We consider only those g{x) which is factorable to lincar

and quadratic polynomials.



% An Introduction 1o Polytechnic Mathematics-1

4x
5 ‘_m?T' s ;r-"'—“ *'{:"+ *{nmn:} &
I 4x-2 Sx+6
% -2a-29 '© ?ux? " (F=2x+1X2r-3)
Yoom | 544x

¢ i
2 E e e Bt ‘?_q;:xn:*r

% | 1 = BET
15. T 16. FoDa12) 17. 53 1!- {x 1](.!" #1)
3 ¢ : 2x-5
-2+ x)xF +4) I:x: X drm#ﬂ
i | :'h‘..: sl
¢ 3 1 1
= {t*u"'qt_n'l'-ﬂx_lil
Bnd T}
3 x 2x-1 x41 w3
2 1-2x E
% S x=1
1= I
. S '_ =% 1 3 1
X==2) -2 -9 O "tiGon +4{x+1}"’m~+n*
T A SEAM | ! Jxipesiecd |

=2 Hz+l) 5(2:-3)

l{:+1} x-1) .3(_' ~x+2)

Partial Fraction

9 R = - 5
|
13~ 3G ix-i}f “‘w’m :J,"‘_'Ellﬂ *‘- EEE),

1 A ERITAREERIO
15. 3a—1)  #1+x) Jﬂ*i"}
1 . e
7.3+ 36 e-x-t-'_f}"'_"lll" ,
1 1 -

19 Jo-x 100 +x)

. v B

Ll M t;
— r-ﬂ:--.,ﬁ'fh:#m .
TR e __-“- -r..n.—";.""l"'"'-q b
"o ]-Il. Lj
e i SR
Tl - T -|!ll l-t!‘ifiTﬁ ) "I'*-I
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6
wl : 6x° —1lx+6
1 = —— ——— o .
Hemee “-H{.:'—IHI—H (r=Ix-2Hx-3)
- :g_ 27 .
=1 %9x-10)"1-2" 2Ax-3)
£
Ex I8 11—“‘{_1:4"”'
x A _B < D E
" x-D+l) x-1 (=17 =1y Tix=0* "zl
.-151;13’{_1_+_1]_+ Blx-1(x+ 1)+ C({x - Ix+1)+ D{x+ 1)+ E{x-1)"
(x-1)*(x+1)
=X =Ax-1)x+1) +Blx-1Px+ 1)+ Clx-1)x+1)
+ D{x+ 1)+ E(x- 1)
=1 = 1=2D = B=112
r= -] =l=I16E — L= 1/16
Equating the coefficients of ' wehave 1 =4+ E =4 =15/16
Equating the coefficients of X we have 0=~ 24 + B+4E = B=13/8
Equating the constant terms O =—-A+ 8-+ D+ E = = 514
-I‘
"'u-n':nn
e, 1 1
161" 8-1" " 4x-1)" * 2x—1y* g
a8 — 213

Ax® + 82 4 ‘E

% 4I-r_q' " ,.r' .H E.'
MIr+3N2x+1) _Ilﬁ : E:.H

Partial Fractiom 17

¥ 3[[2:4- IN2x + 1)+ Be(2x + )+ Cxflx 4+ 3)
' v(2x 4+ IN2r +1)
= dx+ 3= A2+ IN2x+ 1) + Bx(2x+ 1) + Cx(2x + 3)

x=0 =23=3A = 4 =1
Xx="—% = =3=18 — ==
X Irf2 ==l i = = ]
TISPICL o ¢ SR S - -
e 4x* +8x" +1x oz 2x+3 Zx+l
4" +2x" +1
Ex 20. =
4y —x

25 x4l s 2x +x+1
4 —x {2z + 12z 1)

] L]
dx" =—x+2x" +x+1

4x’ - x

25t +x+1 A Fii L
=4 +
2x+12x-1) = 2x+1 2x-1 |

We write

A(4x* =)+ Bx(2x =1) + Cr(2x +1)
3 2x + 1M 2x—1) :

= 2+ x+ 1= Ald’ = 1)+ B2z — 1)+ Ca{2x+ 1)
x= 0 =Ad=-1
= 12 =2=C
x= -1 =1=8

H 4.11-.?.-\"'*1_1n2":+‘._+1.1|—1+ J + L
e SR 5 dx’ —x x 2x+1 2x-1
Exercise 1.2
Kesolve into Partial Fraction-
¥ -x+l i 3 X

Laane-1  20-200-30 > x@r-1Kz+D * Gx+DE-2)




34

Ex s

-

Equating the coefficients of x we have D=A+C=2+C =C=-
Equating the coefficients of x° we have (=8
Fquating the constant terms we have 0= 8+ D = 1) =

Hence —F

An Introduction to Polytechnic Mathematics—|

3% ]

i
ix 2x 2x

@+ 2+l 1+

;'45;54.;.-

(x+Dx" +10x" +1)

' 455 4+x A B et D Exd F

- e — — i e ufu " — e —
(x+Dx +Dx’ =241 x+1 lr+|lz+ P | +.t?—.'r+l

(x+ 1) (" )" —x+1)

LA A # D+ Blxt A I — x4+ D+ (Cx+ DY x4 P (37 —x+1)

o AEx+ F)x+1)°(x" +1)

(x+ 17 (7 + I =x+1)

=SSt r= AR IS+ D) B+ I -+ 1)

HC DR+ 1P —x+ D)+ (Ex+ F)x+ 1P + 1)

Equating the coefficients of & we have =4 + O+ £

Equating the coefficients of x* we have 0= B+ C+ D+ 2K + F

Equating the coefficients of © wehave 1 = 4 — B+ D+ 2E + 2F
Equating the cocfTicients of x* we have S=A + 2B+ C + 2E + 2F
Equating the coefficients of s wehave 1 =— B+ C+ D4+ E+2F
Equating the constant terms we have 0= A + B+ D + F

From | andIV 2B+ E+2F=% Vil

From Hand VI A -C-2E=0 Vi

Fromilland V A-C+ E=0 X

From VIl and X E=0D
From| A+ C=0,FromIX 4 -C =0, =A=C=(
FromIVand VI B+F=510=_p = D=

-5
From V 2F-B=7/2, — 3

“122 SF=2 28=1n

I
1l

5<<8

Partial Fraction

x' +5x +x

B Cx+D Ex+F

A
Hence o

(x+I0x" +10x" +

=i, et
= x4+ T 2z 41 x4l

|
Ex16 O i +1)

A B C D

=t -0 T (=1 Txad
A{r—l}1{r+l}+B{x—l]{x+l:|+l:‘[:r+l]-+D[.r—l}’

U ' (x—1)"(x+1)

- | =Alx = 1F(x+1) + Bix— 1x+ 1]+Cl:r+l-}+ﬂ(:—l}’

r=1 =1=2C = (=12

= =1 = 1==D =D==1

Equnﬁngtlwmefﬁcimtsuffwhneﬂﬂd+ﬂ-ﬂ-l =A=1

Equating the constant terms 1 =A-B+C-D =B=132

1 1 3 1 1
Henst o 1Pnel) x—1 @ 2@-1)  2e=D' x+l

x!-

Ex17. e -20x—3)

.:’*-Eu.:"+-ll.:-ﬁ+ﬁ:tl_—1l.t+ﬁ_lr e’ —lix+6
=T P -bx +11x-6 (x—1Hx-2Kz—3)
6x'-llx+6 __ A4 B _C

e wahe {I—IHI—I}[I—H-I-I =2 x-3

— 6 — 11x + 6= A(x—2)(x=3) + Bix = 1)x—=N+0x=-1¥x-2)

x=1 =1=24 —=A=12

=2 = 8=-8 = f=-8
= C=2272

=13 =21=2C

+l'.1'+ﬂ: M i g
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—dr | = A(e + 4) + (Cr + Die

AMr—-INx+2)+ Blx+INx+2)+Clx+1Mx=1)

x4+ Hx=1Kx+2)

33

ok =0 = -1=d44 =4=--1/4 i
>Ir—4=Ax—1)x+2) + Blx+ 1)}x+2)+Olx+ 1 ){x=1) Equating the coefficients of ¥ we have 0= A+ C=-14+C =C~ 14
x= | =2'1=68 = 8=1/6 Equating the coefficients of x we have 4= D
X = — » | = 24 4 FF. ¥ 1 Adx—1 1 +16
= 2 — 16=3C = C=1&7 Prdr 1 +4) 1 T A w4
Ilence - r—24 LT L ' x? +0x' —9x" -9
(x° =1)Nx+2) x+ I x=1)x+2) ' +9x
e T 16 x(x +9x)-9x" -9 L
v+1)  B6(x=1}  Hx+2) Pa0r M9
Ex 11 " X4l 4 CxeD A 49+ (Cx+ D)
(x=1)"(x € WIIG ,t{.t"+9}_x+x +9 x(x’ +9‘
z ._lr_ : __.“ ? I'_ -:. X _Ii'. 1' B .I[ilr.'l. _I"'t |:'|. bt !_h -"--1 T I ="'{II!+ ';j T {f‘x+ﬂ.h-
r— LY | X . (x 'I:I:,I l__l F ::ﬂ ::..!=q..‘f j.‘i:IH
¥ = Alx=1)r-2) + Bx—2) + Clx— 17 uating the coeflicients of © we have 1 =4+ C=19+C =C=889
e = : - 4] quating the coefficients of x we have 0= D
- : e c _'r +‘:|I —';.'l.' q .. I+l___'1_-| g{ 1
- e - q +'}.}
Equating the coefficients ofx* we have 0 = 4 + C=4+2 — 4=_3 ' - 5k e Ao
- ) i g ' el Vil -
Hence 71 - = _1 =i} - T x40
|'|. - I [ ¥ 1 _r ¢'l II : —1
¥ 2x
A ZET
" Jrp (x” +1)
x4 dr-drs4] ix R s CxtD (45 DY ANFCEED
- = {.1: DY (x4 1)
= 2= (Ax+ B)x? + 1)+ (Cx + D)

)+ (Cx + Dix Equating the coefficients of x' we have 2= 4

=4
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4
(n—1) (m—=1)!
Soln: (NRHS =2, +7- " P, “(p—r- " (a-7)!
(m=1) : r (n=1) '_H_ _{ﬂ =
-m_—r—u!‘ n=r (m=r=1)t A=F (r=r) F, =LHg
(m+1) fil j
= v = . y———=nt]l) P :
(it} LH5 ta—r) {H ”{r.l—r';'. {n+1) "P=RHS
. n! (n-2) :
(m)LHS = "p. = n=r) min - HI_H—E-{F—E}]’_MR_I] -
RHS
vyLHS =1.'p, +2. 7P, + 3R Feeaeiaies +m P

—2-1'P+E-1)p+E-1) Pttt =-1)TF

2p —'p +33p - P 44P - Pt (A ) TF, R,

ﬂli’ﬁ-m‘ﬂd&m‘l{n-& l'} "PH={"+ Im‘-=iﬂ'4 l}!—' ulpﬂi.

=3p _tp 4 p_p+tp WP AL —"F,
= =lp _1=RHS
(v} LHS = (2n)! =2n(2n - 1)}2n-2)}2n - 3)....... .21
={2n(2n - 202n~4)........ 4.2 H{(2Zn - 1}2n - 3)........3.1}
i* (= 1)(m = 2)n 3. 321 @0~ 120 = 3enni Bl
=2'n! {1.35.. ...... (2n~1)}=RHS
o 5 = (2n) _(@n)  2°m{1.35......(2n-1))
R R S e 2

n!
{135........2¢n - 1)} Proved,
Exd.
1 4. [QF 2013] In how many ways Lhe letters of the word DEER can be arranged’

Soln! ) :
i In the word DEER there are altogether 4 letters. Out of these 4 letters E .;:{:-:Hl‘-‘:l’

limies, !
% 50 the total number of possible aangements i!ﬂ i
7"

Permutation  amd Combinalion 47

Fx 5. In how many ways can the leticrs of the word MATL [EMATICS be arranged?
Soln: Inthe word MATHEMATILS there are ahogether 11 letiers. Out of these 11
letters M occurs 2 times, A occurs 2 times, T occurs 2 times. Sa the total number

: it .
of possible arrangements is o0 = 48N

Ex 6. In how many ways the letters of the word DAUGHTER be armanged so that the

viywels miay never be separaied?

Sohn: Inthe word DAUGH T ER we will take 3 ﬂmﬁhﬂTU.Eﬂmiﬁlﬁ.ﬂﬂ'ﬂ
letersare DG H, TR Therefore aliogether total lettersare D, GH, TR
(ALE). ie. 6 lctiers to arrange. Number of arrangements is * P, = 61=T20,
Again the vowels can be arranped (among themaseives)in ' P, = 6 Wways.

Therefore total number of arangements is 720 x6=4320

Ex 7. How many words can be formed out of the letters of the word GUWAHAT by

kecping the vowels topether?

Soln: Therc are 4 vowels AL A U Linthe wnrdGU‘ﬂd'M.Lﬂlh#mEh: mken
as 1 letter. Then the total pumber of letters is 3 1€ GWHT(AALUT

These letters can he arranged smong themselvesin ‘P, =120 ways. Againthe

. *
vowels can be amanged (among themseives)in T 12 ways. Therefore total
number of armngements is | 20 % 12 = 1440.

Ex 8. In how many ways can the etters of the word PREUNIVERSITY be armanged?
Soln: In PREUNIVERSITY wital number of leters is 13 Here E occurs 2 times,
R occurs 2 times, | octurs 2 times.

L1
Therefore required number of arrangemenis 15 S,

e -

P ]



44

An lntroduction 1o Poiytechnic Mathematics—]

g
(V)P . 10x9=8xT = 5040 (vi)*P, = 3 R=T=6=5=4 = g7,
O ;

Ex 2. Find n- (i) [QP 2010] *p, = 10 " F, G TP =19%""F,,

(iii) "P, : ° ‘P =9:]
(v) "B : =P, =5:12
Soln: (1) “P, =10="F,

= = X
"Rk, s
> e "
(i) J".f""“='|;'-;]lz- '“'I|I'.'I“_I
33 33
: = @-mt " @t
{ N
r- = -14_" :'""'lﬁ
' (iii) "B : *'pP =9:]
" (a-1)
Ll E [H—4j1:{"_4}!=9:]

V) ™F, : *'p =512

ar

(V) ™'P, 2 P =51:12
(vi) "B, =30 % "P,

r! n
= (n-4) =10 X = 3 — 4

33! 33!
DI = @3-ml 7 (34— n)33-n)

!
= (n=1) =9 = n=9

A+ (=1} (m+1)! (m—1)!
o T e - - =
fﬂ+]—ﬁ:|‘.'[ﬂ,.]_?].! 3212 J{H-E}T'{H—E]! =3:l2

(n+1){n - &)1
3 (m =Sy m—1y1 ™ 5:12

An+lin 5

v (n=5Kn-6)n-T) K 12

= L2aln+1)=S(n—5)n - 6)n-7)

=T L

B

1020 + 523m — 1050 =0

Ex 3.

Permutation and Combinution 45

— (n— 14X5n ' —32n+T751=0

an* — 3dn + 75= ) does not have a real root. Only inlegral root ism= 14.
o B e R

" (m+2)! o (a2
r—_ =& % 17 .. B
F -0 a2 Pl 0t
ni{n -1}l (m—1m—2) 5
T 1 oS T
(a=3)l{n+2)! (m+2)m+1) 12

-, 1 2{m ~ 1Hm 2)=5(n+ I}n+2)

= Tn?=5lp+14=0

— (= THTrn - 2)= 0 We need an integral root. Hence s =7.
(vi) “P. =30 *p,

" nl o !
= T LT el Y (n—aNn—S)n—6)
3
] n 4}{"'_5' == (1 — 4Wmr— 5) = 30

—=n?—9p+20=30
— -9 10=0 = (= 10} + 1}=0
Since » should be a positive integer. hence n= 10
Prove that (i) P, =*"'P, +r."

. =p =1 ®P
(iii) *p =n(n—1)"7P_,
(iv)1.'P +2. 7P+ 3 o A SRS tn"p ="p =1
(v) QP 2012] @) = 2*n! {135, ... 20— 1)}
Hence show that * P =2= {1.3.5.. ...... (2n-1))

ST

s

=

-
mle

e
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An [wirosduction Do Polviect

ation is — . In the word DISCUSS 3 leticrs &fc alike. Here total numbey
penmutation &

i
: is — . Suppose there are = Uungs. Let th,
difTerent words formed by the letters 15 =, . SUH] < 5 thege,
3 - i . r -
things be represenied by 2 letlers and suppose p of them 1o be a, g of them 1o 1 |
rof them 10 be ¢ and the rest are all different.

!

Number of permutation of these n letters taking all ataime I8 plgir!

1 %6 Permutation in a Ring or Circle: In Cireular ;:.-:n’nut:uja_:n there 18 no end o
= ot = 5

beginning. For example consider lour numbers 1,2, 3,4

Starting from cach number we have the arangemaenis

. gais w
. . _.-". -~ u,
1234, 23413412, 4123. But all these arc same n "I.-" .
circular permutation. So 4 numbers are arranged 1n . | 3
a sradehi line in 4! ways, And these 4 numbers we -1
Y A
- \ W, __ _.-"
can arrange ina circle in 1! wavs. Thus the number e S
3

af warys in which n different thines can be amnged ina
cocle 15 (= 1) . If the distinction between the clockwise and counter-clockwise

armangement be not made a3 in case of weaving flowers to a garfand the number of

1
permaton s — (n—- 11

1.3.7 Combination : A sclection that can be formed by taking some orall of a finite set ol

tungs (or oheects) is called Combination. The number of combination of i things taken”
& a ime 15 denoted by “y

Pheorem: Ihe number of combination of n different things taken rata time is
r

o
FI - —
Film —r)!
Proof: et = - .
i - B be the !'ELlth_IJ miamiber of CiMm h“"-ﬂ"ll'lln;'._ Since every . Sicmtion of 7
- ] [ 1
LT

ent things produces ! permutations when the r things are arranged i all

Permplation and Combsation

4%

: i . i thi
lm-mhl-: Wiy, Ol commbmations, ench comm Mmmalion CORTITE F different thirgs,

: - o AT 1
willl prsduce “C * r! permutations. MAgam number of permiahions ofndi

things wken ratatimeis " F

g

Vg o] = B D
Hence { ri i

i €. T Pn—r)
' s G, =100
e (i) Choosing 3 desserts fromamenuof 10§ 7,

= =495
(i} Picking a team of 4 people from a group of 12="C =4

n' nin=1)1
13.8 Deduction : (1) "C,= iy me U‘I_F—'H' =
o ! |
() ¢ =I:ﬂ-l;.'i|' ol
Gil) "C it ="F,
Worked out Examples
1 01l
£ 1. Find valoeof (0} °F, {ii) * P, () " P (iv) |QP2011]
X L. I N
(v) |QP 015" P, (vi) [QF 2016] "7 :
- ] -__. - 1
Soln: (1) *P, = ﬁ!w 6.54=120 W) A T oy
=¥l ¥ If\
41 gt 8x7

e MeE="2 "
(i1} "H=[11 ! s

p——

&2

— e W




PERMUTATION AND
COMBINATION

131 An armangement that can be formed by taking some or all of a fimite seq of

things (or objects) is called a Permutation. Order of the things is very imporman
in case of permutation, A permutation is said to be a Linear Permutation i :m:
objects are arranged in a line. A linear permutation 15 simply called as 5
permutation. In other word, Permutation can be delined as the differem
arrangements which can be made out of a given set of things by taking some or
all of themn st a tme. Permutation of three letters P, Q and R taking one, two or
three at a time are respectively.

P PQ POR

Q QR  QRF

R RF RPOQ

PR PRQ
RO DOPR
QP ROP
1.3.2 Factorial Notatlon : The continuous product of the first “n’ natural numbers
is called factorial n and 15 denoted by n!,
je.n!=1xD0% . ... xX(n=1)xn
=mn—1)}{n-20n-3)in-4),...........32.1
=nx{n-1)

Thas$'=54321=120, 3'=32.1=6. elc.
Wehave .ax(n-1)! =n!
n

_ i L
Hence n= -~ ! I'r"'|,|1|-1=l.1.nn|1::l1;.|'-'u:,I:LHI S0 we define (0 = |

133 F‘n:n-d-_:ual Primeiple: 1T one operation can be performed independently in
m i rc:rnt.x'-'u.:r'. and if commesponding 1o each Wiy a secomd operation can be
performed in n different ways then

the two operutions ¢y
s can be performed together
nmxnways. Il P. (). R are placed in two locations, in i

[irst pliﬂ;q_' W ki."l..‘]_! n2

Permutation  snd Combinaiion 41

differemt ways- P, Q or R, In the sccond place ) or R comes with P, Por Q
comes with R, and lastly P or R comes with Q. Each of 3 ways for the first place
are associated with 2 different ways for the second location. Thus permutation of
threc leners taken two sl atime 153 x 2
Example: A cinema hall has 6 doors. In how many ways can a man enter and (1) beave
it by different door? (i1) leave it by any door?
G} The man can ester the hall in 6 different ways, and corresponding to cach
ol these 6 ways he can leave the hall in § ways since he r.mnugn
out through the door he entered, Required number of permutation i
6 x5 =30
i) Hccmgmmmghmmfﬁm.gqmﬁnmurwmi
6 x 6= 36,

134 Permutation of Things all different: n distinct things arc there, We & 1o
arrange taking rthings condinion is that things will not repeat.. Means we arc io
place r things al r locations:  ======"

The extreme lelt position is filled in n ways. Next one i filled inn — 1 ways.
Next one in R — 21 ways andguesm-'[h:r‘lmuiﬂnisﬁu:dm

n — ir — 1) ways. So the required number of permutation is m(p—1)n-2}
O — T = M ncin =iiEes 8}

llisdenotedby "P.. Now we have

ml
r= filn = LHn—=2Hm = AN =A)scsnnnnas in—(r—-1})l= P
L
Or "P = Iﬂ-rll
Permutation of n things taken all at atime s
nt '
"P, = nin- 1m—2Mn =3 —4) - A2i=nls ) =0

This establishes the necessity of defining 0! as 1.
- BOOK is a4 letler
AS l-thnanhhﬁwhmmquﬂﬂHiﬂﬂmL
1 ermnﬂﬂ! to form different words with these letters. 1F0 and O arc Q,

and O then they are different and (wo arrangements BKﬂlﬂ%md'ﬂKﬂlﬂ;'lt
diﬂ‘m;_nt. Instead the two O's replace for same word. Here required number
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H:’n':-l' IlItIIJ. = II.l.ll = ]li.

Ex 27. Prove that “'C, + "'C, - "C, = "C, =0

Soly; 'C, + "G, = "C, ="C,

] L L]

_:-“L'u. i I'|L I.F_'I"r-.l-I i I‘{-.'J

since "C.="C
Ex 28. In how many ways can 7 books be selected from 10 books?

Soln: Number of armangements that 7 books be selected from 10 books is equal to the
number of combinations of 10 things taken 7 &t a time.

50 7 books be selected from 10 books in ¢, = jy_:_r_! =
T
Ex 29. How many groups of 12 persons can be formed out of 16 persons?
Saln: Out of 16 persons number ol groups can be formed consisting of 12 persons is
e
T

120 ways,

"y = 1820

Ex 30. [QF 2014] How many chords can be drawn through 11 points on a circle?
Soln: No H1r:t points from the points on a circle are collinear Sooutof 11 points
EVELY < potnts make 2 distinct chord, Number chords that can be formed from 11
PoiniS on & circle s ' o
E : ' i
2 Itiﬁl’ 1;“3- 2016] Out of 9 girks and 13 boys how many different committees
e tomed, each con sisting of 5 boys and 3 girls?

Soln: 5 bovs can be 5= ' £
. Mﬂitﬁmﬂiljhﬂﬁﬁh =
e 1287 ways.
'1'1._'.'rriscdnhu-:]¢ﬁs:d i >
outof I girksin Y = — =
5 SIRIG = 6 = #ways,
Suired num hey of combination is "'

o u{"l - IIHTI‘ E‘_'IDE!'UE

2
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Ex 32, In how many ways 12 different books can be distributed equally 5
studenis?

Goln: Each student will get 4 books.
The first student may get 4 booksin ", =495 ways.
After itis done the second student may get 4 books in *C, =70 ways.
The remaimng 4 books will be given to the third studentin *C, =1 way.
Required mumber of combination is
o, =", =40, =495 <70 = | = 34650

Ex 33, TTow many different ways can 9 different fruits be divided into 3 packets
of 1,3 and 5 fruits?

Soln: In first packet | frait is selected in "{"L =9 ways,
In the sceond packet 3 firuits can be selected out of 8 fruits in 'C, = 56 ways.
i the third packet 5 firuits can be selected outol 5 remaining fruits in
C,= | way.
Required number of combination is 16 %76, ® W, =9x 56 1=504
Ex M. Acricket team consisting of 11 players ishhuhﬂdﬁmlwm
ol'6 and & players respectively, In how nmwmmmﬁum:nhnmknn
the supposition that the group of f shil | contribute no fewer than 4 players?
Soln: Group A consists of 6 players. Group B consists of 8 players.
Case 1... 4 from group Aand 7 from group B.
Number of combinationis “C, * 1, =15x8=120
Case2... S from group Aand 6 from group 8.
Numiber of combination is i G e 28 =168
Case 3., 6 from group Aand 5 from group B.
sc, x'C, =1%56=36
=344

Number of combination is
Required sumber of combination 1S 120+ 168 + 56
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(22n)X2n - 1}2(2n N HLI D o l-'l_rl_:_'l':l:

{2n(2n)!

1-'[3111'}'”-:--*'--- _[-h! - 'I_]-I . _?,'-"“.j.j ....... . ._..1,"-h'|

(2 (2n)! (2n)!

{Zm (2aX2m-2n-2).....4.321
= = - . L worviaiiheni <kl i

i ninl
(A2 - 1w - D). 2.1 {135, (20— 1))
] n'rd
2"l 3.5........(2n-1)) _ 2'[A35 .(2n-1))
il rr!
2SS n-D} T35 (2n-1)}
2"nt (2n)d2n—-2)2n—-4)...642

. 2713 3 (2t = 1)} {1 35 (2n-1)}
((2nK2n—2)2n - 4)..642}(135...__(2n—-D))

f‘:l_.l? ...... (2n-1)}

= AW =1)) I35 (2Zn -1)}?
(2n)! ¥ ) ~)
135 (dn-1)
fL35...... (2n-1))

={LAN.........lin DR 38 i 1)*

Ex25.Fisdn (i) 1QP 2010) ="C, (i) [QP2016] "C.—c

e II
) [QP2011) »c woc, (iv) [QP 2015] "¢, ¢

F'-l'rI'I'_IJI,.I_-:.: andd fil'l'r"ll!'.][mﬂ

(v) [QF2001] " e

Soln: (i)} "Cp = C 5 = "C, = n=2=4 = n=14
(i) "C;="Clyi="C,y = n=17
(iii) "C, = "Con="C;, D a-12=8 =2
(iv) "Ci="C_,="Cyy, =n-2=20 =sn=22
i T S ain Sl 3 = -5 =12 = n=17

Ex26.(i)If "P =110, "C_ =55 Gndr.
(i} [QP2011] If " P, =336, find “C,
(i) [QP2009] If **C, = *C, _, fndr

{iv) [QP 2012, 2014} If “*C, : *C, =12: | find n

(v} [QP2010] IT “C,, = *C, find "C,,

1 1
Soln: (i) °C, = = x"P, =35=5 =110 =r=2

rl
- Lo 336
@) "C,=5 % "A="¢ 56
(i) #C, =¥, = Cys
=2n—r=r+i =p~a-1l
(2m)! m

@) *C, : °C = (Gan-m" 2wm-2

(2m2n—2)0 (2aK2n-12n-2) 42
= -3  3xn=1) 3

H2n=1)

S0 we have -—'i--—"ﬂ =10 = nm=3

e =10 =5 =13
V) '{'” - "l'..._ =", L =n -1 i
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| L1 Il.l' h.h‘[l['“ R E "I'r ".: 1 hliltlmll.:‘ll : I
L) i ] Ch
] L i L

' 5 51= 120,
ber of arrangement 152, 8=
in a round table such that

[ope required num :

Ex ;:f:‘lil'rcn'-m any ways 7 menand 3 women can sil

twavs logether! -

g i“nﬁﬂ:r:E f'-:::w:-: ;::r:iu'r,u:u'n:r s0 they are considered as 1 individual. 7 men

o - ; wed in ahle in 71 ways. 3 women can be
along with this | can be arranged in a round ta SR
nm“;?_.;q in 3" wavs. Required number of arrangement 15 T! = 31 = 30240,

Fx 21. [QF 2009] In how many ways 5 qu:r::::m papers be arranged so that the bes

and the worst papers never come together: _

Soln: 8 uxarn.in.ni.:-_‘rﬂ papers can be amanged in 81 ways. I':Jr.y:g the best Ilﬂ_.-d IIT.-: wrrst
scripts wgether i.¢ considening them as one single script the 7 examination papers
be arranged in 7! ways. Again the best and worst paper can arrange themselves
in 7' wavs. Thus the number of armngements is 71 = 2! such that the best and the
Worst n:.maj.n together. Thus out of 8! armangements, 7! = 2! arrangements are for
keeping best and the worst remain together.

Thus required arrengements that the best and the worst are never together is
g - T x21 =T = 6=30240.
Ex 22. [QP 2015} In how many ways § bovs and 3 girls can be arranged in a row
such that no two girls arc kept together?
Soln: 5 boys arc amrasged as 51~ 120 different ways. 3 girls are placed in 6 different
places such that bovs come between 2 girls. Number of arrangements is

"P,= 120. Total number of permutation is 120120 = 14400.

Ex 23. |QF 2016] A mailway has 13 stations on its line, How many different single
tickets of each class is necessary?

Sohution: One ticket marks 2 stations- one up, the other down.
Number of tickets is P, = 156.

324 Prove thmt (i) "C, =*C, (i) [QP2014) °C, + "¢’ =""'C
) °C, v 2.2, +7C. ., =i
(iv) "+ o ol B g s -l

F Full

b T W B, o T Y Adn—1)): (1.35.......... 20~ )P

Permutation and { nmbination 51

il i

prool: (1) 'C, = Fliin -J"}|"= (=01~ )=y by i

It is also called complementary combination

n' " min=-r+ler)
T 0™ dn=e)t (r=Din=r 1)t~ Aln-r+l)
n(n+1) ESVY

L — _ = HIC

T Anel=r)t rinsl-r)
Gii) "C,+2. °C,, +"C.y ={'C, + L) CL FC)

— M i from resualt (i1) sbove

1

g Y
= bl 4

(iv) From (ii) "Cr="'C,~"C,
,I_;E.r - -{-r-l = -—I:EHI
e =m0 0

-------------

L il
MNow we have
s u \':"- & rl-—!{-rr 3 Ty rtur
* b 250 _....1 : ..- ammrEd
..{nl{_- o _,l':i"..l‘:".".‘. 'I-I',{ ':- r.".}
i Fonnnness A C D "C,
- A since 'C, = |
il . ‘Jll
(4n)! (dn)dn— 140 =2)-
% {2m)!(2n)]

) "Co= Gmyican)

__‘

e e — A
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:' Fx® |qp1|15:] In how many ways can the letters of the word POLY TECHN &
: ..rm‘edlul:ingﬂh:vﬂwﬂﬁ ;
Soln: There are 3 vowels O, E, 1 in the word POl }'!'TECID"-FE'. Let !l.lmlj- vowels be
L Iuk:nnllnter Tl'-EnthEmwlnunbﬂ'nflﬂlﬂl'ﬂgl_E.l".L‘l'. LCHN,C
{(].E.IIRWE'SME-MEWMHWW‘#MLthE“.I

qL JEIMm:ﬁﬁguinmwmdsmhcmd {among themselves)in

gl

1= wavs. Therefore total number of arangements 15
181440 = 6 = 1088640,
Ex 10, [QP2014) In how many ways can the letters of the word MULTIPLE be
arranged without changing the order of the vowels in the word?

<oln: There are 3 vowels- U, I, E. Arrangement of U, I, E is only UIE since order
should not be chanped. So for the 3! arcangements of LU, |, E we consider only
1 arrangement. Also for the 2 L we consider 21 arrangements as 1. Hence

reguired number ufmgtm::ﬂ!ﬁjﬁ;l =3360.

-

Ex 11. In how masry ways can the letters of the word EDUCATION be arranged?.
; d Soln: There are 9 different letiers. So number of permutationis "7, =91,
: j ! Ex 12 [QP 2014] 6 different colours are chosen to make a tri-colour flag. How
I many different flags can be made? :
:Ili] : Soln: Number of different flags is * P, = 120.
s [ Ex 13. [QP 2013 How many odd numbers of 5 distinct significant digits can be
formed with 0, 1, 2, 3, 47

Unit place is filled in 2 ways- by 1 or 3. 0 will not go 10 ten thousand place.
Snﬁifﬁﬂuthunmumnﬁﬂm.Thmiddhﬂmm
filiedin 3! ways. So mumber of permutation is 2x3x3! = 36,

Ex 14. How many 4 digit e 1
5 and 7> mumbers divisible by 5 can be formed using 02,

Soln: 81 i
Em&nw&uhdimﬂﬂehrimmhphuhﬁﬂudhyﬂmi

- o P

= . ]
I it is O then the other places are filled in 11=6 ways. R L,
If unit place digit is 5, then thousand place is filled in 2 ways, and tnand. o
hundred places are placed in 2! ways. In this case number of permutationis.
Tx]] =4, i M‘Em 1 1]
Total namber of amangements is 6+ 4 = 10, ool sl ~ N

Ex 15. How many infegers between 1000 and 10000 have no digiis other than.
4,567 oyl LT R

Permutation  and Combination

o

Euln:Ilmamlmmw4dighmmm¢.iuﬂ#ﬁ#gi : '.r'_ o
is filled 1n3wuﬁ.ﬁumhufpmmﬁuuhhir;qmﬁ nhﬁ- .
Ex 16. How many different numbers of 4 distinct digits greater an S000caobe -
formed with 3.4.5,6,77 e e
tiﬂln:'lhmdplminﬁlﬁinlmhiﬁuﬂt 1 hund ace
igﬁlln:l'm-lmys,mplminlwlyunﬁﬁitphili_mn:!“ﬂ e
Number of permutation is 3x4=3=2 =71, T = .w.“
Ex 17. A child has 3 pockets and 4 coins. In how many ways L the -
in his pockets? ot e
Eu!m["u'!min'mbepmin3wmmm ----- ] .
also can be pul in 3 ways. -
S0 total number of ways = 3x3x3x3 =81« =&
Ex 18, In how many ways 5 mathematics books and 3 science i
in:ﬂwﬁmthltmmnmmhmhmm S
Soln: 5 mathematics books can be aranged inStways. e FEEEE
pMinM#ppanrnthnlmhhnmm_ e o
together: So we find 6places 1o p3 v as e 3 (SR R I R i1
urrangements is * P, = 120. e ™t B

L]
]

o
i _ A e S, LS - n
i g s palr e v TG -

together is 5! x 120 =14400
Ex l!.mhwmrmmﬁhwiﬁ:m:rhg?

y

ra

Soln: Let the boys be A, B, C, D, E,F. 3L s e
mam@mmﬁnwﬂmthmsm_ ITange
among themselves. 33 3
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In the expansion (3 -x)’ the total number of term is 7T+1=8
n

grermis T, =(- 1} ', 3xt= |
term ' onf{a+x)"is n+ 1.
i - The number of terms in the expansion|
1-"‘-?"::';” iseventhenn + 1is odd. In this case there is only one middle term,

I{.-|. ELI.

Fl - e L
svow. letn=2miem= 7 Since number of lerms m the expansion (a + x)" iy
I s = - I

i+ 1= 2m+1 here only middle term is (m 1y term.

Middle termis T = T

e -

Case II- If nis odd then n+ 1 is even. In this case there are two middle terms,

n=1 : ¥
Now, letn=2m+] ie m=—F— Hmce number of terms in the expansion

{a + 1) isn+1=2m +2here mddle terms are (m+1)* term and (m + 2)™

-t gt T T AT

143 Equidistant Terms: In the expansion (g + x)* the co-efficient of the term equidistant
from the beginning and the end are equal. The co-cfficient of x* Le

(r41)* term from the beginning is *C, . Again the co-efficientof x*~* i.e
(r+1y term from the end is *C,_,. But, *C_="C

=

term. Middle terms are T

#

Hence.

1.4.4 Greatesi co-efficient : In the expansion {a + x) ", when n is even the middle term
has the greatest co-cfficient. When risodd the rwo middle terms has the greatest co-
cfficient which are equal.

1.4.5 Binomial Theorem for a negative integer and fraction :
When r1is not a positive integer then the expansion is infinite. In this case the expansion
is defined for 1 +x where Id < 1. Thus

(1+x)"=14nr+ l.'{.’?ll_l}r"+"{n_1:"-]'}.r‘+....-..

¥ rin—I}n=2).....A¢n—7+1)

rl x’

L L . Y

Hincmial Thearem K| 1
=} -
Note :1, (1 =x)" =1 —mx + Tl"“ 2o e "I:j:'lf:'}]:u ..................
- 1yr min—1)n- 2]----.-tn—_r+|] = £ 1
S 1
{~IN-2 ~IM=2%~-
2l +x)? =] —x 4= },i = i {—”L:# - sghe e O '

=] —x+ 8-+ -

................... 1
3L(l-x Sl B s g it S i e e SR i

,:'
d@tx)"=a(+-F .

-1
x mn }:}]

- ~n-3
=g"[] + ﬂ'{;]l- mn—Din }{.{

b o
74 tn . 3 q? .

n(n -1 n- Ir=-4) ii

4 n.\" : OO T

Worked out examples : 0l

1 L
Ex 1. Using binormal theorem expand (1} {lt"f':’;}i (ii) (4a + 3bc)*
1 1
i : . L erse o ) VG @AY I 5 B
Soln: (i) (2 +5 ) = 'y 2RI ¢, @A) VG 2 |
1 .
1 : BRE I AL .
+*{.‘,f?.x}*'1‘lii';}’+’t_.lll}’ '{11}"" Cy (215} _ ;1
[ e s <. |
95y § + §x2ix 34+ 10x2x + 10=35 *5"2::5 PO !
|
§ . 3 L |
=32+ 40x? + 20+ t35 T30
x 8 3
o, (ka) (- 30) +C, (403X

(1) (4a — 3bc)*=1C, (4a)* +
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; s t0 answer {
37. In a Mathemalics paper therd are 10 questions and a student 15 70 ANSWEL S
MADY WaYs CEmn Ans: 210
ittees cach consistin

\clude at lcast ane {ncty

he answer
gofb mernbers ¢
in ench commitiee”?

Mg 414

guERoNS. In how 1
n e formed out

18, How mafy different comm
ol B pcnﬂ.::m:nu:ﬂ 3 Indics so a5 10 i1

1< gre el In how ATy i Merenl Wiy Calh ohe

erno 11 ismade compulsory in how many

s N Cy, O,

39, Tn an examinaion paper | | question
choose 6 questions 10 BRSWEE [ howey
guesions in all?

are collinear, By con necting these
Ans: 11b

ways can he sclect 10 answer &

40 There sre 10 points ina plane 01 which 4 ponts

points how maty triangles can be obiained

L5 ]

3y male teachers and 8 fermale teachersin a school, A commities 1510

4]. Thercarc &
di female teachers

he formed by taking 5 male teachers an In how miany ways this

can be done’? Ans: .= 'C,
players be se lected from 14 foothall players

47 In oo primTy Way's Can & (= of 11
Ans: 132

where 2 of them can piay a3 goalkecper only?
43, Atcam of 8 players isto be selected out of B boysand 6 girls. If exclusion ofa
particular girl and inclusion of o particular boy 15 certain in how many ways can the

weam be sclected if it contains 3 girls? Ans: 'C, ™ *C,

=%
@ BINOMIAL THEOREM

pefinition : An expression having two temms is called a binomial. Thusa bhiy,
@+ xam binomial expression. ‘ :
1.4.1 Rinomial Theorem fora positive integer : '
Whenn TR 5::.15i1i-"-

-'.--: “"'-I -\..IHI u.ll IT"‘ a‘--: u_-l-_'.l_l_'_ IIIIIII .

© MLCEET,

fatx)"
- min =1} 3
=gt T X T R E

alr =T =2 An=F4 1}
o RA T b geerxiE R

i =t : . i
for all values of aand 2. $e
terms in the expansion (@rxysaths = i .

Mote = 1. The number o [
€. "Cu......o... arecalied Bisomial Co-cfiicient 1
ot i | k
L

3, The co-efficicnts "Cys =

‘[hese are shonly written a8 Cg Cyp <ocoocess
—-l]-"lumnlri!thl':-mnamci:ﬂtnfi'i 5 i i

4 (c+1ptermis T,.,= °C a*x’ It is called general verm. =" \
5_{,,1__;-':* = - (e "‘:I!" = "[-:.F""' "eoat |{L_:]_+-c1dq—l;t_#?ﬂl £ i

3, x7occurin (X

-

e at"(=%) T 2

pip=1) . s

=g*—pa" Xt T - g v 1
et 1
H- 1) = ']“”:ﬂ'fﬂj’l}' gt e TR
r |
lemis 9+1=10.

' ﬂmlﬂlﬂlmbﬁﬂf

Example: In the expansion (2+x)

il-"'I.vu:nrlis"i',f-"'l.";,z"'-'ll a
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. In how many ways can the letters of the word SUNDAY be arranged?  Ans: T
9. How many words can be formed out of the letiers ARTICLE, so that vowels alwayy

pocupy the cven places? I.-J"m',-.; 144
10, In how many ways can the letters of the word MISSISSIPP1 be arranged
1 Ams: 3465

11. Tn how many ways can the letiers of the word PERMUTATION be ammanged

keeping the vowels together? Ans: 302404
12. I how many ways can 7 examination papers be arranged so that the best and

the worst papers never come topether? Ans: 5! x*p.
13, In how many ways can 12 examination papers be arranged 50 that the best and

the worst papers never come topether” Ans: 101 = p,
14 In how many ways 7 girls and 6 boys can sit at a round table so that no two

boys are together” Ans: 6! %",

15, _ In how many ways 4 girls and 4 boys can siteta round table so that no two  girls

are wopether? . Ans: 31 =P,
16. A class test is attended by 6 students sitting in a chair in a circle. In how many ways

can they armange themsclves? Ans: 5!
17, How many diffierent wavs 2 bovs can sitin 5 vacant seats? Ans: 20
I8, Imn how many ways can the letters of the word COTTON be arranged 50 that the 2

s do not come together? Ans: 120
19. In how many ways can § bovs form & ring? Ans: 7!
M), Tn how mamy ways can ]'Frh:l-}'q’r:nrmanng? Ans: 15!

21. How many numbers hetween 100-and 1000 can be formed with 2, 3,4, 0,8, Y =0
vhart digit= will not repeat? Ans: 100
77 How many 3 digit numbers less than 600 can be formed from 1,2, 3.4, 5, % 50 that
digits may repeat”? s “:H.m.' 180
23. How many numbers of not more than § digits can be formed with the digits 1, 2, 37

3 Ans: 363
24. Find the value of G *C,

li-i} I!l{_"u liii'} |br_|“

V) *¢, (v} *C, vi) "¢
A@I0 @1 Gi1s . ’

(iv) 190 (v) 30 (vi) 462

Permutation and Combination
95, Findn (1) °C, = 7C,, (i) 'c, = "c,,
(i) "C,..= Crs (¥) "Cyy = "C,s
Ans: (i)m— 1 (1) 9 (iii) 5 (iv) 25
ag. (I "C, = "C, find "¢ G "C,, = C, find °C,
GipH *'C, = "C,,., Ond (a) e (b} "C,
@ If "Cy, =°C, find °C, (VIf'c, =28 find *C,
Anss i) 1330 (D78 Gijal20 b21 (W30 (V)56
27.Findn (1) "C,: "C, =35:2 i) "C, 2 ~'C,=4:3
Ans: (D4 Gi)12 .
28. 1 “p =336, "C, =56 findmandr. Ans: n=8 r=3
29, How many groups each consisting of! & students can be formed from 9 stadents?
Ans: B4
30. A basket contains 10 mangoes. Find how many difforent sclections one can make
of 3 mangoes 50 as o include alwaysa particular mango? Ans: 36
3[.(hnuf9hwsand5giﬂslmwmm:r&iﬂi:mtgmmﬂmheﬁ:md.ﬂh _
of 6 bays and 2 girls? Ans: 840
Il.lnhuwmuuywaﬁmﬂmmuﬂanﬂmngﬂmmiﬂﬂmﬂ

6 friends” Ans: 63
33. In how many wayscan 10 boys be selected from 18 boys soas 10 inchude always 3

i Ans: 6435
particular boys? _
34, In how many ways can t:thwﬁhtdmrilﬂmﬂ:qllﬂ!m]m

35. In how many ways can | 2 sweels Mﬁsuihﬂamﬁhmlhﬂ
Ams: P0G "G % 1

that
36. From a group of | g micn in how many Wﬂmmmhﬂﬂﬂﬂﬂ

(i) 3 particular men are ahways excluded?

i 20 924
(ii) 3 particular men arc niwqr!-m.cﬂhﬂ? Ans: (1) i)
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Ex 35. Ina growp of 15 boys there are 7 boy scouts. In how many wayscan 12 bay
bhe selected so as to include (1) exactly 6 boy scouts, { 1) at least 6 boy scouts?
Soln: (i) 6 boy scouts come from group of 7 boy scoutsin €, ways.

Orther & boys will come from group of 8 boysin ', ways.

Required number of combinationis 'C, x *C,, = 7*28= 196

{i1) Number ol boy scouts may be Gor 7

Case 1. 6boy scouts from group of 7 and 6 boys from group of 8.
Number of combinationis  'C, * "C, =T=x28=196

Case 2. 7 bov scouts from group of 7 and 5 boys [rom group of 8.
Number of combimationis "C, = "C, =1 * 56 =56

Reguired number of combination is 196 + 56= 252
Ex 36. There are 6 points in a plane and A is one of them. I no three of them are
collinear, [ind the number of triangles that can be drawn with A as vertex?

Soln: Any 3 points will form a triangle, since no three of them are collinear. Along with A

we necd o select 2 points from other 5 points. Number of combination is
W, =10,

Ex 37. In how many ways 21 identical black balls and 19 identical red balls can be
armnged so that no two red balls are wogether?

Soln; The red balls wall bave io be E{]:'H i |'_||_:]|:\-|;'5 e inthe space E-Epﬁﬁll.l.':d 'b}- black

balls. Total number of arrangementsis ¢, = 1540,

Ex 38. [f m paralle! lines ina plane are intersected by another set of n parallel lines, find

the number of parallelogram formed.
Soln: A paraliclogram needs two pairs of parallel straight lines.
Number of parallelogram formed is "C, *"C;

Ex 39. [2016] There are 7 gentlemnen and 3 ladics contesting for two vacancies. An

elector can vote any number of cand; g
. andidaies not exceeding the i
how masy ways it is possible to vole? ng the number of vacancies. In

AR L ;
Permutation ang ( oinbination 57

g |

golution: Case |- 2 pentbemen are selecisd
Number of combination-"¢* =27

Case [I- 2 ladies are selected. Number of combination- =1
('psc I11- one gentlemen and one lady are selected. '

Number of combinmtion 'f-l‘if-'u =71
Case I'= o i:ll.l} 15 selected Mumber of combination- -': =3
{Case V- one pentleman 15 selected, Number of combnation- ‘CL: 7
Thus total number of possibilitiesis- 21 +3+21 4347 =55,

Exercise 1.3

L Findn if (@) "p,=12%"P, i) "p,=10%'p

Gii) P, =90 =P, (iv) *P, = 1680

(vy=ip =10x"p (vi) “IP, =S P
Ans: ()6 (Gi) 10 Gple G4 @34 (W3
@) P =539
(iv) ='F: TR =T2ES

Y Endn if @) 'P =512
(i) "P, s P =211
Ans: ()8 (i) % {iii) 3 (iv) 8
3.G)™p. =90, = p, =30 Findnandr.
(i) "";’2 =56, ""p =12 Find mand
Ans: (iyn=8,r=2 (i m=6.n=2
4 *p rp:p =aibic show that b =a (b + €}

e e+l : LEGE'HW? .ﬁﬂ- lm
5. In how many ways can the letiers ﬂrmmmhmﬂm be arranged in & shells0

6. I how manty ways 6 books outof 11 different © Ans: 064

that 3 paricutarbooks re SR SR e g
7. Inhow many uuysm“ﬂhlmnfm Ans: 907200
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3 13 625 21875
Z d

4 = § 4 — " S
28 128% T 1024 T 32768

(i) (1 -z =1H

il | Pk
-
|
|
=
|
|
[
o

|
4

|

s
=

il | ek

|

Fud
S

2. 5 .4
‘El"b'_'r‘-l- Al-,l.].DI._'_

b El 240 T creeereiessesa.

Ex ? Write (i) 3~ _2+I_ 1
i) itrmm‘j_h?: (1) 4% term in {1 — 3x)'™"

|;' . 'E' . =) -
T coeiickentolx* in(1~29%  (iv) cooflicient of s i — =
{1-3x)’
Cal £+
Solm: (i) =—— = .
(3-2x)" " T II -2 t= 2+ x){3-2(1 - 2y

X}

Lad | pd

(=2)N-2-1)

_j :":+[-rrr....r_-| ]
X %) o] bt D ety

[y e

1 4
R 12"‘1]‘”';{'114 ¥a

x i
R,
| % s 8
{2d+(1+=1
| = 1x+ -
| tj“}]ﬁ"' .--J
.—|:1r+]_] E
Bl Toha o o

Biromia| [he

JLERN

4

Here 3 ierm is 5 X

[k 10 == =1}
‘ii“l ix) 1+ 5 3 ] .
4 n
110 10 10
L= =1 )
— _3 P T T
3!
1010 10 _
] L3 X : &) 10T xdx X7
Here 4" termis 2 3 3 ()= ———— 2
3 Ixinixh

(iti) The term contaiming x in(l -2 E6*eEm

S5 1 -2y A=)
L= | EP = = Y =%
Fw 32 "2 3 e
5x7x9x11x13%x32 _ 3003
= - = i l_l.
32=120 g
e 3003
Coefficient of x'" is E_
| +2x
iv) 7 Ao =(1+2xK1—3x)
[—Eﬂ—i—j_ .
m( 4 20{1 + Iy C

= (1 4+2x)( | + 0p 4+ SAD T ennnereivananans
A o o e
The term containing x * 15 2o ™ Gy + 5457 = Tox
Coefficient of x* is 72

11

e —
e

{

L |

i |

[ .

TR

i

LY

]
8 £
g

=
¥
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|
|1.':|T'I1fgmcraltﬂmi$Tr,."“l:.',l,-ll']}“'*l—;]'
= (=17 BC, X2 Brx -
T, ., independent of x if 24 -3r=0 — r=g

The required term is 'I'!-'-{—]]'Jt 1!f. xJR-1=40% « |§ = 7920

Ex 7. Apply binomial theorem to find the value of:
DA+ BY+0-BY @+ foP P+ a= )
(245 +1¥-25-1F IR+ JY+2- SITH,
(v) [QP 2016)(1 TP -7 )
Soln: (i) (1+ BV +(1- Fy=(14 i gl HeASBYPHC (B + "C A
PGB PYC(BE A (1 - C3t7C, (B
/_ : -_Jf-'.fu"jFf?f_',iﬁ]"—"t’,{ﬁ}’+’{.;[ﬁ}”-{\-"}'ﬁ-}
4 =21 +E-3!{ ;lifﬂiugmi e
®er f-r s orye B e o P A
il = ‘fv"f——r_’?ﬂﬁﬁ?ﬂ tHxt-tr, x? ,,."i:z
| =H x's ﬁ;?ﬂ _1-1']_+l| __zlfr: j:j
NS5 1. {{1..."5:!1 :.fl
+‘c‘.{14§F Y05 |
TG 0EY- o

[

+4f—{:l]
2J5) +ic, 2.5 Y
) +1) - [(}!,‘E}:_ :.t.:.l 2.J5)"
BY ) -1y

Binomial Theorem 60
2{°C, @JSY+'C, 25+ 1)
=AS5*16x25+10 %20+ 1)=dam
)2+ 19V + 2~ i9) = {2' ¢ x 2y fi5) + 'C A9 ¥
T8 P2 e x B fi9) + 7¢, %2 i ¥ (4o P
= 20274 °C, % A 19 Pl=244
M (TP (=T =2{1 + %¢,(JTy"+ %o, (4Ty 1= 241 + 70 + 245)
= 632
= 1

Ex8.Expand: (i) (1 +2x)~* (i) (4-5¢y® G -<y=

(—0-4- AN -I -2

Soln: (I3 (1 +2x) =" =1+ (~4)2x) +- --!E—-H-[z:rﬂ N 3!,‘ (2xf
- I =g =Ty

+E—4H—~I 1 X—4—13) PP

4 TR

= | = Rr+40x 7= 160 x @ S6Dx ¥ e 5

|- mlhl =1)

. l = i -] l E"h 9 [ﬂ“ -tl{‘}
{h}m:iq_ﬁr 7 = [—‘ : 4 o

.

1 1, S, CiTa=lae
*'E[l +':“EI‘_..'}+ : > ¢ 4 y

S 2
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&g
RS

GG HII"'""'J' rr"‘r‘ —
i kg # | o L& ET
Qoln: (i) The general term 15 | L, X =)=, |
JE = 3 i P2 (2 +— 2
[, conmins x"7 if10+r=17 = r=7 @ e T ) (i) [QP 2018) (20 . L
e required term is T, = (- 1)7x 7€, x 107 =- g iv) JQP 2011 { -y :
- : S - iv e s
Mhus coefficientof x¥ in(x-2 s = "C, =-120 ( X VITQP 2009, 2015, 2016) (24 y:
3
B 1 b | P | s Wi | L 1 . « ' “ = 1} 1] 2E
{ii) The general term 15 ;. = e Py AR r y = My % Pty B3, Soln: (1) The general term |s [ .= C _i_}q._,i__ ;_11
[ contmns x™= if 40-3r =-2 = r=14 1
; . ! L™ q";‘.: = ¥ - 1
Therequiredtermas [, ="C,, *2%x~ i {1‘. - ,J
| T,, , independent of x if 18-3r=0 —r=6 "l.{
Thus coefhicient of x° ml.?_r'—; * & AL, =2 The required termis T, = (= 1)%x"C, x3-%x 2-7=84 » -3 A
I ' ¥
(iii) The general term is T, . = “C, (N (=)' =(=1)"C _ x¥* (i) The generalterm s T, = °C, ‘1"-']'"‘5:?:"’
T
[, contamns x " if 24 —5r=—]1 — r=7 e 12,’__“1_" L B
Therequaredtermis T, =(-1)"x °(, x- "= B xm 1 ’ ?
: T,,, independent of xif 9-3r=0 = r=3
i Thus coefficientof x ' in(x*-— )" is - ¥, == _792 The required term is T, = *C, x2* 3"'=84 % 64 %3 .
| : {
1 ’
F | ¥ L Y ifl-r —%F 1
:_l (i) The gencral tem is T, =*¢ ()% (- )- (iii) The general term is T, =*C, @)™ () :
. 3 Fi 1 [ .T: :
L 1 «(-1)’ ®C, #1* T2z ® =
g o § Ry oAl L i T, ., independent of x if 40—5-=0 = r=4 \4
J - . L= N A= - .
[ ,,contmins x ' if Sr- 16 = -] - pw The required term is T, =( )", x2* =45 = 4= 180 i
The required wrm is T, = (- 1) =", 233 2 -%x x-1=_ 7 x 3551 - urir ‘|E
(iv) The pencral termis T, = ¢, % 3 i
Thes cocfficientof x * in 11 —Pis ~7x3 = i1
5 ; 2 . r= 9.5 an impossibility. |
Ex 6. Find the term inde  PER T,., independent of x if |1;n-2r—.ﬂ = l'
pendentof xin (i) [QP Im.lﬂli}{'—i = Thr:ismmnni:ﬁrf-mdﬂ“ﬂr“"ﬂ‘“w"“m i
- Sl

-

I

= il
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0O (daYi=3MeY 4 (da(=be) + O, (Rai- by : : |
(S} F f. . ':"II'.T 1'1. :-"f':l—l TIII"_ 1
+oC (- 3be) - T
= 4" — 6x4"x3a'bc + 1549atb'e’ - 20%64x27a'b () Tia = Ty ="C,y BNl gt
+ 15x ]| 628l - 6xdx3 gb'c* + 3* 1o 2x e x }-lig
- i i . 3 | I 1
Ex 2. Find the 10® term from beginning and the10® term from end of the expansion T, = "2 '1‘1:'" "C x P
]
G &= )~ A ; N 3
Y Ex 4. Find the middle terms of (i) |QP2011) (3x——)
Son: Wehave(r+1)" term T_ ="C, a" "x" )
N 1 =
| (i) [QP 2009) (2 +— )" (i) [QP 2012) (e + 20
(¥ term from the begining ic. ( 9+ em of (2 +— ) is : _ 3
X Soln: (i) Ihere are 10 terms. Middle termsare T, and T,
- . 1 | o - " ! = : IJ 31 3
L= 76, @0* 2 (3P = P04 [ =T, =°C, 3)* * (— Y= 126x s =126 et
Again 10" termof fromtheend is=~T, =T, x’ 3 i
| T,= T, ="C, (0 (- ) =-126x Trxl=—L2Gxaca®
17 ie(l6+1)* termof 2+~ )2 is ;
. (i) There are 19 terms. Middle term is T,
P s | | - !
l."” = ,L 4 ‘lln'll" H',-r_: j”' = .I‘ :' TT -[-I: j— -rw. I_'"(.I,_. [lr}.l I-‘ I_'.r =|If . -.1"!::‘?
" 1 (iii) There are |8 terms, Middle terms are T and T,
Ex3. Find(1)5*term of the expansion (x — iy & 1
P 4 =" Yoo Bl W1 b | P
I ]._.;I.ll'—ll'._.l.rl ’{x]-lhl f.-'q "—HIT
(1) [QF 2010] 8 term of the expansion (1 + )'® 3 : B |
2 et SRR L F e —ya T x3¥e—=
Il:'l'r-l_f"'x {;3} 1 i
i : : 1
(L) IQPHIJI 12% term of the Cxpansion {3x o7 Ex 5. Find the coefficient of .
2y
. e 1) 5 in @)
i | QP IHISI 12% term in (254 l] " {i:_:| E(}F 2010, 3“141 1 m'_-[—_]_"}'lﬂ '[1-”[&?“' l X ¥
ix ] jl T { ].
. : : R ol - P2013] x*" m{F —
Soln: (1) T = I,.,= C, x1-4¢ 1 i e | (iii) [OP 2013] = “_“:1__11 y (iv) [Q X

2x

|

|
|

-

s

It "y
- e

¢F-.- —
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Nﬂ":’-’::"ri'—:l""m'” i

s
= log_(mxm)=x+y=log m= log . n Proved.

Law 2: log Lnf"l-*hg'm log n (m,n=>0)
oA

Proof:Let log m=x =>a'=m and log p=y = a =n

a m
Mow —=a" '™
) n
m -
— log (—)=x-y=log m log n Proved.
. J .

I.m‘!.‘ingui_m'b=ﬂiug_.m
Proof Let log m=x = a'= m

Mow [a*f= m"=ag"™

= lag _(m")=nx=nlog m Proved.

1.53 Special cases in logarithm:

Casel. Sincea®*=1 thereforelog 1 =0 loranya
Thus log, 1=0, log, 1 =0 elc

Case 2. Since o' = o thereforelog a=1 foranya
Thus log,5=1, log, 9=1

i ] |
Case . Sincea”! = thereforelog (=)=~
ia Lol |

Thus lﬂg,t_‘:i" I, 1-115“[;;3" 1

1.54 Properties of logarithm : { Change of base)
log m=log mx=log b

Proof: Letx=log m, y= log, m, and z=log b
= a"mm hFe g gt= )
Wesee ar=hr=py
La'=hr=(gfr=yg=

=:hd'ﬁd'r
= X=yz

= log m=| i
rqu""’E;*"ll'ﬂ.H—'f ﬂﬂ* FI'lrlll-lubllﬁ F“:I'\"E‘d_

|--"'|‘.j anthm

anf: o _,.'r:' « log , a=log a=1]
Corllog M- bog ,m /log , a

worked out Examples:

Fa 1. Find the logarithm ol (1) 125 1o the base /s

1ii!734tutb¢t.n;1,ﬁ
mln;m\h’aknnwﬂml 7]

N o= |.I'Ij,|I { Ny

Thus (J5)°=125 = log, 125=¢

gince (J5)=125 =log; 125=5
(ii) Here wesee (27 )7 =T784=(2 1)
= bog, - TB4 =4
Ex 2. Find the base a of the logarithm if
() |QP 2017] log , 17286
(iii) [QP 2013] log 324 -4
Soln: (i) log 1728 ~6 = at=1728=121=(4x3)"

243"

— = ]‘ﬁ

“'r: hﬂ-\'l:‘ I'“E_:._'j ]m - E

i e
“i“ugulﬁ" 4 — gt = 1h :r?=|h =d —1'5"1""{_2}'
_!
- a=5

(ii)log 324=4 = a'=324=181=(92)" 6.2)
- = 3.2 Wi have log. 5324 =4
Ex 3. Find the value of: (iylog, 216 (DIQP 2015} log, o810

(1i1) JQP 2015] log , log , log , 512 {iw]{ﬂﬂﬂﬂhﬂ,lh ﬁ*‘ﬂ!;{E )
Solu: i) log , 216 = log , (6 =3 log6=3 X1

(i) log_16=~4 e = o8

T
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|
5 i s [
& Find the copstant term 0F LX 5 )

Ang- T -
s "'
7 In the expansion of (14 1 the coefficient of (2r +1)" and (r + 5)" terms
mre .rqu.ﬂ.]. Fmar AnNs: = 7
& Apply binormial theorem to find the value of :
(i 2 4—|'|'-|,_J5 | ¥ H."I}{.L':n] 1Y =43 1y
GNGHZSTPHB-24TY v)(14 153+ -3J3)
Ans: (82 () 152 (m) 1090 () 1784
oot !
9, Expand upto 4® term: (1) (1 + 2x) b (i) 4+ 32 (i) _:.Ir__, 3
. ! : w 3 9 3’
Ans (i) 1 -6+ 24x?=80x" + ... @) 2(1+ EI- ﬁ.\'i o s R )
. L e - 44
@) 221+ —F —+ —+ ..
6 18 12 !
f. 10. Wt fhic: Fiiix®in Jo.« ()xti opind] . Vx4
: rite cocfhcientof: (1) x* 0 Jo ¢ ¢ n)x*m 3 '~'|—_1_' (iii)x " m T
H : : Le b
| EINEAY 273 (i 4 = Jigh | {1ii) -
{ H ‘“"Pl‘i}hmnn] theorem to evaluate upto 5 decimal places:
(1) 99 (11} 98" (i1} ':.ﬁ (v (1 .ﬂ”" {‘,-’I 1 l{}l'll-
Ans: (1)9.944988 (i) 92236816

(ii)9.99334  (iv) 1.05101 (v) 100058
REC.C.C

C, are binomial coefficient corresponding to the

e E LR T

power i prove that
MC-2C.+3C -

=1y nC =10

WG OFECC +C,C i € Gnx
i e ' TR0 il
WG+ IC A5 470, i 4204 ) €. = (14 127

o

John Mapier was the inventor of Logarithm, For the numerical calcalus
Logacithm 1$ very impariatt With the help of Logarithim we can do n‘mlliP*ir;uim..
computations of pawer and roots, elc. There are three systems of Loganthm.

| . Common Logarithm
4 Natural L.ogarithm (or Napier Logarithm)
3. Binary Logarithm

LOGARITHM

Common Logarithm: [1 was first introduced by Prof. Henry Briges. 1 is a kind of

Logarithm developed with respeet to the base 10 of decimal system. Itis used for
mumernical computation

Natural Logarithm: 1t was first introducad by John Napier {1550-1617). tisa kind
of Logarithm developed with respect o the basc ¢ where 2 <2 <3 (e=27183). tis
used for theorctical purposs

Binary Logarithm: |ts basc 15 7 and i used in Compuier Scenee.

1.5.1 Definition of Logarithm: Letus consider the equation a"= N{a>0,a = 1)
where a is called base and x is the index of the power. .
Now x is called Logarithm of N 10 the base o and is written a8 x=log V. This is
read as Logarithm of N to the base a.

Examples: (i) 3¥=9 = 2=log.%

1 — i -
@ 3'=; = -17Whj

iy =81 = 4=log, ¥l

1.5.2 Laws of Logarithm : "
Law 1:log _(m = m)=log ™ + log m (m. "

: = = d.l- H
Mﬁlﬂhg’m—l j-.rfl"f'ﬂ'l WJ-II.E"H'H ¥y =

L

F il
,




Gily =
~

(v) 16ue*

- 2 ) (GG

X 4
Ams: (' +4r+6+—+
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i Ml

I'I..':I| -"‘|.I1+ qf.:?.f.: L, lﬂl:‘..l & = 1
' I'. ' X
=C C+(C,C,+C,C)HxH (GG +C ¢+ C,C) x*
HGC4+C C + G Ca b C, C i
-ty Rl h e | r' " %
We have now
. _ (2n)!
C O +C C 40,0 Feeinnanias S C—
Since " =C__ hence
g B | = o c
£, C, =t G =C L sy ¢ 2
Y r £ _:'M
= L T, T : ]
Exercise 1.4

! 1
I Expand the following: () =+ ) (i) (x— 5=’ uiinf - 1.||[E o

(iv)(x- 1} (v) {2z + 3y
1 civs SERlySE N8, 0 500 1
X' oy Uy AT Tt TP T T v g
X x a 2 :
65 +15= -20+15—-62+ 2
a a r gt @

(v) | —fix + 1527 — 200 + 150 — 6% + o

7 qﬁ-"—“.l‘*‘?lﬁﬁ-‘ +216 9" + R1y

Dinoemia) Thearem

TS

 § i

g_F:iﬁlllwli‘.l &t ferm im | '|.i|_ 4 )8

- () 3* termin ] -

jud | 3

':
X i

(i) 4* termin (> =~ —)’ immmmmwl:r

1
1 b

(v) 11" term in (4x Eu-'-:’

(i) 5% erm in{x - ip

1 d 1 E 5 | i .j'l - s
Ans: (i) 15 . (it} ax (i} 111:-1_1-1 (iv) "C_ e (v) 3000 [ﬁjm
= g o Koo o
3. Find the coefTicient of (i) x"in (x* 4 = W (il in (2 -;il"

! 3
(iv)z™ in (= =y (¥)x ™ in (2 _;-_.u
() 1365  (v)3421440

(i) x " in(x—x1)"

Ans: (i) 6435 (ii)—960 (m)®

| " he
4. Find the term independent of x: (1){x = ;T: (i) (2x + Jx UL .t_:‘"
e ST
vid) x + 1
(2n)!

Ans: (11252 (ii) 96096 (iii)495 (iv)2041d (V) 495 (vi)495 (vil) =

l 1 ] a ¥ » ]_ :
l['ll".-'} {3x— o » (v) (9 i] (vi}lx + I‘f

1
b T a . == 1 i Lk i+ _-:lll
5. Find the middle terms of: ({7 +7) o (iya+a Qe+ T

s A
ll.'rl.;l. - I‘_ i.l l‘lht'll-‘- 3;']?

I

1
(iv)(x+ —¥
= e 35
e ! L o, LS i) N
Ans: (i) *C,, (i) 'Ca X" x

48 1IN
ax 35y ¥ kit
15x 35y ™) 5 e

(iv) 70 W~y vy

L 3
L3
=

m—— T
i — B
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£x 10. Apply binomial theorem to evaluate up to 3 decimal places:

1 (i) (.999)° (i) Yooy (W) Y1608

Saln: () (.999) = (1 - 001) = 1 - *C, (001) + *C, (001)' = °C;(.001Y

+ 5, (LDO1Y — (.001y
| —.005 + 10% = 102+ 5x|0 2 =10
G

L]

(i) Y999 = (1000 -1)'"= (1000)'" (1 0] )

1.1 1
: 2 )  Sz=Nz-2)
=10{1 + (~000)4 33 (—001)*+3 3 _“J (~.001)
-II -t |
= 1041 — .000333 — 00000011 + ........]
= 10 = 99966689 = 9.997
(i) 416.08 = (16 + .0B)" = 16 (1 +.005)"*
1,1 1 1
. ! =ia ety H o
2{1 +=(.005) 4 _(.005)2 4 ; = {.ﬂﬂn}-
. * 1! 3
i A S
=2{1+ 00125 - .00000234 + .....
||

e J= 2.00249532 = 2.002

s ExlLIf C.C,C, " are binomial coefTicient corresponding to the

power i |1n:n'|:lh.u1
(HC,+C+C,
ﬁnlﬂl’lnlﬁlr v{'“ 7

............ = G AR O iy e
() C Tl’ A+ +f

=]1+2+4+2% ... o
I*JIQPH‘HI( *'-'I'.' 1'31:. o Dl = 2
HI][.E:T{II-:-'-{."':-‘- ........... $C 1= (2m)!

. , 5 mlnl

Soln: (1) LHS —{_‘“-.{_'I+{' + e

='°|:""+r':"|l* -{1:+ i nr.llr

H:n-:::ni;[, Theoes
P 73
e LTl URLE Y L e
ClF e, ave
(1+1)"=2"=RHS
llli: {ru I:.I-‘”_-"

] |I|r f__
= 'I'_'_'n . Ifl } '[ '|:'|_:|' -L-."
- 'l'.'ll.; "+ "|’_"| 7 1x(=1% -'lq-l L | ST ol ._1{--{_.]1.
={l-1)"=0
ence Cot G+ Cobuvcvinnnan, =CHCACH
I R i
== 2 (G G Gt tl }=E;_[[ e sl )
;E“H'“*E',H';— .......... +C, )= =2
) L e A e B e C,* Co¥onmnr it €
=] +2*=2-1 =1:__1 =1 ¥ 2P L S
() C,+2C,+ c | iy SRPPRERRGL, 5
nl n i L
T2 LU ol O . L) 3 sl
=n(gmoni’ m-2! 2 " (n-1ot
= n (" e e ol R +*C..)
="'r|:1' |—H1"'1
M+ =(1+x)" (1 +3)°
We equate coefficient of x” | g gt ", x*
[l )= =14 MG x+ SO SUCE 205
F oiurmssnnnananats
+*C, x")
+" "iI?*"CII‘{- """" -
(1 +0* (1 +0) =G VGXT S +7C, %)

= 140 V¥
!['f‘+*f,-"* Gy

o -

T e Pl
e
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10, Solve: (i) log,, 3 +Jog 9 + log, 729=7 A
(i) log,, (3x = 2) — 108, X - =1 Ans: 8 SER]ES

3
1.1 log (=) = 9. log { T = 2 then prove that log x =3 and log v = 1

12 iflog =10, log {325) = 5 then find x Ans: 3 vy Arithmetic Progression : A progression o, o a,,...... iscalled Asithmetic

- 1 ﬁngﬂ:h«‘i—i‘-mﬁ“ short AF)if -
13. If@?+ b= 14ab then prove that log = (log a+log h)

2 -ﬂ,"“l =i g, — & . =& ™ ecisecaid IJ__,—H":I:IM"I}'H-EH |

14.1fa*+ b* = 6ab then prove that 2log (a+ b)=loga+logb+3log2 | The constant quantity is called common difference (c.4.) and it is denoted by o - g

a=5b 1 [The sequence whose terms progress (either in increasing or in decressing order) & 55
- JTahi= r — ] + lop A L b
15.1f a*+ h*= | lah then prove that log 3 5 (log a + log b) - & certain paitem is called a Progression.] Th'

1 common difference = any term — its preceding term o

logx  logy logz

16. If al x"y'zc= TR
Lo |.' h—;' e ‘]-—h l]"I-E'I'I an ih‘-ﬂl K ¥ ] ng: lmwtlﬂlmprtﬁcnm'unntﬂpﬂ
x a,a+d,a+2d,a+M.ciusne $E: |
17.1f log, (ab) =x, then prove that log,, (ab)="""1 Where a is 1¥ term or £, - 4. dis commen difference. and ¢, =a+(n~1d 1 |
I8. Find the value of aif log _b=6,log ,_(8h)=3. Ans: 7 Examples of AP series .
19. Prove that (yz)f"" =" x (zr)er- et x (ppyet-fer = | (()2.4,6.8,......... Heca=2,d=2,4,=2+ (-1 . |
; 2 5 () 3,9,15, 21,s:senem Herca=3,d=6,,=3+(a-1§ {1
20. Find the value of log x if x=Jstada - Ans: | Rk SRS
£ "l.u"l'ﬂ"qd ......... I h iﬂ.ﬁ?m ¥1 :
162 Arithmetic Mean (AM): 1f the quantitics &, m, B3 < 1%
at+ 33 ¢
a+b . e and BiISM= B L
e m-a=b-m = m'=—:— ie. AMola W 2 |
a3 barcin
Nate: If the quantities o, m, /. ... s R and b h e
e, Are alled the narthmetis Bk 018 it
P _mdhu;mﬂmm
lﬂﬁumaml’miﬁupiﬂ"'“m:mﬂhsﬁdmﬂtl the sumof 1% m e,
: fan AP senes. Let s, —a+l M
and / be the last term of an ORI L :
S=a+(a+d) +la +2d) @t (I
Also, + [u+id’l*lu'm+{'+ﬂ+u

S = (l=d)+ (-2 Foes
(1) + (1) =25_= mla +0




84 An Introduction to Polytechnic Mathematics-

-

x+dy "1
(iif) Given log == = 5 (logx+logy)

x+2)
= log { 2 =¥ = log x + log y = log xy

x+dy . ;
== F=» =+ =4 xy= loxy

=X+ qyi=|2xy Proved.
Ex 9. Solve: (i)log 24 log 4+log 64=9
() log (Bx—3)—log 4=2
(ia1) [QP 2014] log (x + 1) = llogx
Soln: (i) log 2+ Ic~g|4+tug.ﬁ4-—.‘l
= log (2x4xad)=09

— T _"!‘_1,.[.‘4;1'.1

> xr=72
(i1) log (Br—3)-Jog 4=2
H =
= bog,(——)=2 = yia 23

=4 —Bx+3=0

I
ek, Y

e

=&~ u-1=0

{101 log (x + 1) 2logx

=X+ =32 1

S Xl=x-l=0 —ymii
2

A

| since x > ()
Ex 10. Prove that log. Bisan irrational number
H:||“1 I Bl Y = |I'I-.c','I H > 3' H .
if x= =
x= - where p, g are Infegers then 37 = ge

I'his is impossible since 37 is odd ond B is eve

.
1 ¥ - i
I'hus log . Bis nota rational nurmber

D |

Logarikm

Exercise 1.5

| Findthe value of : (1) bog 216 (ii)log, 121

miil
(1w} log " (V) log .. § Og )
Ansi ()3 (2 Gl Gy = =
2 5
I. Fi.l'l-l- Ih‘[‘ E"Eﬁ-nthm '-:lt |:|'.ﬂ...lj l!lll‘l.'i"lﬂ!-'.lf ‘-II-: |'||] :D"_.'.‘ 1“‘“}2 ‘I:EH'I ‘Ir!-.

(i) 144 tothe base 2.3 (iv) 324 to the hase 3 5

Ans: (DR (D4 ()4 ()4
3 Find the base il the lL}F;J_nql'LI'[I_ of: (i) 1728156 ([} 720=4
Ans (2.5 )33
4. Find xif: (i} log, x=-4 {11} log tﬁ-i =4  ({iii) log, x=2

1 o :
Ans: {1} = M E L

r_-.'_"?n
5 Prove that (1) Ing_l [log, Elug: 256) =1 (i1} log.1 108 1 B)=1

16 =] 8i

6.Find the value: (i) 7 log 15 *+ 5 log _J‘ +3log gy Ans: log 2
23 33 E Ang log ?
I:'i'L]-'E'.:lql:_'j_'= '|4.':'EIH ]'-‘Lw 26
2 [ Ans: 2 log 2
1. Simplify: (i) log 2 + log 12 T 10843 log 42 :
be’ b Jlf‘ *1'.'."1-_-{1_: Aps:d

Eh? ST
(1i) log E—'." + log e Eul"'“d". Sl
-

4
- |
- rove that abe
Elr'ﬂ=1ﬂg,=. b=log X c=log,y, HenP

21 Ans:a= 8
o ' . Lt
% Find the vatlue of o if log,a+ 108, ¥ Ew® " 4

BS

L)

i

L]

; :

al

-

i

"

h &

| &
.l

a4 =

-r-.l‘-
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82 .
) 16" 2257 x 81’ ] 232 3 5H 3
= ] =4 r ~ N - —_— - . -
Hg E;'IIH_‘-lI"'Hl..l EEMFSH‘-CH" -C‘_"HI".-:'H({

i i i |
Ih. of 5-* e

e e e ..
. [ug-}-:;ﬂi_.. o log (2 = 3)

= log 10
=]  (base is not given, so we assume base as 10)
=RHS Proved
14 28 405
(myLHS = h}gﬁ + !“E'ﬁ + snp-ll;'lﬁ
14 x 28 x 405 2 xT w3 x5
o 15’“2?““}5 _IUHEI-'-C:':J .n.é'- :-:TT.

=log2=RHS Proved

.1 .
] Ex 7. Simplify: (i) [QP2011,2016] Jog EL ~2log % +3log T +log y
i ) B
I
el 9 25 15
; P s S P
|l () [QF 2014] fog | + log i AT

{| | 3 2

) 3 2 3
Soln: (i) log 8 2log +3-Iug; +lngI

= log— 1 1 3| 3
| J;!E _ug'j]l"'lﬂ'ﬂi;}-rlngz

=log 81 Hl:.g'FilEugI"iug3—!ﬂg3—lﬁg3:—1::g}‘ log 4
i Bk 253 Px2t
o Ty xy "l G5y ~log1=0

N 9 25 15
(i)log o +log 4 iﬂsﬁ
’L!ng‘h-luglﬁikrp__lﬁ—lug'lﬂ-]ngl-fl log 15
QIHnlﬁ - 2
=L..—-—a.—_— 3!!1.5!:'
% 10x24x1s W0 z

B S natagi ~logl=0

Logarithm i
Ex$ (D) If@? + b = Tab then prove thn
alog 32 = L (log.a + log b)
3 5 Uiga+log b)

b Jlngn:cr—hj—-l-ugﬁ'lngq'*]ngﬁ
u.lIvg[nﬂn}"lv-:ug“lngu*luiﬁ
_ ll o a b
Byaios =3 = 5 (oga+loxt) Scuporetiel o Ent

2y 1 :
(BT o A_I-d e 5 (log x +log ¥) then prove that =+ dy*=12xy
Soln: (i) a. Given a? +b*=Tab = AT 524 gk = Ok
—s (@ + b= 3 (ab)

+h d+ b L
— [”\— Vumgh =—> = .Jab
s \ 3

a+b 1 Ik :
Taking log on both sides log —0— © :_Hugu-!-} {(loga+logh) Proved
h. Given a?+ b*= Tab :,.u‘4}::-?un=iii-‘!
== (@ =~ b)F = 3ab . e
i . y=log § +loga+iog
Taking log on both sides 2 log (a—8)° log (Sub)=I0g

¢.Given a?+ b7 =Tab = al+hi+ian™ Quah
= (@ + &) =9ab o oS
Taking log on both sides 2logla™ by = log (9ah) hog % +log

Pp::l\'l:l.!.

X b 1 ;
) Given log E":— =—{loga~ log &)

+b
1] T - y=ah
.—.'.-1-:Igi_“+ y = log ab 3 ] e
I =
— (g + by =¥ (@)= 9ab ?
u E+£:’T ﬁﬂ‘lcd-
ol b a

1

1
s 2
e

1 i
el
-
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(i) bogg, fogg , 16= 108 , log , (2)' = log, (log , 2°)
=log,(4log ,2)=log (4% 1})=log ,4=log 2
diog ,2=2x]1=2
(iii) bog , log , log,512= log _.]u,[_z1 (log , 2% )= log , log . (9log ,2)
= log,log,(¥=1)=log,log,9=log, (log, 3°)

=log,(2log,3)=log,2x1)=log,2=1

<

|

4 S [ M Il; — ".IIE
{iv)log , (6 )+ log, ( V3 )=log (6 * 1‘||3 ) =log, (/2 = J3 x

=lnp Jm |
Ex4. Prove that (i) [QP 2011) log, axlog b xlog, e=1

(ii) [QP 2009] log , log , log - 81 =1

(i) [QP2011) lng_,lug._.__ log ,81=2
() [QF 2013] log , log . log , 512=1
Soln: (i) LHS = log, axlog b-x I:r{:_rq;—'{lm_l,.n ® log b)x Ing_r
= log a *log e¢=log_a=1=RHS Proved.
(L) LHS =log , log, log Bl =log, log, log - (3P
=log , log , (8 !r=lng:,1ug!3-]ng;mg}2‘

=log,3x1)=log ,3=1=RHS Proved.

(i) LHS =log , log - log 81=log , log . log 3*

=log, log - (4 = 1)=log _ log 1

-—Iug:l{-'lkll'—ing,il--l':HHS Proved
IW]-I.HF.=anl]ﬂgjlcrgj”-.-—ln iz

- ]'LI'E.TIGE._{?:‘-”:JBE

=log,(2leg, 3)
Ex 5. Prove that (i

g?[ng1[Ing_,2"‘p—-lc:g_,lng,(‘;iﬂg:l'l
__In-,gz'il=lng:{]ng13’}
'—I:Jg,{E'ﬂJ}—IDE:JE=I=RHS Proved.
+log3=log (1 +2+3)

QP 2010 log 1 +log 2

[.J.."-S_.lnﬂm

(i) [QF 2010, 2017] x==> Tns x yowt bogn  vings gy o
golnz (N LHS =log | +1og2 +logI=log (1 wgugy
" =jopb6=log{l +2+3)=RHS Prowed
G log ("7 ™" pwr et e iy

= jog (x*** ")+ log (prs ey,

log (ziw: w0y
=(log v —log z) log x + (log = —~log x) log ¥+ (log g

=logy *logx-lopz=logx+logs log ¥) log =

;'::E.I" bogx =logy

+ XX |logs-] e F
=tog ] Of 2 - log yx log
This concludes x'F' "7 x JRes ags g iy = |

al {3 10 25 81
Ex 6. Prove that (1) [QF 2010, 2013, 2014] 7log ;—Ilug _14__.““ _m=|“l1
# i e S g1
(ii) QP 2009, 2016] log 2 + 16]og T 12 log E, 7 hﬁ'ﬁ_l

14 238 405
(i) JQF 201 3] log = Iugﬁ t '“‘éﬁg‘ “log 2

() LHS =Tlog -2 log - +3log ot
Soln: (i) LHS = 7log -2 log 7 +3log g

= log (1077 = log (24) + log (81 —log (9) — log (257 - log (30)'
107 = 247 « 81’ 2" x5 x3 x2"x3"
B9 %25 x80° T 3'x5'x$"x2"
12 1 I
|ug1;',-l-:;:—§,:- -log 2= RHS Proved.
16 25 L
(i) LHS = log 2 + 16 log 75 + 12log 5, *TloByg

8l

1

16 E]”+|ﬂil
=log2 +log(73) +leg 5, 80

1 4 Jog (81)' - log (15"
= log 2 + log (16)"* + log (25 *hgfnn:;ﬂ‘]n_hmn}’

3

“i

R R
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Ex 15. Find the sum: (i) 3 +&+ 11+

oo D 30

(ii) [2015] 2+ 5+ 8+ B S

(i) —9 -1+ k. - .. T 24°
(I B+ 3 =T = ccainsnnnrs — 87
Soln: (i) Herea =1, =5, d= 1, =1, §—-5=3
i
Formula for sumis § == {2a+(n- | )t}
S = = {2¢5+(30—1) x3}= 15 x 97 = 1455

(ii)Herea=1 =2, d=(,—1,=J3—

=3 n= 16

r? ]
Formula forsumis § = (da8+(n— 13}

T

Th

(iiiyHerea=¢, =9, d=1,- 1, ={

= -

I'Jl;

LSS - |

Formuls for sum s § =

5

-(-9)=8

{ 2 + (m— 1))

w0 Polviechnic Mathematics-I

L nii
o 16% form

' lerm

{2x2+(16—1)=3}=392

4
5 [2=(-9) + (24 - 1) =8)

M '
=

=12 = ]166= 1992

{iv)Heea=1 =8, d=1 —1 =3—

i=-35

We need to find number of terms, Last termos — 87

| =-8T=8+(n-1)X-5)

=s=n=20

Formula for sumis § = = {2a+(n - [)d}

Bud

i
Lo

g

:~.r|

{2=8 + (20 — 1)

=10=(-79)=-7%

=3}

Seriog

Exercise L6(A)

s BN =l a1
| fiod the series if ()£, =2n* -2 =
I b 7 0

.A.n-'i'-l"l“'-ﬁ-"’- 30, ) TriEtrrE

= m}rﬂ.wnuurﬂlﬁpib I8 and T teem s 30, Find the progression.

Ans: 12,15, 18, s iy
1. The 1%term of an AT is 5 and common difference is 3. The last term is B0 Find

- the number of lerms. Ans: 26
4.(G) The:1%term of an AP is 6 and common difference is 2. Find the 15 tewsat

(i) The & termand 17= term of an AP are | #and 41 respectively. Find the 40%

e

Ans:(i)34 (i) 87
& i Nz Tl
= b 047

5. Which term of the AP 4, 5 3 6 3 o S .

Ans: 14
6. How many ternms are there inthe AP 7, 13,19, p o PO

7. Fill up the blanks if the i'-.:ll-nwing.mqmﬁm‘th].ﬁfr -
5, =, 1S (i) 34 e AR
Ans: (i) 0,5, 10 (i) 36:8;39.6, 424,452

B, Insert (i) 4 AMs between 2 and 12
(ii) 5 AMs between 1.2 and 8.4.
(iii) 3 AMs between — 7 and 9
(iv) 3 AMs between 24 and 0.
(v} 3 AMs between 3 and 19.

{vi) 6 AMs between 15 and— 13 7 Pt 2
fm:0)4,6,8,10 (=5 o ‘:.ﬁt (viy 1l 7.3~ 1-5-9
{iv)y—18,—12,-6 (v £y 85

e e |
w AN
o L
L

FII'
1

B e

s,

-y

i
R~

r
T
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I+ig=1)m}, 1 =

i | _
- ’w rl_lrw_,-p-__‘iin-[}:q rhm
= 3
b 1 _
= =(r-p)=Kr=p)*+ S g I Mr—p)m
§ F)

: |
= - p-q)=Kp-g)+ s lr-1Xp—gim Adding all the three we have

F =

(£} o] ’ I's ] |{_|

{ _fl & {F - e i

p 4 gV F =" |
Ex10.Ifinan AP p* term is gand g™ term p then prove that w* term is (p
Soln: Let a be the 1% term and o be the common difference

i.:'i'u:nrll—'r;'—.-.r—lp-]};'.l' ad [ =p=a+ig-1)d
Fromthiswehave ¢—p=(p-q)d ord=-1

v
i

And a=p-(g-1D)d=p—(g-IN-1)=p + g1
After baving aand dwehave £ =(p + g— 1)+ (n- 1)) —1)
=ptq-n
| |
Ex 1. If bic' c+a’ a+p AP then provethata?, b7, ¢ are in AP
: | 1 |
B AR —— o :
B+e cra’ g+ b _-}-_‘H.r .El'lr_'- &+ b Ce+a
b - b
e Boa - SER
le+allh+c) g+ bic+a)
_._fﬁ;ﬂﬂlﬁ}_ {c—b}b+c)
\e+alh+c)a+h) a4 bYe + a)b +¢)
St ¢’ -b*

(€*akb+ela+b) ~ (a+ b)erah+c)

|

I:|_'.\_
b —glugd
> @ b ¢! are in AP
ih +e) BHe * a) eXNag + Myare:
y 12.11 @ 1are in AP then prove that -
£ APorad + b +eca=0 " v that o, b, ¢, are in
b;l_ilﬂ:ﬂ:{h L), bie ta),cHa 4 ) are in AP

BN+ w) —at{h + )

—4 lII'II'|:'_|""|-' a1 i — g

Cya .;'I.I ||I1|:_;.' # a)

ca+ e - bic - hig

] Eibt—a=)+ah (b -m

g’ —b%) +bcic-4)
ayab + be

— | oWah + be - ca)

=

., gither b-a=c—b when ab + be * cgxl)
or ab + be +ca=0
Ex 13. Determine the value of & if following are in AP.

(MIQP 2010] 7k + 3, 4k 5.2k + 10 (W){QP 2016]2k + 3,3k + 1.5k # 3
Soln:Thk+ 3, 4k — 5. 2k+ 10 are in AP

— [AE—5)1=(Tk+ 3)=2k+ 10} =3k~ 5)
— — 3k — 8 2k ¥ 15
= k==23 Mumbers are - 158, -97,-36

(i) 2k + 3,3k + 1 and 5k + 3 are in AP
= (k+1D-2k+3)=(5k +3)-(3k+1)
- k=2=2k+2 — k=—4 Numbecrsan —5 -1L,=17.
Ex 14, Find the AP, the sum of whose ritermsis () a® + 3n (1) [QP2013] 20"+ 5n
Sol: (i) S = n?+3n soS =1=4 S, ~f+t,=10 ShL=0
S=t+r,+e,=18 =53=8
S=t+t+1,+1=28 =L=W M
S5, =t +3n)— (A= 14 3(n= D) =202
The APis 4.6, 8, 10,... <
[III}.';;F =2+ 5n --1'|,1,';-.'I .l 1, 5': o 2 Vi 18 =4

Generally =

S, =1 +5,+0,=33 =1 =15,
. =51 =af =19
5-[1+;1rf1rll 5 —1

ﬁ‘-““ﬂuily =5 -5 _ = (it (2m-1¥+

The APis 7,11, 15,19, .coeensees

5(n - 1)) =403

]

"
A

i

o A
pe F]

B
e
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& I

T WA
I-I-E}'a-l*;.—m
(v)6,m . m. m 18 arein AP.

a=6, 1=18=6+(5-1)d

o d= 3. Hence the I AMs are 9, 12, 15
(vi)d, m_ m, = . m,19 arein AP

a=4, 1=19=4+(6-1)d

_ =13, Hence the 4 AMs are 7, 10, 13 and 16.
(vii) 3, m_,m_m m, 23 arcinAP.

a=3, t=23=3+(6-Dd

—d=4. Hencethe 4§ AMs are 7, 11, 15 and 19,
(viii) 3, m,, v, m, 19 arein AF.

a=3 r=19=3+{5-1)d
= o = 4. Hence the 3 AMs are 7, 11, 15.

17
_—;'_.I"ulldi 3

e

-h-d 3

2|2

Ex & Find the APif{i) 5™ term is 23 and 1 1® term is 47.
{ii) 10™ term is 41 and 1B™ term i 73.
Soln: (1) Let a be the 1" term and o be the common difference.
Given =L =a+(5-1)d and ¢ =4T=ag+(11-1)d
Wehave Jd=a4+d4d () and 4T=g+ 10d (II)
(M-(I) = 6d=24 =d=4 from(Na=23 _4x4=17
Nowthe APis7, 11,15, 19.............
(11) Let a be the 17 term and o be the common di[Terence,
Givea r,=4l=a+(H0-1d and ¢, =Ti=a+(18-1)d
Wehave 4dl=a+9% () and 73=a+17d {11y
()=-(l) =8d=32 —d=4 ﬁ'nmu}uudj Gud = §
Nowthe APis 5,9, 13,17,.............

find its 18* term.
Soln Let abe the |*

=.J"I'I|-c|1

hmﬁ'hddhﬂtc:mmndiﬂ‘m.
=068 =g4+(12-1)d and L, =86=a+(15-1)d

"';-u'rp.'\--l
91

%
Wehave 68=o+1ld (I) ana B=a+14d (I F
{||i--{11 = Jd=18 —=d=§ I’H'mlllu-ﬂ-ﬂ-r,_l
aow 18® termis/, =2+ (18- 1) =04
Fa 7. The 9* term of un AP is 0. Prove that 29% kerm is double the 19 jerm_ i
qoin: Leta be the 1= term and o be the common difference.
Given L,=0=a+(9-1)d —a=-N
Now {,,=a+ 18d=10d+(a+8d )= 10d+ 0= 10d
and ,Tu_uv:m—:wzlmu;a:mm-zw=1u_pnuu {
|
1

g8 Inan AP £ ¢,=1:4; show that £, = 14229, ]
goln: Let a be the 17 term and d be the cominos At ¢ {:
Wehave 1,=a+2d (=a+dd, L=a+ed r =atild 1e!
24 ;
a+2d 1 )
' R da+Bd=a+dd = a=—d !
S a+dd 4 =3 E P T |
4 14 I &
Wlome = AT ’?14
4 x
and i, =~3 d+1d=—d “
14 29 4
. — d:— d=14:D89
Now from (I)and (I) £:1,= 54873 =14 229 proved. eug |
AF, r
Ex 9 (i). JQP 2013] If a. b. :',mmEp’.i‘H;ﬂI:ﬂmlf- proveit - _ I
uﬁ_q-r}+h(r-p]*r{p—q e .
(ii). |QP2015] The sumnfp.q.ru:rmsufmhl’wn. ‘ t
b ¢ kg ¢
“‘“"EE ryt_(r p)+—tp—=0 ¥
et Ay r _ ‘
S-alum:umbcm:1-umarmm:m=mmm_ﬂ_wd:ﬁm"*dmﬁ‘“_m_'“} o :
fn=ﬂ=m+u.._|};,r — alg=7) -P-d'“r-lﬂ'-i"*F] an ?
_ p = -
t=b=m+(g-1)d =P mp_.qid'lrF‘F‘Fh']' i |
Sokipedig e jfip"'] .[,uur}irhlr-PlH[F"'l'I"l
I is clear that () + (M + (I = € . o Webe i

-

(i) Let first term be [ and common i
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| : BS
:I . e "o : : by 5. Here a = SO0, d=5, 1 2000 = &0y + (= 13xS
| r 5 = T;hl'lnl_ E[ﬁ..:'Iu--lI:.l'r—:l:ll-'l'|1| '_I""“ (- 1)} =) {.‘SI:”"E'l"'I—]iTI e
= - - mﬁl ?;‘:;::"“‘“:“’l" by S lying in [500, 2000],
[hus § = = {2a+(n 1 There isat o numbers. Hence number of ——— .
L 1501 — 301 = 1200 M
Fl"rh“ﬂm 10 AMs between 2 and 57
Worked out examples: ()3 AMs between 3 and 17
(i) [QI 2009, 201 0] 5 AMs between2and 23,
2 e " |
Ex 1. (i) Find $* term of 5.,‘3:‘1 {i,,.}'[ql"lﬂlﬂ'i.lﬂlbl_’!ﬁ.Mat‘fmemlmﬂﬁ- .{ é:
(i) |QP2012] Find 11% term of .09,.17,.25. 33.....ocooee (v) [QP 2010] 3 AMs between 6 and 1B, 3'e
(i) Find 10° term of 40,30,20, 10, .0eneeesens (vi) [QP2011] 4 AMs between 4 and 19, '
. 5 - fa. M 3 2 L ipii”{]l‘lﬂ“]-lh’-ﬂﬂ between 3 and 23,
Soln: (1) a = = d= -3 - v oa F(E—1) 33 Wiiinqp:ﬂli]j."n.l'h-'l*-‘.b&"lw:.-en}a;mil‘!- R
(ii) a = .09, d=.17-09=.08, ¢, =.09+(11-1)=08 59 Soln: (1) 2, M, My oiesiaesmne My 57 arc in AP. $ E&
f (i) a = 40, d=30—40==10, £,=40+ (10— 1) —10)~-50 a=2, {,=51=2+(12-1)d :
i Ex 2. [QF 2009] [s 292 a term of AP series 14,7, 10, ccccnnone 7 L, d= 5, Hence the 10 AMs are 7, 12, 17, 22,27, 32. 37, 4% A1 and =5 !
F Soln:a= 1, d=d=1=3, {ij}ﬂ.mt,mj.m1.l? arc in AP . II
N We assume £ =292=1+(n-1)*3 = 3n-2=292 a=3, '-;_”_'-;"'[j_”d "
il 2 —n=98 _. d=3, Hence the 3 AMs arc 8, 11, 14 * |:=
| : It is concluded that 292 is the 98® term of the given AP, {iii]z,m“ml_mrm‘.m*.ﬁiﬂ":m”' }; E 2
n Ex 3. (i) How many numbers divisible by 17 are there between 25 and 4507 a=2 f=D=it (7-Dd i b NS
5- : (11) Find the number of integers between 500 and 2000 that are not divisible by 3, i l 9 lll‘lﬁlﬂi]g"' 1
Soln: (i) The : PR "mu-,:i.ur‘ismi-,-- 3 2 .
Soln: (i) The number divisible by 17 and greater than 25 is 34. And the number divisib o s # h &
34.5LH'|-..........,.,.,,_______._M:mﬂlﬂmn“mhc divizibl by 17. (iv)1, m mﬁm“—l' are in AP, 1 -
H = 3‘,1;: == y .
cte a 17, 6,=442=34 + (n— 117 Bt (=i (G-DE ]
o =n=(40B/1T}+ 1=25 . 16
lhn:ucﬂmmdnmbhh 173 'ifr 15}.‘5&#
(1i) The terms in the AP- 500, 505 5‘1[, > cen 25 and 450. 1 Henee the .

o d= (- VA=
__________ +1mm the numbers d'll"" |_,ti.|.|."I|L I = | {- 16 a4

N o N

- —-F'—-l.'.

B
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An, Introdsction
(1Y E
from |I“J"I']]"-'r'l:g.ﬁtl"‘=._b=[‘_£" ::-r-:

from (T)a= 1fi*)=2* =64
Now the GPis. 64,32, 16.8......-..

Find the three terms of the GP whose sum 15
(i) 52 and whose product in pairs is 624.
(ii) QP 2014] 21 and product 15 64,

{iii) [QP 2014] 19 and product 15 216.

(iv) [QP 2013] 49 and product is 512.

(v} QP 2045] 35 and their product is 1000

: Let the terms be @, ar, ar

(1) iveng+ar+arf =52,

= a(l+r+F)=52 (I

arxar+arxa’+arxg=624

=ar(l+r~+r)=624 (L)

from (1) / (T) we getar = 12

In (1) we write a + 12 + (144/a) = 52 which yiclds a* — 40a + 144 = 0
_::.IH—IH.]—F-'EJ={I = a=4,r=3a=3.r=13

""j'f’ UPis4, 12, 36 or 36,12, 4

() Givena + ar + g = 21 (1)

3 =gr = grl= g4

=& =64 —gr=4

| T
an}m:;.nl_ca F4+(16/a) =21 which yields @ — [7g + 16 =0
==ilg d=16)=0 —g=1 = ;

: = yF=dg= | -
M_{:Frﬁl,-l,]ﬁ or 16,41 iy
[iii_!{_i-!'l.-'unu—m-w-ﬂ.r-"= 19 T
QxXar=agr=31§
= ar =316 =ar==6

In (1) e
{ "-'-‘E‘Il-ﬁ'tn..n-iﬁ-?f]-ﬁ.fa].-—.]q “-'l'li':h‘r'iirlda-a"—ﬂa'*"'iﬁ:ﬂ

g'r;!-"];ﬂ"_'q,r=3,|'2

— @ —9N g- 4)=0p .
S0 GPis9,6,4 ord. 6.9

- TR

-,
Series
103
() Givena tar +ar=39 (|
axar”> ar’ =512
~gr =512 =—ar=38
In (1) we wnite @ + 8 + (6d/a) = 49 which yields o - 41a+ 64 =0
-'-1-|.1-.‘.'|HH‘—EE “"-.."IJ,E"_-‘.
g — S |
414 5457 16 41-5J57 16
' i PR (L -
Rt 2 4145457 T R g )
e ST ags dd
il B T T 34
{v) The three numbers are a, ar, ar’, Given a'r' = 1000 ¢ ;!
—ar=10 Also givena+ar+ar=135
T
—a+ 10+ — =33 pﬂ
e .!II 3
—oi —25a+ 100=0 =sa=S5,20. Hence the numbers are 5, 10, 15.
‘K4l
! |
Ex 7. Insert (i) 3 GMs between 9 and 3 |
(ii) 5 GMs between 576 and Y. L1
1 2
(i1} QP 2015] 4 GM between 4 and 756 L i
. are m GP.
S"}lln-'ﬁ'] Let GMs are hil.f'#'!_..-""i-.-ﬁf'-]'?=?""|.irmz'ml* g 5 o
| 1 1 ','!
e re=T
§29, j—s=a'=¥ | STSsil -

i
Hence the 3 GMs  are 3, 1, 5
(ii) Let GMs are M, M, M,, M, M‘.' 2
S0 ﬂﬁ'”r”w-mj- M, M,, 9 arein U




An Introduction 10 Polytechnic Mathematics-|
100

Waorked out examples:

£x 1. Find (i) 12* temmof = 6. 18,=34, ....oee

3 3 3
(1) 10® term ol 3, 2 4 a e
Giii R termof 4, — 288, 20736, ......-.
Soln: (i) 1, =a=-6, r=-3 b= (—6)X 3V = ax3l!
L]
1 |
()i, =a=3, p== [,=3x 5
(i), =a=4, r T2, L= 4x( 127 4=(T2Y
Ex2 Whattermoftheseries 2.4, 8,16, .ooviciienina. is 20487
Soln:  =a=1, r=19 [ =2x20-1=2"= 2048 = N

Hence 204K 15 the 11® ferm.

Ex 3. (1} [QP 2013] Examine if222 isaterm of the senies 1,3,9, ...

[ (i) Is 502 a term of the progression 2,8,32...............T Ifnot find the term
1. of the progression nearest to it
1 soln: (1) 1, =a=1, r=3, Let ¢ =1x3 '=3 1=222=23.37
' Thus 222 is nota powerof 3.
. = 222 is not aterm of the series.
| Wyr=g=2, r=4.
|

Let 7, =2x4" 1=2M | =502 =225
Thuss 302 is not a power of 2.

. = 302 is not a term of the segfies.
|

| e
he number nearest to 502 which is an odd powerof 2 is
2 =512=2x4-1 =
]

Ex 4. For what value of g the tollowing may be in GP-
(D3a+1,6a-432-2 - :

5 () [QP 2009, 2016] 2a+ 1, a, 3a+ 2
soin: (I 3a+1,6a-4 34 -Zare in (P then

{E 4 dg-2
la+] .Eh'..il'-"l
= (b —4F =30 + 1%3a -2)

SETIER
11
16a* — 48a 16=%a*-3a-2

::..,.?ﬂj' d45a+ 16=1
- gl +18=0
_, 274’ ?7a - 18a
:jjTg{:I-]}‘1ﬂ{f“l| 0

- 2
_ (3a-2Xa- 1)=0 a=lor a=3 Arswer sa=1.a=7

Fora =1 the GP is4,3, 1.
@i I 2a+ |. a. 3a+ 2 arein GF then

a Ja+d
2a+]1 @

L a?=Qa+1X3a+2)

:&ﬂ=='ﬁﬂ!*?ﬂ+1

. S+ Ta+2=0

:rjil-"*iﬂ':ﬂ'll 2=0

— Safa+ 1)+ 2a+1)=0

7 =- o ——
— (Sa+ 2Ha+ 1)=0 a=—=] oc g=—10

Ly | b
0
o
-
|
1wy | B
¥
W

Fora=-—1the GPis- L | —|. Fora

- &5 729, Find the GP.
Ex 5. (i) The 4% term of a GP s 27 and 7% term 5552

gl
1*term i T Find the GF

(i) The 7 term of a GP is 1 and ! \6

Soln: (i) ¢, =a, common ratic =T

. L]
L, =ar'=27 o, n=a"=1
]

i _'?ff.'i‘ﬂr-;'q
from (1) / (1) we get r*=T29/27 =

from (1) a = 27/(r) = 27727 = |
Now the GPis  1,3,9, 2T
{ii‘u.v,._-.1 oo i =T

L (m
M. Ty =g 6

L= arf= |

_—__—_ﬁ
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g+ ol .;4#—1{{:&
Mow A-U a vab = = )

(Va) +(Jb)’

“W il b

(g = b)Y
: 7

=0 = A-G=>0 —= A>(G

I;.hlhlﬂhl'lﬂ'iﬂlilﬂ'ﬂ'l term: Let @ bethe 17 term, r be 'll]'-?ﬁ.urm]mnml

Then § =a+ar+ o SRR, ¢ ol i
'I-'I.l.lu[ij--'q,_ both sides by rwe have
S =ar+or4 L Sy PR e 4+ ar '+ gr (m)

M)-{l) = 5 -5 =al(r-1)

— N =g

Note: Sum of 8 GP series up to infinity exists if r|<1 or - 1< r<
S=sgt+ardarA e i S | i T

= i
1-r
L6.9 Natural Numbers
Lt us find the following sum
A bum of first & natural numbers.
B. Sum of squarcs of first # natural numbers,
C. Bum of cubes of first » natural mambers.

A 142494 ot W

‘E‘:l'iﬂ—”vll since it is an AP with g = land =1

_ nin+l)

-
d

Thus 3 r o 2(141)
Qre

lTﬂﬁ.Ddthhmm: idor the
(k+1y

1;11-**1}—.&“[,[-+”r
=3k +3k+)

Tlk+ 1+ k7

SEris
: W P=3x] 4 Ix] 4+
"tw'l'lic =
» =P x4 IxD
=L = aRL &+
4 3] Fou R 4 153 + |

1Y -n*=3n4+3p+]

adding vertically we pet
1= =31+2 4+ 4.
‘.I_r'l?.}l Ii."J-l-Il,ﬂ
in(n+|
. | Bk -8 8. b PSEREERECE Lk - E:* ] *m
- Er" S LR S L N L
r=|
1 . 3nla+l) _mn+1)2n+1)
—_i[;nln'—H ' 1'-ﬂl‘ 6
CWeknow (k+1y—(k-1y=8k
Hence (k+ 1Y &7 —k* (k- 17 =4k
Now we can write 27 % 17— 12 (F =4xI’
o R L G s
41 x 37— P x Pegxd
51 4 -4 2 I = A
i
(n+1pni—ni(n=1y=4a
Adding verticallyweget . a oy i
pe EH+IL':-',I':I-'_[:xﬂlr-ﬂ'l]-l-z""']""' --------
. [ﬂn+ﬁ'
= ) |
::«Zr—l'+1-+1'+ ........ -
Fmf

%

i v
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g Ifinan AP ™ term is »r and #® term is r then prove that m® term js

10, Ifman AP m times of m™ lerm and 7 imes of 7 lerm are equa) ther
{m 4+ n)® term 18 zero

1. Ifa. b, carein AP then prove that
{iya*{b+c) b’ (c+a)c’(a+b)are also in AP
(n)b+e,c+a a+barealso in AP
(i) {(& +cp* —a’}, {{c +a)' -b7}, {(a+b)* ~¢ '} are also in AP

12. W a®.b%.c* arein AP then prove that

R e
b+c c+a " a+h ;

lii}L, l". 2 are also in AP
b+c " c+a’a+h :

13. Find the sum-

D3I+T+11+..............+79

B SFEH 12 ... + 80

GDI1+4+7+... ... 437

nwl‘.'+l5-Iﬂr......--..-.----m.!ﬂ:nm;.

(v)0.01 +0.04 4007+ .. .. 104 terms,

I"ri.}]-I3+23-.._-..._...._-....mSD'iErms.

Are (i) B20  (if) 840 (iii} 247  (iv) 1200 (v)}23.8

14. Sum of how many lermsofthe AP 27 +24+71 +
Uiive reason fﬂfmnmsw:ﬁ.
Ans:n=8 m=11.

{vi) 12400
. is 1327

reason- sum of the last 3 lerms is zero.

L

G

L

PrOve thy j,

Hriey,
: : : 9
I.ll'-" (Goomeiric !”rngr:-—wm“ AL OOt e I‘rrupr"'it.:nr (G T
when the ratio OFalty 1erm (xcept the fira) o iy e <113 0f QUntitis
constant is called the cor PPECeding one s

- Timmicn nﬂ:_-,‘u_!. Vand it ; ConTtant This
of AP we call the first lerm o and the 1mni 13 usmlly dengged bry r.Asincase

- . = = !

The General form of a GP is o, i, ar cr.l-'.1 ..

H‘fn:'n:.‘ CLREDON o = r_ I = gpn=} .
Iy L 0 i

Itis o be noted that .'_ =F S o -

Nede: 1. [fany temm (excepl the first) is divided by thie immme &
the common ratio can be determined dﬂ‘mhn then

2. I the first term 1s multiphed by the common raio
obtained; if’ the second term is multiplied by wcmﬁﬁ I::::m;
cat be oblaimed; and soon
Examples of GIP serics
{I]].ﬁ.ll,:.."’*. i HMg-.]_r-.'_f_rr'.-].}-l
(i) 1,4,16,64,.......... Hoea=1,r=4,1 = a-!
1.6.5 Propertics of GP: 11 the terms of 2 GP are multiplied or divided by 2 constant
then the products arc also in GP.
16,6 Geometric Mean (GM): Let the three quantities a, G b are i GP. Thea Gis
said 10 be Geometric Mean of g and b Sowehave a:G=G:b = GF=ah.

=G = fah
Note: 1. The peometric mean between the two quantities is the spusre ol of thes
product. y
2. a, hare two given numbers. /G, G, Gy oeonn E*ur:m:'l!ﬂhhm.ﬂ
bsuchthata, G, G, G,,...... G, bane in GP then the n pumbers G, G G-
(3, are known as n 'Emhmm mieans between @ and &
167 To prove that AM > GM

Letus consider two numbers aand b.

3 ared b
Let A and G be the AM and GM between he T numbers @
The: + b ~
A: |I:.r‘.l 'ii: !-'Il:r.f'l-
b 24 h-2ob (Jay +BY ~2Jarb

|
I
[}

i
{
!
JI |
s 58
1;."" :
§t
']
an
AL
183

i

e

i =y
.
o —

s e et
e Ty
g
Ry T
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1|H
{J
P PE PR A sanmine ¥ T
T | 11
- T :|'|| [_FI‘_: !]n.l r i
= 5 r w e A Y. M
- (rfr =1 u=r-r
(xi) 4+ 44+ 444 4
4
I'.I':q #0909 + 909 4., )
4 . . .
—Q“In D+ (10F- 1)+ {10°=1) +.........}
4 . - :
' _IJ r”-n' 10 10" +,........% .I.D'} {z B SRR i,l‘[u".;b:.:
4 10" =1
x: ]_;|:| n, L1 |
4 o0 ™)
' ) T+ T 7T+ i s
! 8 7
| =3B +9+98+,.........)
(18 7

ai”“-l}‘-ﬂlm!- 1)+ (1000 =1)+..........4 (10" - 1))

7
=0+ 1C+107+,,. ...+ 107 )
7 10" —1
— ]
o gy )

(xiii).9+ 99+ 9994+
={1-.1 )+ {1 =01y 4 (1-001)+.........

=(1+1+ - '
1+ . ....;times) - WD+CIP+01P+............ )
- ']_I-.Ib:' {_I].___l

(1)=1

SCTiey

Ll

i 4 J' 3+ 3 J
xiv) 1.2.5 + £36% 34,74
=12.5+236+ 34T+ . +rr+ s s

S rir+lir+4)
s

= (4507 4dr) - 20Dy (aneN2ns)
b .

> -

1)

Pk

(xv) 1.4+ 2.9+ 3.16 4

=14+29+3.16+, trir+l¥+ .,

Lk :
-ll{r & 2r° 4 r)

Fe

3 Er:rnr

min+1)., _IrtErr-.Hl:Er:-l-ll mn+ 1)
.::' 2 ] ™ L f. T 2
{p.,vi",|3-‘i-'3-' 15+ 23+
=14+ 3+ N+ (3+2+ 2N F 3+t IiwL

i 3 ] i)

3T A F ST ded T LMY Teasanais
=34 {3+21}+{3+2A1+2)} +{]
I3+ NT+2

=34+ (3+2.1}+{34 1.2]*“743|'i]-5.4}' ..........
{34 (r=1F cessninns
=E‘L3+J“{"—1_I'I'=q"-l Er:—Elr
| Ti -

mr+ D2r+1) "'"EI_
et S d

y-1

Ex 15, Wp=1+x4x0 4. nirvsres o infinity prove that X5 ¥

|

Eul""w'-‘ﬂ-ssum: izl < 1. So yis the sum crf'unintinil_:i_lhni}' -z

"-::'!I'L'—_t:l_.-:]: —:-I::I"',T_I' = ¥

I
Y
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108 An Introd
: r =
Sﬂlu'l:j]rr_ﬂ_l ceL=r i b =d ]
-1 1
: - —(3" =)
,_';II_ I-:'.] [ :I:.
- f 1
(ir,=a=2, cr=r=2 3 =a ool
L L 1
§,=2x=—= 2@~ 1)=510
I Fr—]1

(im)r.=a=3, cL=r=g, §,=4a o

UL NI
TP Tt el P Sl

w) L =a=2 er=r=-3 '-..'1_;_!" _!l
’ o
{j:llfl_i 1
o - ——= =) | 1
3 = (-1 2@ D)
WH,=a=1, cr=p= ;5‘._“’.':_[
L] r—|
.1".”
| e =
SomdxA § : B 8030 5 g0 a0
0™ = —r-__zx_k_ Sk H_ 3
|--|,-HJ'|“,-_| ]L,r__r;l 0 a
41 Hq:":'?__.r
AELE |
— 1 -__=I-':£_—1

Series
i
4
‘i = == { .= p=_- J .
{\"'”}fl i . E.T. F P - = 0
l=r
9 9 g
= 0w — =
|+ 4/9 13 13

(viii) f, = @ b, C.I.=r

1
£ = ar- =65 ) = 09375 = 6 x 015625

4
5625 _ 8 1 s
- _— W =y 5 — ¥ = i L
AT T L : :-
::.-.f__=_"q]-_|"5 — B+ IF V5. T54 . 0037 :-',.
p =1 (1£2) =1 2" ) iy
._-"fl_ o ,-_.|. {.-C 1' :EI' I_ Ei'..' 1 'J" 1‘. i M
Ptk
| ) ¥ 5
(x)r,= a=10, cr. ol |
f=gr-'= 10 x l—l;i" 1= _ (78125 = 10 = - 007815
s L |- - i
-1 x _?Elj:‘" 10 = "I =10x{=3) 4 1
10° 10 = S j
ly= — 078125 = 10~ 5+235- L2 mmﬁ. |
i I .'_11. |_ : :! I,_EHI_-—_!. I Ll
s, g o— T & j =
=5, =10 a1 3 TEEAe =1

!
® = a=r ce= "5,

 gitas /

I =
= R =
i S e =l
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;ﬁ}{.ctuh:lfﬁ first term of the AP Its common difference is g + 19 4

- ‘.1 1 -: II 2 : ]
ﬁFisa.:J+:?*I2.a+ﬂ*1;1u'1_ Le.a 2a+ 12, 3a + 34

We are given that a* |.2a+ 14, 3a + 25 are in GP. Hence
:z.u_+ 14y =(3a+25)a+ 1)

= |%+5.E.,,;+4u:'1-25+1’5:{+3:1-'

gt +Ba+ 1T =0=(a+ 1Ma+9)

- a=-190r a= -9

The APie -19,-26,-33; or -9, —-6,-3

The corresponding GP is — 18, -24,-32 or —§,-4,-2

Exi3 @ Show that 99999, i - 3

WA T

TIETCe iy,

PR RS .'_'Tf be the sum of p infinite geometric sris

whose first terms are 1, 2, 3....., pand whose common ratios are

111 | :
3130 37 pal respectively; prove that
$+85+8+ 18 =g 53
e¥y 11- |1 ................. l.' ?{F ‘1::
Solx () gm0 QLR -1 - 1T ]
e | t+ I
Lt L B
B

At ]
31-13 2
= I magin-.

(i) Givenss, =1+ © 5 (lJ . (l]’+ .
2 |2 5 -

; 2 =TT
- | e 33
I!_E“-Fi‘b[i) -In[%J_I_ 1___“.”_:“ 4 ] =3
“1-1/3

Bvi)3+5+9+15+23+..-

Senes
107
. I | | | :
5:3[1+_ | & L T =|-'|'._ =
4 \4) 4 i Y i .
By symmeiry 3 =p+l ‘
Hﬂwﬂ'1+-.'!:+h - - 3 b Bt B s{p+1) : ]
~Ea+prn=Leey
:-! o ¥
Ex 14. Find the sum: J
{i) 1 F I LD ETT ¥, iviiiaiin to 1% term "; E:
p2+4+8+16+ ... WEMEm L:r -
: R i
ﬁij‘:|3+:—i+ St s to 6 term :
()2 -6+ 18-54+......ccceu o 15* §i u
d A d
{v}l—z'*%i o 10" em. I.li-!, i
[vi}l+li- l—+.._.._..............ln:ln'rﬂl'll]j'-:r. l r |
4 16 .
16 S i
{vii‘jf.'-‘—f‘.+? s eeres T ANEANIRY. "0 51.
! |
(Vi) 6+3 +1.5+.75+ ..ot 09373 5 i __ rf
XY 10— 5 +2.5— 125+ cocuvsmmessnenre™ BIHIES
;_: *rl"'::
E) "+ P+ PP e conamere® e . EHEY
(Xi)d + 44 + 344+ ....covnneenes 1o m tEmms. -4
(xii) [2016] 7+ 77+ TTT+mmem (o teTms ,1
(xiii) 9+ .99 + 999 +....ooem to "m'w;
(xiv)1.2.5+23.6+ 347+ """'""m"t.,ms :
o - -
X " PR T L L
(xv) 1.4 +2943.16 A
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! |
5. L=9° art = STGr = o - 3 -
Hence the 5 GMs  are 288 144, 72, 30, 18
- i
fii) - M, M, M .M, arc 4 GM 5, then 4. M, M, M M e ArcinGp
| _ ]
._'xf:-i_-"‘ E::rl--l',l- _|_’
R s psa Ve
TR S e e T i T i

Ex8. QP 2012, 2004, 20015] If o, b, care in AP and x, v, z are in GP then
p,-l;'-\rl,l_'u.l 'r'"'_'l."':'"i |
Soln-Givena, b, careim AP -~k

ga=c-b a-b=b-c......N
aince 1, v, = are i GP therefore y*=x= ... et SO
MNow LHS =x!-7yrngo-ba (pr) b=t yr-s  fram (1)
=:_;_3;*--' w =1 from (1)
= - i u

-Ili"-l---\. F

Y =1=RHS5
3N e j""";;':f# 7" rlerm of a GP respectively then prove that
WIQP 2000 (g - r)log a+ (r— p) log b+ (p— g) log ¢ = 0
"”IQFIH"HI'H"’!:"-U: F-i= §

Salr fi

1 Lm:-rllrurmmmand.flfl::l!u.:mmmm:mliuin the GP

(1) We have h=x, L=x =g | =gm-laf | =yl
GT-Phifep pyg — . .t ®

: ETEEGEE T -y - (g -

ix Rl L0 S LT S #p=rtg=p]

=p = ]
IE:'i.Ju,-!ll\‘g'Lmh.lﬂuid::u

hop (g Fhrt-Fpn "

&

=log | =
=g-riloga+| )
F-p)log b 4 (p g) lop e =0 Hence prnvfd.

ICTHES
[ [11]
[ii;H.H."; =gt b e (VW (- -r g ey
(A= T ITRIRTAY g A P ey g rn
=x* = 1= RHS

Ex 10. ifa. b, c,d arcin GP then prove that g+ b, b+ ¢, c+ d are abso in GP*
soln: a, b. c.id aein GP = b=ar,c=ar',d=ar
Hﬂw,ﬂlb a+ar=all +r)
p+ec=ar+ar =ar(l +r}= (] +rijr=(a+byr
etd=a(l +r)={Al +nir={a+bhr=(b+c
cowehave b+ce:atbh=ct+dibec
::.ﬂifh.h'L_t"Jill’EiIll-_;l:'

1 | | :
Exll.l{ :‘ ) E; Yo are in AP prove that x, y, 2 are in GP.
i, 1 e -
M:-;J:IE:'p—:dﬂm j!p iy ytz Iy
ey V¥
2xy 42y 2yz+ 1y

= (2yz + Ef}{r _r,'ﬁ{lt}'-'-'.'_'r':l,}f—:i 5
—Zeyr + 2y - s -yt = Tof B - RS 2yz
=dngr =4 =y =x
Thus x, v, = are in GP.
= : the numbers 1, Jand 7J
Ex12. () What common guantity ﬂuﬂﬂ.ﬂbtaﬂl.‘rllu:ﬂkf

& o that the new numbersmaCl? o 12, the firsttem

i) ]HHHAP“.KCUDLIIHIIJHWWJ -ﬂﬁ:]ﬁiﬂfﬂ'ﬂmh’
increased by l..f.-:mnultﬂ'mmﬂm*dh}‘-

| are in GP. Find the seties.

Soln: (i) Let d be the common vatlue to satisfy {
l+d, 344d,7+d ureinGP.
S0 (G+di=(+T+d

= 9+ 6d+di=7+8d+d> =4

3 +dy?=(1+ X7 * st

= I'{'hr_rrﬂllﬁﬂEﬁFi’lLs
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() Here i)

=
']

(n=1)! (n=1)! (n=2) (n-1)

Hence LHS =

+ X]+ —4—+4

= ¢ +2¢=13¢=RHS

Ex 4. Prove that: #==+

141 3+1 541 7+1
i t b R e

Ex 5. Prove that: l I+ f-_""—"" : 1+2+ 3_+-.'|. r

Soln: Here

—r =



An Totrodec o

F:I.lirIUFEDIMi‘lwﬂbal.1 F

ok
(ii) |QP 2013, 2016] Prove that:

o Polviechnic Mathematies-]

MRS ) L

.rrEn'rI‘J_ "["_1! 3,_”
3 (=207 (n=1)!

13 24 35 46
LHS =— +— 1 *6

‘€4 3e=4e=RHS

[
chaves ! (14 —+mt

_1
4.6
: 4! ............
1 |
— g —
4 o
| |
L] f X ¥
3 5
|
.
3
Hence
E 1 3
BT RETLAAT B

1 S I,
=+ 1) =21 +3
(118 & s |
e i
ot :!;:t" #1)-1 Rt
s & I
ar, :J:ir'——t‘ U by (S
. |

And e-& " =11 e TR

1
el 2
e+l 1

1!
A

|
Ex 3. (i) Prove that: 3 + TR T

3

() [QP 2015] Prove that: 1 + i -

s*ﬂl'l:l-imm t"ﬂ_{ri--l‘l!__ Ln—lﬂ :
i 3
lence LHS =3 + 5+ +

Lience proved.

2n+1) 2n-Y
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1.6.10 The numbet ¢

| |
L T R S weson 18 denoted by the 1w

The sches I s Ty 3 g
i |

This number is of fundamental importance in higher mathematics. It is the b,
e % . U3 o
ral loparithm introcuced by John Napier. Natural loganthm defines exponential £

FUEL
Exponential function: [he function fix)=e” is known as exponential fiunction

I'he series derived for ¢ * is Exponential series and 1s grven by

X X I
e | r
. l It N e

Lé.11 Exponential Theorem: Exponential Theorem states that

x'(log, a)y’ x (log, a)

Fora=0 a™=14+ xlog g+ —— ¥ +
. . £
Xoxt N
Frool Wehive "=+ 34—+ —F vivnreitrarinnnes r
N 2 3
fora>0 wehave log a=k or a=e¢"
ke (k) (k)
Hemce g =gl ]| + — 44—+ —y .o
il 2 ¥ A" S
|+ E ":'.. '*'I'l
.Er _'!I" ]I‘ Y T L] = s . i
x* (log_ a)’ (log a)
=1+ ¥log a4 [_u!:., a)y x l.].U']._:,, a) ; :
pi W
{'1|r'|“ln. 'I.' & F = -I ! l L i
g I' 2’ 1' ........ ' p u.
L0 i .1
i = ] fo— 4 -
¢ . . R R

13

”—'I_'r|l.l;._-u| —— .

{nﬂmr}l 1‘ ! ol | :

| (log_a il
i — =] log e 7o), I
i Bp® ——
¥ | g |
worked out examples:
|
h . ;" i X '[' 4
e thi ol | ik gl FEREL .
1 LIQF 2012] Prove tha ; T , _ ts :
r ' T 23y
- S oot Sl rerens SRR
goiz e*+e =+ 3757 ¥
1 X > I IE -: 3
k - il e
oA S
: i
x* " 50y 2 '
=2(1 + TEE ALY
i |
e +e” T_'_ill, L
T el W T \
] '.
@ -|_'-'-I 4 I & o " i

Elllﬂrllﬂﬂ‘l Prove that —_:l——.= |+ :_"[ i £ .

I !l 1 ...ll I-l'

SD.I-“'.-E*E 1 —‘.i-i--lr'r'_ll!l‘ :l'!l i E PR i :- by
1Y ) (18
Hi=p "2 3

e R

TR Tt Rt

gL I
£Ee" 1_r.lr__
T TG
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Exercise 1.6(B)
| ] -\.1 .......
1 Find {0} g term of 2, 8, 3=
3 {n) l:“lcnnnf-l.—En.t.ﬂ,....._. .....
LY

Gy $*emin 5§, 3. ¢,

.l
b

e (D) 2048 (i)—4 = 4" (iii)5 =13

|
- i) The 4 term of a GP is T and 8" term is. Find the 14" e,
i) The 9 term of a GPis 64 and 15" term 13 4096. Find the 11" tem,
(@) The 5" term of a GP is 48 and 12" term is 6144, Find the 1% term wnd g,
AT, TRiti.
{v} The first two terms in a GP are 3 and 1. Find the 107 and »® ten
! S
! (¥} The 5*term ofa GPis 16and 10™ term is = . Find the GP.
{ s
'.II 1 : ; :
J * e A 1) 17988 (w)256 (i) 1Yterm is 3, common ratio is 2
1 - l 1
M= e+ =55 (1256,128,64,..........

3 tosert {7 3 GM between ; and 432,
(1) 3 GM between | and 256,

(i) 6 GM between 27 ang —

LY
.ikmEGHh{m aand _I

il

)3 M bt 15 ang >
:

113
(i) 2,012,772 (4. 16,64 (ii)9, | -
.ﬂﬁm' R ]
|
J o [
(iv) Ja ) Iy 4y

5, X v I, :'I.-I'_ﬁ are the first five lermy o I.[IT“U'IE'E ﬁrﬂh"-ﬁlﬂﬂf! V.1
§; JHE3r o b=y, S
s 15, 45135 or,—15,45,-1

s i
£ e um Of three Terms iR ] product of these \ems is 57 - Fimd the terms.
-+ 1 |

ADS: 3. 30 g
§. Thesum ol three Consscut
Find the three lerms.
Ans: 3.6, 12 |
If x.y,zarein GP then prove that log x, logy. 1m‘t:mm&t
B. The .-';LTM'I between aand b s 15 and therr geometnc men 20 Finda, b.
g=237 h=3 | |
g l:r:d ::w: three terms ina GF whose product is 729 and the sum of their product m
pairsis B1Y.
Ans: 1,9, Kl

wis Lo i 80P s 2 1 and the sy of ther squees 5 189,

=l

10, Find the sum: .
1 T T PO +2
1
®W 51 N e TR
[l S+55+5554 .c0.s .........-.Il:rrul:i:rmi
) 2Z2+8+6 +.eenninn |
T - R
v = e e AP i AR AR
3 ) 4 16 e
50 ) Ble (v} N
y r el ]ﬂ'-l:l i
A 1023 () - -2 () gt

—ﬁ

|
i
*
‘ |
|
Y
15" %
LR
ha
,
Wl
. g
B g
d 1
". :
1 ;: 1
i 'Ii, E
it
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|
11 [ 1.
_':_-|1[d—:_.'|' :EI ﬂ'l

;1 1.1 3, ;
=] ={] 541—4 ~foF g o
| —log 2
RHS Proved

| |
(o) LHS _iz= ‘JT i g

e | | | | | | |
b= (rs-=2)+ o (= )
| 3212 23 234 45 256 6.7
| . 1 L - LLiNl Lol .
U A=)~ (G- NG} -(G-3h
r 1{‘: | | G |
| 1 —= == R
f s7g) g7
;I
_:I ."'I I+I_ i l !
, 2 i —: 3—4+5 E+ bt bl
'r ||"\-g‘_ 2 =RHS Proved
! e | i
(aii) LHS - ' .—l-_ .
]: e T R LT LT
1 L = wid
b | -
A W
3 _2 . ,.'|. g AT TSI R |
log ql—] |
E. 2 1= log, —=log, 2 =RHS Proved

Ex 3, Find the coelficient of x*;

fi the cxp‘msiunﬂl'lug‘l;l tx+x°)

1

o \
og, -y Jog (1-x%)-1log (1-x)

Soln: log (1+x+ xt)=

5

Soli T3 3,

b

=23 Inu__

=3 log

e } h.'lj'._'_

Seri
A L I
= ; ) = (= i |._
Z 3
S o
it of 27 1nthe expansion is <
1 ¥} 7]
3 ' 9
5 I--_
2 145 §67
-I: 8]
45 5.6.7
J3+4 346
345 567
1 ! A
i - =y ==
3 345 567 123 345 36
1 1 I y 2
173 345 567 i
1 '_ 1 ] ] [-I—a.
SRS A "
I'I-’l:|'.' :_'|I Ij.-l 4.5 56 &7
1 D ST
3 I 1II|.___II‘__-!
2+ [+ G374 40
|
:I—.-]"I*l: -.!I:"
1_..' (4] t" J
3 |
2—— + o %1
2 i
1—

|27

Y
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|24 J
l+#x . +__1"+.1 y
L P R
1 1+x i - 4 i _t:
= o TG O R i

I -
— log, 1|I|'I—_ '—'l.'+-T"' 5 el | SR B L

= - e H=1Y""'—+.
2 3 4
] Il _‘Fr- }
SR r
L] 3 x-i i)
= W I—F
-, -+ TUOEEE SRaE - )
d II Iﬁ
- log t1—f:--2{2—+-£-+ =4 )
& L ] IL- 4
=-3 'ﬂg.!l—r‘l=—+—+?+ iaee (for — 1 <x<1)

Worked out examples:

‘I LY |
Ex 1.{i) [QP 2012] Prove that: log ,ﬂﬁ . e T R
‘Nl=x 3 5
. I+ ] L1
ili]IQPlﬂHIﬁnv:matlng'ﬁ:1u+%+%m_ e )

Saln: () LHS = log,, [+~ =%|uﬂ :*'_Jr
=% 2 fl=x

1
=5 tlog (1 +x)—log , (1 -x))

Senieg
125
| x x ¥
= —= - ¥ —— 5 W
-'_Er 11 : 3 4 . 1r I.l:.+ .........
b
-x r '-I ’
1. F R T Tty N
1 A
=._:J¢1[I+‘ v _j_ )
3 i
=x+§ +:+ RHS  Proved
1+x B
{il}LHSFI:}g’_]—_::—IHE:{I""I'] qu_‘.l Ij
| .t"
. A H=1Y ' —Forrsinnins
_l.T_ E + 4
2 2 E R
_[_r_—l.--_{—d- ..... s
_1[1._;'_ '_.'i_+ f.i_t- ]—RH""! F‘n_'l'--l!'l.i
>
1_+.|l"dr ....... =-I_.m::
Ex2. Prove that M55 a5 6T
o | ! 1 Lo i = log 2
i S SRS S
0 3+ 123% 345 567
Ay I | _::].ﬂt‘,.:
m '—+_u—+_—-_|! _____________
l“]II R T
1 .
Saln: S L SR
T A TAET

\
1
J|
. . -
-15 =4
SN
|:‘_
/
L]
P ST
TR
W
. .
= N
Ir
‘ﬂ []
' = )
l! i
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l"l'l
Exercise 1.6(C)
=~ 4 6 % -
1. Prove that - 2 e’ o = L€
3 3 7
2Provethat 4o 4o d o =et]
| P | I i
|2 23 34 &5
3. Frowve that N ” 1 T + I B i A Rt o 3e
i e S :
4. Prowe that l——F ?—j— o . 4
] 1.3 135 =
5. Prove that EJ;J?4T'— = Je
142 1+2+3 1424344 1
b Prove that 1+ -i‘. i 3:! o — _“ e e - :-
2 4 & B I
'.'_ + A = s — - —
Prove that ettty oy =
1 i 1
. Provethmt — =, P
3 GRS L RS TRt =
3 3T
2. Prowe tha I—-u- - ,_‘1'_‘ ]
A 3 4 5 i
1
10. Prove that | 1':'3 L = L1
- L) i 2
25 36 47
L]. Prowe - P .
that T-'-IE+3"+ ________ I | —

F+345
g

1+3+45+7 .
ey

© 4

- T

B

|
13 Find the sum of 3

'[--I'l_.

I=X4+x _
— find the coelficient of

1

fad | W

4 i the expansion of

uu.[,ﬂﬂ.uu'muu SERIES
if -1<x<] then

3 §

= il
hgi“' AR 2 3
This series is known as Logarithmic series.
Hng:ﬂqp-hcij‘;gxb}' ™ we have

log (1 -x)=

16.13 Important Deduction:
(a} The theorem remains true forx

L

1

X —

¥
1 o e

-

1. Thus

EE
i‘;{l"-l}:"E'—E .4_

| I.}
e, AP
i 4 |
4]

(B)log (1 +x)-log (1

= log 2=1-

b | ==




120
| [ =
=1} -|:III:'\-! ;If |4‘; #j ...........

|
Fax & Find the value of — up to 3 decimal places.

7
I I .4
I a 5! 5! *;'4
5 = Ba = -z -2 - PR
Soln ‘: ¢ | i i 3 = + TRk
t il | 1
PR AR R S
1=-5+.125-.021 +.003 +...... = 0.607
Ex 9. [QF 2010] Prove that:
,1,1.'{:4";‘ .II+.['1 .1."."
T :I- ? A — T : m -
g . X x x
SO LHS = (] + —4+—F =+, .. coiiviiins X]l——+—=—+
LS. | B

=e'xgtmgim | = RHS

Ex 10. Find the sum of :

W2 244 24446 24446418
1) T+ =y | ——
i A ¥ 4t

! -
i) 1—log2 + U0B:2) _ (log,2)
- 2 3

1+3°

(i) (1 + J)log 3+

sn [ntroduction to Polytechnic Mathematics—|

| +:
o (log 37+ :,. (fog 3F +.........

S b

Serie
12l
142434 il i
i =T = [} - 4
soln: (DY Hlere 1, il X2
:r.L:rt_I.I mn=142n mn I} 1n
! n' IS Sl
S(n=-2 (n-1)
2 _:"**_‘l_:“"*'*'-". 2+44+6+1
Now 317 e A Ty
2 | R - | -
=2+ +) )G
ok K ]
il{.l‘li‘l.-:?.-!ril-;l“-" ____.I{hr!!!-r-l-ﬂ 4! ___________ ]
=% +e=3¢
(ii) From Corollary 2 writing 3= 21
(log, 2y (log 2} | A
L2 T )
1
1+3° ‘-'rll_r}-'f gL P
(iii) (1 +3) Jog 3 + -Eu_['!“*"-'ﬂ 5 VOE,
3y log. 31
ﬂ-":-:'E¢ ﬂ_ I'__E"'—— SRR i)
“{IU‘E;* i ',11_ ¥ Y
o =) L]
o, TR o )
F(Qlogd ¥ 3
s
Vo) , FTO0R 4 )
-2 +{(1430g3 *— o ¥ afia
Tieg. 3 |2 fog. 3 ., )
] __L_:— e - i
k(1 +3og3 * A

=_2+3+ ¥
= 3R

R,

%
. =

w



(ii) [QF 2009] [ valuate: |

(i1} |QP 2011] Find the value of:

aoln: (1) Minor of g |

| Cofactorofa, is(-

Minor n!'::l_,. 15
-L‘ Colactorof a__ iz (-
] 3
i
i 99 8 :1:Ji
; !H]'EH T2 423
E- 55 45 657
| 23 13 4]
] Gin) 42 39 Jﬂ
67 52 16

Ex2. Prove tha

(1P 2001, 10, 11, 15, 16) [ '

1]

a A o

I.:'-.H_i

| i |

An Imtroduction 1o Polytechnic Mathemptics-]

|L:u gl 320
8% 72 423

55 45 657
123 13 4|
42 39 12

0T 52 16

Laad

- |

1 3
1o 2=2
3

3 ‘1I_ -.-'!!—::' 3'.-|= -16

e 3)ss
9 9 37
%—11*9; :' ::ifﬂﬁﬂ-'ﬂt—ﬂ since C, = C,
B 1y
13xaxf$2 3 :f-.w:-ﬂ since C, =C,
a b -_'|

= abela — BYb - oM —a)

Determ; e

|+ a 1 1 |
- 1 1+ 4 S 48
A O Wt
il b 1
(i) | .z 7 =ab{a— 1)}b- 1)b-a)
a’ b 1
1 | | |
{i?]lﬂl"!ﬂl-ﬂ! |ea P ah
il | I+5
| be  be(b+c)
| ca calc+a)
{(v) QP 2015] 0
1l ab abfa+b)
a b c 1 I I
Soln: (i) - g =ﬂhﬁ'|‘, h -!'
: M g’ ¥ ¢

|
=abola—bXb-€) | . 4o &

= abe(a— by - c)t(b + )~ @+ PN
= abe(a— b)(h —c)e ) '

135

W, B e
. kR =

%
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1 rrodection 10 Polytechmc Mathem

erminand remains unchanpged if its rows and columes arc ITHL

'l\.';;'”'l_. o

L
i i, i, i, “.I
A j [ !
&1 i ] ¥, i
\ A=
i i) - L L - L

When expanded it 15 seen thal A, =A,

When two rows (or column) of a determinant are interchanged then its mimerical
- v . ikl

vElue remains same bt sign is chanped.

[i c, b, a ¢
la . B
I ' e &
= T .'!I._I i [ 5 X
[« ¢ 0. O oy

When expanded it is scen that A =-A.
Il each element of a row (or column) of a deterninani s m ultiphed by a constant o
then its value peis multiplied by .

aa, abh,  ac,| & b e

o'} |
e & . | = g 3 b, Es
LS 'I:’. o | Ty £

Ifiw " . . T ‘ :
VO ros | or codumn ol a determireani are identical then the value of the determinan!

Fo e
1% 7T

P

2 o i

H o i

- L}
i i = |

ihl’-‘“rfm I: .':'I-k.r'-'l-' I;_'!r_"|'|H:|i| I amy o (

F coiumn) consists of the sum (or differene®)
) | {7y T ] e— ' : ol
e Gelerminant can be expressed as the sum  (or difference) @

E=temriinnm: 11 i
iR O some order, Thus Wit hgve

WO Gl

Thooaretm 2 The "
Theorem 2 | be value of g determirein

all the elerments of oy particular s i

elements of one mose aiher rows (or ool umnnst T3

i -r L &, -+ frD, 4 _il.'l-' i I
| & : I

FETR [ s =l + IR .

& i T ity +iEth. + R ; {

1.7.5 Adjoint of determinant: The determinent obtained by replacinp each element of 3
- i -
given determinant by its cofactor is known as atponnt of the determinnng
1.7.6 Cramer’s Bule: Consider the linear eguations
ax+by+res=d
ax+oy+cz=d,
gx+byp+ezmg
Here x, y, z are unknowns, we computc the following deferminants-
7

A= |“:

o, B,

Jlu, d, el a, b d,
l__-,L_:lJ';- ‘f,- '-:[ 'ﬂ'"l= 2 '51 d:
=y e Al a; b, d,

T'he condition required isA = 0L
Solution is givenbyvx=A /A y =ASA r=AJSA
This is known as Crumer’s rule.

Worked out Examples:
Ex 1. (§) Find the minoe and colactor of the element a,, = 4anda_ =0in

Vi

N

cdma
o ]
dmgsE g

N NS

N TV

1%
S

=



M.
Ii
!
|
n
|
|
|

il kn Tntroduction o Polviechnic Mathematics i

(B)xb =baxtbbhy=0 p— 1)
(N =(10) =(ba, -hal)x=10
As x20 hence ba - b a =10

Now jet us take three hinear equations in three variables v v =
ax+dy+tcz=0
ax+by+cz=0

ax+boy+tez=0
. i : .
We find a relation from these nine coefMcients if the three eOuAlhon
the same value of x, ¥, =. We get

A ¥

Colly — .l b, —a.b.

B.c —.’J-_l..

substituting the proportionate value of x, v, = in the first ot
@by, —be)+ bca - ca)4 clah, —ab)=0

T'his expression is equivalent to the third onder determinant

la, & |

|
|
a, b ey =g

. Or we can write
.'l"l= '!": i-‘ll

ul hl {‘I|
i, ﬁ‘.l-_-ﬂ"“!:" —-?lt" "&
_ b, 2 - - 3 =
. A2Gs =B ) + B (ea Gl *olab, —ab).
i IZ'.I |
l.l'FI i'J‘I ‘JI' .I:i."|
i i & | ..
& orde; :I-ﬂﬂ'rmmmiahr-il:tl:na.f.llu -, ar |
1 =3 L1 "'.|
Mo 8.5 O, a |
2 e |

L

1ation we have

wl1k)

safishied by

LM

B
s e J, where i 15 the row nuEnber and J

AR and Cofactor : The minorofany e IEME nigbe

TJH-'N"“"I i : 'Lmlt"'r'-'|=l-lh_'r-\.'|L'.l||_ . L

I Ili.nedh}--l:lli'ﬂil'llrlf_'l!ifl"-l'-"un.l.ll‘-jl.".'q:

The cofactor of an element is the minor of that element with eoefflcient{~ T/ whem
i35 the row number and / is the column number of the element. The eofactor of b in the
1

la, . el

whirdorder determinant (11)is (—1)' g, o=

i [+ [ =N

—.Hl

Cofactor of a_ is usually denoted by 4

173 Laplace’s Expansion : It is the expansion of the :Humimmijtmm.:m&
can be veri fied that value of detemminant (11) s uny one of the following expressons:
A=ad +bB +cC, A=ad ~hB* eC, A=ed +hR ek,
A=ad +ad . +ad, A=bB + b B, hB, A= ol * "_'E! e,
Il | 2 2 X L s u[m’ i ”
Thus a determinant can be developed in 1"~‘*-'=1'l‘?_'il'f“'l'="ﬁhT il
tolumns, We can say — Fhe value of @ dleterminumi i gl. W i) i EMF'”M.
formed by muitiplying the elements of any row for €ome! :
acilars,
i far
. g f detcrminget O% e
L74 Properties of Determinant: 10e followin progeriics
any order,
L Ifevery element of a row (o catumm}d

Vanishes
U 4

fa Jetermintnt 15 zero Ihen deemnin

ﬁ"' h'! =

a WO

™

Y




2 Find the summn 10 iy

DETERMINANT

- =

1.7 F“!'m“ti‘-'“: First we will discuss how a determinant forms L et 0% consider two
ot liTI:;J.E-..'LI'J.I.liI.-:'Lr--
i1x = ) i o)

ax+hy=d;, ...(Q2)
(1yx b, = bax hhy=bhd i1
2yx b, = hax+ hby=bd, . o
(3) - (4) — (ha,—ba)x=bd -bd
hod, - by,

_rlj- 'l,_|l-| II'I|'-
Again (1) *xa, = aar’ a.by = o, -{5)

§ i BP0 |-
{2) » g, => dlX RN i

= A
1.5] ‘_EJP =ty | LI :I?I il hl" 'I;.{é --III':!-_

dy —aydy
e 7 JI_-I_ -:l__:__

== ¥= h = gq.h .4 b a;

i,
IE .'1|_'l.',""-||-.."i‘|m|:|’_‘
I _I1I|.r._rf1-|

The commuon denominator (0,4,

|.'r |f| ,:1|
|ril:|:l'| '|'iII|J_: 2 b i

> Pa— L
irnt ol 5620 _
Right hand sid of (T) is called determ L
P sl T
- \F ¥ \
thus p g, r, 5 are .:lmn-.-n1¢-11'.Jc|:mnmn1 P |

+ [ then
In{1)and (2)ifd, and ..'_-uqn.-_lh i -

X T IL_-" Ill‘ TS
0 B (9)
b hy™= 0

X i .H_\-.
1-_-'|:| . h_ e .J'.|._|.I T

w WO

L
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Mow r=.-!L!-"."J.=].l = |
y=4,/4 /i=1
:=AfA==1/1=—1 Hence solved.

s -1 a 9 -1 o
7 1 d
{iv)Here A= 3 l+ A = :
I 1 4 1 1
5 9 0o 5 1 9
a-f 70 iof AT
= oay o
5 =1 1'.h|
A 3 1 =0-0+1(5+3)~8
| T T
9 -1 o
7 1
a, = =0-0 +1(9+T)=16
4 1 1
7 9
3
a,=r 2 | =0-0 +1({35-2T)=8
|
|5 1 9
3 1 7
i - S(A-T)— (- IX12-T) +9(3— 1} =
' !1 1 4 Hi—-1)=8§

Now r=A/A=16/8 =2

y=A/A=88=]

s=0,/A=8/8=1 Hence solved.

Determingp
u m T o
> -1 4
o P v 5|
- =|= i
s -2 6 i =
4 1_'11
5 5 4 5 -1 Si
- O - |
A=l °  =f¢ 3 2]
= 5 -2 -
£ =1 4
A=E -{| S{18 + 10)— (- 112 - 25) + 4(- 4~ 15) =51
5 -2 6
1 4|
A=2 3 S=s5018+10)—(- N2+ 5 HA-443)=153
'Rl -2 &|
5 5 4
A= z S|—;"-1’11 5) ‘i{iE—EF'I-"-Ii—?—ﬁﬂ}:lm
—1 ﬁ_i'-
5 =1 5]
A= 3 2 =ﬁ(_u-m-t-l]{-?-“:'3'45‘“"'1
Bils —2 -1

Mow x=A/A= 153/51 =3

y=AJA=10251=2

mﬂ._-sul\'f-ﬂa
z=AJA=-10251" 2 H ;
. I
B 14'| E : 34]
= 3 Peis i
{"-'I]Hen:.-}.=‘5 Wik g -3 -4
h -3 -4

5) =~ 102

143
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2 1 1]
1—': ] "!-“u 3=2=-l=6+1)+{-1}-4-1 ]
A, | = ==L}~ = - {

i =3 =% :

2 D 1|

2 4 ] n
A = =-B8+8)-0+HI{-16-4)=-20
{1 -8 2

Now x=A/ A= (=200 - 20} =1
p=a4 A=0-20)=0
s=AJA=(-20)0(-20)=1 Hence solved.

B = 3. 2 =1
(i) Herep=]? =94 3 AT -4 5
7 =1 1 : (RS
3 -1 o S5y
1 7 5
A= S At =8 T
7 14 1] ' <1}
1 e
fﬁ_:j -4 5 i - ¥
7 =1 T._”"H'E-" 23~ 35) +(-1)(~3 +28) =40
E i —i|
."II.I= ? _"i

3 -
ALES I| *H-4+5)=-AT7-70) +(-1) -7 +56)= B0

3 -y
-'-'I-," :.L l:I' il:]
VR (7=70) - 3(3 - 35) + (~1)( 42 49) = 40

.:—h..':ﬂlm|na-n1

141
N .
1 -4 7 | .
= { qh'-'r_: :i--:'-'l-l-
B b -1 1 =99 1334 mym s
y=AJ A=40/40= |
z=AJA=40/40=1 Hence solved
o | B |
. - . /
iy Here A~ ] N § °
- 0 1 2 %
[l
L 1.1 1 1.1 /
} 2.1 I 2 3
A= & =
*h o 2 1o t L
S !
A=l 2 1 . 1{4-1)=-12-D+1[1=2=1
1 2
¢
I O | i
A=F 2 I —y@-1-22-0+0=! |
1
I-l " i
ﬂ_l'll:l SN ](,\1..[1)-IIE—”""I'[':"'H:i |
0 2
k-1 ] |
==
A, = 12 2_y0 1]-1{“""““1 -
1




B ExS. QP 2912, 2014 Prove that

|38 An Introduction o Polyiechnic Mathematscs—1
id — A i L |.i| “ .'L i i Lr
a—b } k
fii) = s C.+C,+C, =5 C,
i d b h i i h s
=0 since each element of C, 1= 0. Ans: O

e & W g
r""""Wlﬁlﬂwi[mﬂﬂf“unwmr‘nn-:l!ha].1" ¥ = x a p
p g r | € rf
i Iﬁ' C il T _I.l
Sobe-LHS= Y 1P » g C ol
e q e E rl
A i fi
-—pP % 9 cue
E i r 2 .
v & ¢
=|I e} J'.'
| . H|HR
= - 1-i
“RFIS Proved
4 T T

i &
% (a— &b —cWe—a)

[I-:‘-_ T Tang

139

1] il

= (i~ h]l:f' €) 1 | {

_|!'.I"r|Fl Il'l{-,-

_—.{ﬂ—bnh LJ'”I!’ T C)— (4 I|-|-|:
={a— bIb—cMe—a) = RHS  Proved,
Ex 6. Solve by Lramer "s rule

QP 2010) 2x -z = |, 2x+dy—z =L, r-By—Jg=—-3
{ij}'.:l.’1':_]-‘ 2= dx-dy+ el Ta=-ypégnly

Gy fOP 2010] x + y+z =L x+Iytz=Lxtysa =g

v IQP 2011} Sx—y=93x+y=T x4 ytz=4

(¥) [OF 2012, 2014] Sx—yp+dz =5 2c+ 3y + 52 =2, Se-p+ e =~ |
(i) [QP 2009] 3x+y—dr =0, Sx+y+3e=Lx-3y-4 =3

(V) [QP 2014) x+y+2 =3 Ix—y+tI = dxtly-z =2

(wiii) [QP 2015} x+2y—z =2, x—y+z =Lxtysz=4
|2 o -1 |i ¢ -4
3 21 fr 4 -
Soln: (i) Here A=- &
h -8 -3 -2 -8
1
o1 - E 2 :J
=E 1 -! .'\- B 5
= h 1 -9 izt
|

it

S L T
1 L]

= ‘
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4 7 | | I|. ) I
& # h
(i) L+b | : : C-C,=2C, C—(
I I | +¢| i & T
a{b{l +e)=({-c)} +0+ be
= gbe + ab + be + ea Proved.
A I | | |
e b
iy 7 =ab|® 7 I
e’ b | ' & )
i i |
_I-h'? ”-‘I. |'l"—| 1 {..I {-1.. — E.|| (.-‘_{.- —a ‘:‘,‘
at =1 M= 1 - i
| O B ]
= ab(a— 1)k - 1) | 1 | 1
a+l b+1 |
=abfa—1¥b—-1H(b+ 1)=(a+ 1)}=ab{a—1)b - 1)b—a). Proved.
| | | i i |
iadl 1+g 1 g l+a 1
i =]
) FI L—: = Cu

I
1 1 1+8 |0 I 1+b

“O=(-a){{l +51-1}+0=gh. Proved.

I be  be(b+ o)
ivi l ca cale +u]-|
| ab abla+d

|'+l.

I :'.'11.']':11 | e i)

!||.:| olbh—al) elb aMa+h+¢o
: 0 alc—b) alc—bXa+bse
| ab ab(a+h)

0 I a+b+c
= [c(b —a)} {alc - b)) 0 1 ahbed =} 1.'._“]1[»]:1

1 ab abla+b)
Ex 3. Evaluate:
1 &' o la~b b-¢c c-a
| |
a 1 o . h—¢ c=a 8-
: 2016
(i) [QF 2010] s (i) [ 1':_‘l .

o is cube root of unity.

1 o e
1

Soln: (i) Soln: (i)

1
aa
ﬂ;‘. i l | @

0 l-@ o
i |l-& @ C.'Ez ._.,f;ll ::!r':.—’l*c.!

o' -9 wo-1 |1

0 =l=a I'll‘zl

- ~1)+a]
T o -1 @ls @-1Yelele
s +a+ 1=
=(w) o 2w+tl)~ (~a'M~ Ya) SRS o
Ans: 3

=30'=3

R-R,—+ R, 'Lu‘“-.—bﬂ,

137
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MATRICES

Let us consider the system of equation
xty-22-4-=10
ixr—2y—z+1=0
x4+ 1ly-5z+7=0
The coefficients of x, ¥, z along with the constant terms can be placed m some order. The
following arrangement makes it easy to write the system of equation.

1 1 2 4
3 =2 =1 1
2. 1 =5 7

'his rectangular array is an example of matrix. The horizontal lines are called rows and the
vertical lines are called columns. If a matrix A has m rows and n columns, we say A is an
*m by n" matrix and write itas 4___. Itis 1o be remembered that a mainx has got no
numerical value. If we write 5 we understand it to be the number 5, but if we write [5] we
will mean it to be the 1 = 1 matrix, whose only element is 5.

Foran m * nmatrix A, number of rows is mand number of columns is n. We wrile

the elements or entnes as a.i is the row number and f is the column number.

[+ l'-i.__. i &,

|9y dn Oy 9y
1

| @y HJE ﬂ!.'_l- u“
-\r ﬂ-ll uu I'.J_U

aw.. -I:i'“ ﬂ'“

|y dgp @ a

I'wo matrices 4 and B of same order are equal if their corresponding elements &<

‘(-.
M'Ilriuﬁ_
I51
ﬂ,‘[lli- If row “m‘m"m‘h:‘_'h'”“l ﬁ'lhl'-bq uf:lmmﬂMmh >
-.lril- Furnsqm matrix determinant of the i s hﬁn“
yalue for the determinant. For the 4 = 4 marnix Oefine, cane e et 3
[2 -1 O 3
| | & =7
a=1-2 3 2 -l
_l 0 4 0 |
2 =10 3
R . S = ‘: le : 11 3
l =
=12 3 1 -l|==I= : +0)-4x +
s s 2 - ? ¥ =
1 0 4 0]

D161 -39} —4{10-5+15)} =38-B0=-4
1.8.1. Different kinds of Matrix . s
Row Matrix- A matrix having a single row is called Ruwhhn!. .
.A,Hiz TR | ]1 15a ] =d ralrix r[hﬁiﬂmﬂﬂ,hﬂﬂﬂmw
E'lhlll Matrix- A matrix havinga single column i5 callexd Cohumn Magte.

m:mh:nﬁit'ﬁmﬂﬁ'

s
2

A=10| isa4x1 matrix. It hasonecol
2

k"'llh'ﬂllﬂi-l'l"l'll,l'ri:-lf inanm  pr (AL W 'ﬁ;d]ﬂdlww
Mintrix. If i an m = # matrix s =R BE

T I N |

. =1
A={4 0 3 1) aaamarix BT, 5 |
§ -3 1 0O |

LT T

‘

.i'l"._
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-

P

T




48 An Introduction to Polytechnic Mathematics—]
£, :
¥ bt 4+t a b ¢
o LT - . v
(x) & . o|=dabe (xi) =(3abc—a'- B o
5 5 ¢ +a e a b
b
. uf {.1 h:
5 - k] 4 :
(xii) Iea=b" @ |_(av4 P4 3abey
a’ Zﬂb—c‘i-

-a° ab ca

3. Prove thmt ab —b" be

. | 5@ perfect square.
Ca -

| & sin f  cos f§
Ahnuﬂmmemim;!'“ﬂﬁ -a

is independent of .
cos [ ] a |
x+1 3 5
3. Prove that x = | is a root of 2 x+2 > =,
2 i x+4
6. Solve:
Iﬂ 1 1{ x+a f ¥
ol ° lru )|  **F T |=p
1 a B x+y

() 0,0, (a+f+7)

<

nl:'!l:.r‘lr' Iﬂlr‘ll

7.Solve:

@ax—Sy+t =0, Ix-Ty+az=, ¥tytomg,
) 2y—32=0, x+3y=—4, Isiy=3
(iipx+y-== 3, Ze+y+zad fyedesl,
((V)x+2z=7, Jx+y=5, Ty-Jz=_5§
(Mx+ty—z=4, Ix—p+iz=1], k+N-L=13
(vi) 12x + 9y —Ta=2, & -26p+ %=1, Lx+2ly-15=4
(vii) 2%+ 3y—2=9, xty+z=9, Ir-y-z=]
Aps: () x=1,y=2z=3 (i)x=5y=-32=-2
(i x=1,y=-1,2=3 (iv) =1, p=2,2=3
[ﬂ:ﬂ-d,y—l,:-—‘!:{vi}:‘l.:.-=l.:=?:
{vii) x=2,y= 3 z=4

Ldg

—_—

5 =T

EEE L
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2 Prove by using properties:
- .| _I
1 a b+e b 4
.".-I — | l H=-1-1DN-H1 -4 +{=1)(1 +4)==3 1 b c+ao 5 L :
A S (i A () © A 0L
1 ¢ atb L a .:.r+hl_
1 2 |
o1 | 1)(4—1)=—6 e
A =1(1-9)-21 - +(-1)@-1)=- i .
Al B an|® ¥ % l-dame
P b -" ‘I'I
e 3
h - b+2 a b -
‘ ﬂ.=1 L BT 1})-2d4-1)+2A 1+ 1)==7 ST ” b '
» L 1 4 (iv) ByC¥ S «2a+bc) -
i . c+a+lh
. Now x=A/&=3/M4 X 4 ]
i p=AJ A=6/4 e R 2% =
r=A/A=7/4 Hence solved. i - ; | -
™ 2a b—c—d “  |={arbtcy
20 2 c-a-}h '
Exercise 1.10 a b-c b+c
+ i3 fl c—d ={ﬂ+h.h.:-Hﬂ'l +.h:+r‘] a
|, Evaluate: (i) §
S a—b a+bh ¢ | i
A3 R 2 | a+bte ~¢C 2
t ]
| |Jﬂ' 7 5_&! {“] 1 ] al {|||_:| o 1I 0 I I i - g+h+c = = Hﬂ"'hlb'l‘ E!IC“'E-} -r-_
| 39 9 69 3 2 1 4 1 -3 N [ ~a  a¥d¥s &
:Il |
A be "
r [ jl 2 N ix+l x4+2 x%+4 . ;
iv) |4 v
9 3 4 hi‘:+] S R 1 S is e cﬂﬂﬂ
¥ I . -
3 4 3 T+7 x+10 x4+ E4 ['I'iii} " 1 i “[ﬂ}—' ]._]I {“} I_ ‘..:
. ; a a | ¢
e"l.ll.!p.{-k] ] (it} =20 )y =14 '.h.“] v} ) -
i
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i 4 1 1 L
5 3 -
ot ] | A L
= —-ll I =3 '3
3 1 -4
AP l 3 =4+ =1=20=3)+{-4X=15=1)=102
1 -3 -4
o0 1 4
a=! 1 ?lop-1-4-15+(-4)(-3-5)=5
C 5
3 0 =4
AP 1 3l 4-15-0+-0H25-1)=-153
"5 -4
3 1 o
5 1 ll z
A= =35+3)-125-1)+0=0
n -3 35 \

Now x=A/A=51/102 =112
y=AJ A=—153/102 =32

z=ASA=0/102=0 Hence solved.
1 | i 3 1 1]
1t'ijjl'lere.!a=1 =1 3 ;!.,=“ =¥ 39
1 2 =) 2 2 -l

— fd =
I A
Led
- o =
|
o R ST

5,

L!L'Il‘r"m-.up,-
Peid 1
=1 3 )
ﬂ_:] S (1 =6)= I L=+t {4+ =3
Bl 1
ﬂin-ﬂf —j‘ 3]‘—3¢l 6) = 1{=4-6)+ 1(R+ ) =4
lz - Sl
£ 3 1]
,.-],]-2 4 3‘=“_4_m_3[_2-."-1*ll-‘+—41=5
I 2 =l
L
¥ 2 2

Now x=A/A=5/5=1
y=ASA=55=1
;=¢15."5=5."ﬁ—1

E 2 -4

1 -1 | A"

1 1

Hence solved

(viii) Here A =

s == g
=
|
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Exercise 1.8
1 2 =3 (-3 3§ 2 | —3 2
12 -5 3 | -2 5 1 — & =7
1. A=| i [y
{5 -3 -1 0 3 —[| 2 f

Find NA+B+C i)A-28 #)B+C ivid+3B-(

vil AB  wvii) B4 viti ) ABC ix)CAB x)AC

[: i a7 [z ['.*.'
:!. "l - 5‘ : "1 ,I||. = .'I-' H I.
i1 0 = T T
Write the system of equation obtained from AX= 8
[ sin# cmffll [sind —cosd
|_— cosf?  sin ﬁ'J B | cosd? sim 7

Prove that A » B is aunit matrix. Compute & = 4, A%, B°.

3. 4

i e e

vil-C

) TRIGONOMETRY
i i

2.1 Revision
We have 1.5in% + oo™ = |
2, 14col® = cosec’D
Y B+ ] =secH
Note: sin 0 xsin ) = {sin @) = sin’d ; bul sin*) » sin@ ;
Let us cxpress all trigonometnical ratios in cosine ratios.
We have sind + cosi=1 or s =1—c0s¥

sin #f | —cos &

i H="'_'_'_' —

sin & = 14"! —cns @, tanf= ;_mﬂ o, lan

a 1
s oo el = — : o el mﬂr—-—-—

szl -v.llli—l..,ml [ 1-cos =3
# If sin © = sin @, un.u:-‘.::::ll=4;uzlﬂtu,11hu|‘-ufﬂw

A =nn+ (-1
i thei
# T cos 0= cos a, of sec B hﬁtcmutgllgnfmhw

0=1lnxic . TR
# I¥ian 6 = tan a, orcold= r.mmuhumnfmdhﬂnﬂ
O=nn+0

Worked out examples :

e ———

] —siné
— gpch) — tantd
Ex1. Provethat: ”"IquamE-"'

din J> infl = 95ecH
(1P 2009] ( EIIIH ssnd

1+cosf , 1-c088 5 oeech
() QP 2013] " casl 14cost

siné 1+u:~u:-'.'nf5'= 2 cos el

) I.;-cnsﬂ ME
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{ 1108 = (iijd=fx=C

Find (1} 4 * B
& 4 20 -6
Solution: () A*B=¢ 3 19 - |-1|

(i) B=C |
-1
]
6 4 20 —ﬁl |:|:-|
()4 xBxC=lg 3 19 -14|'|i|" 16 |
3 1]

Al X2 4+ 2= (), where fisthe 2 x2
Ex 6. Showthat A | ~ uJ"-dl.‘.-.ﬁ::h.‘l. 31X+ 2/ =1, wh

idenility matrix

Solution; X* =

| : . ('.! 0
. : . ,':'If -
‘ |-4 U] ; i3 2 l."l__l f lJ"‘ | 6 0] i I

F7-9+2 3-3+0 0 “‘
Now X -3A+U=%_6+6+0 20420 0

|_1:+'1 3_1'-—|l v TR
Ex7. Findx,y,zandfforwhichi)| _ _+ 9, _217|-3 2
'|r+_1- y-z| [1==x g1 ]

u it 2
I!q—l' T+x|

z— ¥ 4+ ¥+

Solution: Solution: i) We make corresponding entries equal.

. z-3==3u=-2=1

x+i=0y+1]
Thusz=~1,y=0, z=0andi= 'L
11} ‘We make comresponding entries equal.

Matrices
xty=I-XYy-2=z-i3-t=2-yadT+x=x+y+s

a2 Ay —t=0,y-L =0, y-z—t 4520, y+1=Tml

From 2nd and 4th equation z=7/2. From 3rd equation y —=-3/2.
From 15t equation x = 34 And we have y+y=7, p- =372
y=11/4,1= 17/4,

Hence solution is x= 3/4, y=11/4, 2= 72 and r= | 714

| 11

11 prove that A" =44.

Ex8. IIA=

: e
B - ?[l —I-] | zﬁ J=M
< 5 N I e AR O 2 |

Henoe A = A1 % A=24 % A=A =22 4=,

-1 4 -1j
I|-1 0 2
¥Fx9. Finddet A for A | o Al |
-1 & =2 o
|_.:g |0 :|TEH':_.I}.-;J,EL,.]‘,r :_I.-.u_u
Solution; det 4 = ; )
o 3 0]

[ .

Ex10. Prove that L-‘“

e
ad Bd =
I
o
-7
'

8

=1 1
3 A
! 2 2 11=-_r.|“' ; =2x0=0
il 2 2 M. psince 3 I

rows isl)
(Vabue of a determinant having wo equl

L7

-
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-8 & =7 -1"

= |

-8 -2 3 1
[-8

BxAdisnoldefined. BxC= ]3| C * Bisnot delined
L |

Worked out example-

[-1 2 1 ¢ 2 -1 1{:
ERL AN s 3 7] Pl =6 3] =T

-

Fid(i) A+8 (0)A+38B ()A+B-C (v)A-C

-1 4 0
Solution: (i) 4+ B= e

(] iB= =12 —|& q A+3B= =& —]5 11

= o=
(m)4+B-C=} . =

: [—3 5 —4]
(V) A==

-3 1 3
4 -6 10 = 377
[\}2{:‘-[ : ] B 4 8 i1
LI -2 =10 5
0 3 2 -5] -2 0
Bx2 4={2 -4 L -1 2 o=l 2
3 § i e

Show that A+ B+ (=g

cs=—-1

(viB-2C

e

Matrices 155
[0+42-2 5-5:07 [0 o
&|MEM:_{+B+[‘={E_I"] =@+ 242 |0 0
i+6=-9 1=1+0 00
10 -2 3 (4 & "'Id -3 4
Bx3 A={"3 5 1| . I5 -5 § c=ll @ 3
2 =35 N =T = 3 -2 2
Show that 4+ 8B-20=( |
|
10+44-14 —246-4 3-1-2]1 f0 0 o :
Sﬂllﬂil:m:#'rﬂ'—li'_‘= ”3+5"1 5-51"“ I+5-6 P 0 00
244-6 -3-144 5-1-4| |0 0 0 '
T 55 !
E-I-"L."!':!-l 1 1] g=2 0 J
. &=l
Showthat 4 % B » Bx A4
o 0-15-8 0+0+2] [-23 2
oA X8=! 234 Eis TR SN i
041 —Ho-1 s = s j
Bxq=|0+0 1540 -6+0/_0 —15 6 g
-1 -20+1 -8-1 -] =13 =9 4
Hence A = B 2 B = A proved, ‘r
1
I 0 2 -3 ;.
12 =3 4 -1 %
I8 A= B= ok L
o [4 ! 1] | -2 -4 1 ]
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Diagonal Matrix- [fin a square matrix all of whose elements except the diagonal ele
are zero, then the matrix is called diagonal matrix. Some elements of the diagonal may o

may not be zero.

1 0 0
A= e isa 3 = 3 diagonal matrix.

0 0 =1
7ero Matrix- If every element of a matrix is zero, then it is called a zero matrix or ol
malrx

0 000

], ;

A= 0 00 isa 3 % 4 zero matnx.

g 0 0 0

Identity Matrix or Unit Matrix- A diagonal matrix whose elements in the principal
dingonal are 1, then the matriy is called identity matrix and is denoted by L For unit matrix
A= 1.

Singular and Non singular Matrix- If for a square matrix A4, |rﬂ= 0. then A iscalled a

Singular Matrix_ If |4 = 0, then it is called a Non singular Matrix.
Symmetric Matrix- A square matrix 4 15 a symmetric matrix, ifa =a, lor alli, ).
|- | =4 3§

—4 3 =3].
Thus .ﬂ—{ : " | 15 a symmelnic matrix.

5 =3 -]
Skew-symmetric Matrix- A square matrix A is a skew-symmetric matrix. ifa, ==
forall £.f. It is 1o be noted that by definition a, = a_, for dingonal elements.
Thisimplies a, = 0. Thus diagonal elementsofa skew-symmetric matrix are all 0.
0 4 -2

: -4 0 -
Forexample A= 3 o=l 15 a skew-symmetric matrix
2 1 0 '

R

Matrices 153

Addition of Matrix- Two matrices 4 and B can be added if they are of same order means
they have same number of rows and same number of columns. The sum is definad as the

raatrix cach of which clements is the sum of the comesponding elements of A and 8.4 of
A.b,of B.c of C, c,=a +b, d

_ 13 6 & <] 3
Hiustration: A4 = ~1 5 2 A= Lyl

17 1 9 9 313
A+B=| ¢ 5 10 A=Bm oy T

Scalar Multiplication of Matrix- By scalar mulbtiplication of magrix we mean multiplication
of the matrix A__ by some number k Tt is obtained by multiplying every element a_by k.

bd e

3 —d4 , 21 -14 7
Scalar multipleofd=| _, 4 4 by7m874=| 4 o 35
a, of A corresponds Ta, of 74.

icati i 1 Tph Bifnumber of
Multiplication of Matrix- Two matrices 4 and B can h:nnw to AR
colurnns of A is same as number of rows ol 8, m{mh&m]lqi”n!uﬂ.{ﬂ‘un'hnf
columns of B is same as number of rows of 4. It is to be noted that AR = BA

Fora ofd_ . ﬁ*nf B,.s®, of 4 = BlorAB) ¢, ™ ;“;b; A= B isof order

m = [
2
1 2 == Lt
3 -2 1] s =1 2 3] el
Mustration: J"L S 3 _| 2 5 2 _2

A=B |
l:'._l +(=2)6+1.1 3.2 +(-2x-1) +1(-2) 3-2) +(-2)2+13 3-l+{-2]3+l,:]

L1+(-2)6+3.1 1.2+(-2)-1)+3-2) H-D+(-D2+33 L1+(-2)3+32

5w —

%

=2

T
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Ex 9. Find the valuc

Soin:

(IHQP 201.3] tan (900" ) (I QP 2009) cos (225" )

(i) [QIP 2011] cos{—- 12907}  (iv]) [QF 2011] tani - 1485")
(v¥{QF 2010] sin(-H60F) (vi) [QF 2013] coseci{— 660")
{wii) [QP-2003] cot (- 15757} (v [QPF 2014] tan(-—-1 1257
{ix) [OF 2014) sin( 570") (x) [QP 2015] cosec 14T70°

{xi) [QP 2815] 1an B10F [xii) [QP 2015] sin{=1207)

i) tan (—960F 1= = tan (960F) = — tani 3 x 3607 — 1 20°)= tan( | 207)

= tani | BOP— 6*) = — tan 6= H-":.

|J|

(i) cos (=225" ) = cos{225" = cos(180° + 45°) = - cos 45° =
(iiipcos{-1290") = cos { 1 290°)= cos (3 x 360" + 210°)= cos ["I
J3
cos( 180° + 30F) = — cos 3P = - >
(iv) tan{-1485") = — tan 1 485° = — tan(4 « 360° + 45°) = — tan 45" = |
i
/3
(v) Bin{~660") = — Sin(6607) = - 5in(2 x 360" — 60%)= sin 60° =

{vi1) cosec(— 660F) = — cosec(66() = — cosec(2 x 360 — 60")= cosec OUF

¥
J3
{vii) cot{—1575%) = — cot (1575 ) =—cot (4x360"+ 135° ) = cot 135
=—cot (1B0°P- 45 )=cont 45°= |
(viii} tan(—1125")=—tan1 1 25* =— tan(3 x 360" + 45) =—tan 45° =1
{ix) sin S70° = sin(360° + 2107 ) = sin 210° = sin (180F + 30" )

1
== W= -
’ 2

(x) cosec 14T0P =cosec{dx360P + 30°) = cosec 300 =2

(xi) tam 8107 = tan(2 % 360" + HF=tmn Wr=a

(xii) sin{—120°) = —sin 120" = — sin 1 20" = —sin (1 B0"- 60°)
J3

2

= — 51 6P = -

. A S LIx
Ex10. prove that s s — A =2

| EeEeee———

__—-‘

Trigoaometny
: . 3; 5
Soln: LHS = *111"_'1'+::'|r|: 4T+i-m ‘i+iln‘T

=5="'j Hm"{:r—J: b+ sin'{ r + }+un-{_:—%!

=5ll-"'r:r-r.'n:?r (=13 i I";':"
Ny .4; JEm‘iH—jsml

L 8- i I i "-I I.- =
Ex 11. Prove that: (i) :gm["-l]"-*-El]sml_! ?'I'F+Ej+mr|{11l]"-!-ﬂj-¢n!{llﬂ'+ﬂ']=ﬂ'
{(in) [QF 2000] sin" 48"+ i = |
(iay [QF 2009, 200 3] 5in°36%% sin’ 54" =]
(iv) [OPF 2H0] sin®1 8% sin® 72 =]
(v} [ 2009] sin’49 4 sin’41Y =1
S0in; LHS = sin{%0r 40} sin 2 70°+ 8) -+ sinl 270"+ 8) cos( 1 B0+ ()
= cof ) {~ cos O} + (= cos ) - cos B
= — o+ oosB =0=RHS
(11 LHS = pin*d 8o+ sip?d72* = sin” (0F - 48" sin’d 2
= 08P 4 sidd P = = RHS
(i) LHS =5~ 36% + sin~34° = i (HF = 54" - ain 54
= cos' 54" + sin"54" = |= RHS
(iv) LHS = sin*18*+ sin"72* =sin"* (90" — T2 sin"12*
= ORI+ s e = |[=RHS
{'.-}T HS = sin’49" + ain’4 1" = sin* (90" — 41")+ kin*4 | *
= cos*d 1"+ sind 1* = [=RHS
. sin 230" + an 290"
Ex 12. [QF 2010] I‘nntlhulwlzm_ o 1
Soln: sin 2507 = sin (270 = 20"} = —cos 2P
tan 2N = tan (270" + 200 ) =—cot A
cos 3407 = cos (36 - 207 = cos 20
el 200° = col [ 1B0F + 207) = cot 200

g 2507 4 tan 2940° —ms!ﬂ“ - ol 20"
"{H]" +m3¢ﬂ' eol 20° +cos 207

HETS

Mow LHS =
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.'1

_ 1
Saln: (1) We have cos*A = l-siFA=] — —= 2 (given sinA = .'f"i_b

s ||

I \ sin A
=5 COSA = 5 ~secA =2 and (an A =:-.'m:ft| =.J3

4 1

(ii) Given cosl = - < 3 <
[ 16 9 3 ; cosf# 4

> F-iﬂ‘-‘=1.||] =5 =J.:‘-_.:‘- - Now, cotf = —— = =

We have sind = |- cosB=1—(

| s

5
(i1i) Given tan a ar, cotl =

41

"1.-
We know tan®0 + 1 = sec’ or, [i | + 1= sec) —=sec = o
”\ 4

= o0l == — posh =—7=

4] w41

6 25 5
Again, = l-cas=1-—=— sin@ = ——
gan, sint=]-cosB=1 Ther] = sinb Ja1

: : 2o = R 9 16 : : 3
(iv) We know, cos’A = 1-sin’A = | 1q]-_l e {given sinA=

sind 3
i ===
cosd 4

Alsosin’B = |-cos*B = | 12 L B= E}

5 = l-cos"B = —tl_ ¥y =1 169 169 (E1ven cosld = 13
3 sin 8 5

sinB = + tanB = !

L[ e Y Y T

= CORA =

A ||

—‘

Tri Elill'lu:r.:tr!r

163

mnd-unB 16
l+tandtanfl  §3

(v) Given sind = § = Coscch :E
4
] : : 2 49
We have cos™ = 1-sin¥f = | ~ (=) = —
5 25
3 3
—=cos88 =— —=Sech=-
s 3
: 3
{vi) Given msﬂ--:‘_- \
E 3 L | [{ -
We have 5in® = I-cos™8 = I—Li]-T=1- % %
sinf 4
_-.uirﬂ:5 — cosecll =— and mﬂ—:—ﬂ-’ﬁ=; :
Ex7.1f sin' +sin®0 =1 then prove that tan - tan 0 =1 !
Soln: sin'® +sin0=1
= (1 —cos¥) +1 —cos'd =1
- !
:;'[l—m__,ﬂr 1= =1 3
- i
 sec’ @ L]’ : S .
— [ wcd | T T w0
tﬂ.ﬂlﬂ X _—I—=ﬂ
= (l+an’8F  1em’¥ |
= o 8- I_:I":-EIF=1]I:.':- (a9 - an'f=1  Froves.
{1 + tan" &) . AC =4 unitand BC'=3 unit findAB.

Ex 8 [QF 2012] In atrianghe :A.EC. if:.r_'t‘ =00r
Proof: We have, (ACY+BCY =(AB)

= (3P+(4) = (ABY _

— (S)'=(ABy = AB=3uUmi
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e

Proof = Gaven, tant) =c cott)
we have 1+ cot®d = cosec
f I ' I"-'l:'-.

Sﬂlflt':)] =cosec™d = — = cosec)

| 2 =
= sin'd = sinf = 1";-- or sinb=—=— Proved.

¢ <+l e +1

P

C 4l
Ex 3. If cos + sin0 = J2cosD then prove that cosd —sinB = J2 5in0,
Proof: given, cosB + sinf = _[5 cosd

or. sinfl = _f3cosh) — cost

= (J2+ Dsin® =( 2+ (2 - 1) cosd
= ( 2+ 1)sind =(2 - ) cosb
= (2 + 1)sinf =cosb = [2sinf + sind = cosb
= J2 sin =cosb —sinf Proved.
Ex 4.Elirminate 6 from the following equation:
(iJx=rcosB and y=r sinB
(i) [QP 2009, 2013] x = g tanf) and v = b sech
Soln: (Na=roosd) =X=roos® .........ciciiciv (1)
yurginl = ¥= 250 anaa (I}
(H+(ll) =x+y'=rcosd+rsind
= r (cos’0 + sin'0) = /-
= X +y=r

(Mx=ataml = =g D .......ccoconaiaaa{l)
yobhl) = yY=Faae®B ... ... (II}
We have, 1+ 1an'd = sec?p :_-.-I-ri'!-:f:': {from I and 11)

il

ExS. |QP 2010 If x=rcosf cos ¢, y=rcosd sing and z=r sind
then prove that 4y + 7 =F

] rip::n@mm

Xz
. Given x= reosBeosd — = =cnefl coe a
Soln T cos

x
. {E'?z'_ (cosO cosg) = (=) =cos® cos' g
it r [

¥
i ivent y=reosBsing — = = ;
Agam gl ] P = : cosdl sin g

| » o F i
- " -;: ']'.' == {EGSH !_lni* ¥ =5 1 .-:_ :I:I ::ﬂﬁ.-"ﬂ !in!# R e o

x v
(Dl =( 4+ l’: ¥ =cost) cos’ ¢ +cos sin'g

=c0s'0 (coa’ ¢ +3in’ ¢ ) = cos'B

: 1‘.£F+E£F =008 ....oiveienrnnannen{THH)
T r
Z E 5 !
Again z=r sind :.:r‘l:=5ml3 _'_E;}’=5m’ﬂ...,.,.......,

i : s
(M +{IV) = [%F +|:-'!"'fr' +|::}’=m':"ﬂ+trnjﬂ' |
= X4y +2'=r

Ex 6. Find the value o
4
(i) [(QP 2011] cotd il cosBl="7%

(iii) [QP 2009, 2013] sinf and
- Iz
lan ¥ .

l+tan Awan B :
P
(v) [QP 2011] secO and cosecd i SIS

3
if cosB= 3

()

(vi)[QP 2010] cosect and tnd

................

£ (i) [QP2010] secA sndrnA iFsinA=

5 A
cos) if tand=7 oF cBT3

(i)
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sinf! | +cos
(v} (sin0 cos) = 1 - 2 sint cost {_ll'll H.5 : = Lﬂ”i ;
(s 3 " 14cos6  sind
tan i
(vi) cosB—5in0= 1 on’ & X ﬂ"ﬂ'] —..'I-.:n_if-'_] & 'Eﬂzﬂﬂﬂl—mﬁﬂ}+i +cosl .:I
iviid (14 oA 1= simrA) =l I —ecos” @ siné sin’ @ sin I
jin} secH .-:;~ -.11 = tanH + tan*e _I__'.'I.l.!'r'ﬁ +1+cosd L = 1'
i v ) i L L LA = sin 6 —Emﬂ—lﬂml:-tﬂlm Proved. L.
(ix) [QP 2015] u.r;' o ,-_a__l L ] H:nﬂ cos i (v)LHS o (5@ ~cos0Y = 5in’0 + covl-Til e e e i
|1|I'l|—‘\.-|.Lf"I" | 05 I—!--II'Ilf-lr s Proved.
e - - sn £ —gn’
l--nl]f-" ||1| sin@)(1-sind) I—tﬂll ' Tk m;ﬂ—w -
P L qu - =\ i r A . i JE—L '—1
roof: (i) L ".II ¢ 5in '||‘|l 1 :ullﬁ']'“ sinf) (vi) RHS = + lan* ﬂ T ﬂlﬂ cos’ @+sin’ @ :l: :
- —
I cos & cos 8
[{1—sin& ) | —sin 1 sim *a_sint@ . :
Ity = =—— ————= gicl — tanb = RHS Proved, = E—,H “n-._ = cos’ f—sin’ #=LHS Proved:
'l'1l—.~.1.'1 &) cosi? cosd cosd cos @+sin” &
[ e T RIS (vit) LHS = {1+ an AN 1- sin'A) =sec’Acos’A :;:
| (] #5100 £) | {(l=35mm&) .
. T i i el 1
) LHS =0 in@)(1+sin0) (1 +sin@)1—sinf) = .cofA=l=RHS  Proved ¥
cos’ 4 : e 1an’® f
pr— e (viif) LHS = sec'0 — sec’0 =sec'0 (sec'0 - 1) A
L (1 r:ﬂnﬁ'] | (1-sin&) - “.;.1;.,.1[-]]1::.[1-'9:1.111315 + tan't =
“N(i-sin®8) Ni=sn'9) tan 0 +secd -1 _ (secf+ LE.“EL““_"Q?’_‘.E_'.“E}—I ..
l4sin#) (1-sin@) +sin@+l-sind 2 ) etz e ;
(14sin6) (1-sinf) l+smf+l-sind 2 . ._pys {am,ﬂaitunﬂﬂ:tmﬂ m:ﬂ-ﬂ] secg | tng L
cosf cos cos cost tan 0 — secdl + ¥
Proved. .- : sind Itﬂiﬁl
AT cosf :
(1 +cos )] —U_nm |'r1 —cosH)1 - cosé) cosf coud | -sin’ g '
EIII]LH:&:“ll_i s @)1 +cosl 1||[1 rcos@)]1 - co i) ¢ penfg - sinf) 31— sinf) |
{1=0€0 + COS L) cDs 5 ' - cnt.m1—‘1'lm9'| Lﬂ"ﬁﬂ'ﬂ —&in
- - , e : . —
ﬂ_,_l i .:-{;!5.,!}]- x [{1 —L-u;:'!’i_']_' {1 +cos @’ . JT].- cmi.l!'i'i cos- 0 LL‘iﬁ-'ﬁ' Proved.
(l1-cos’ ) Y({l-cos ) _HI sin’ # gim i] cu{:ﬂ{]—"ﬂnﬁr]‘ 1- —sind
= (14 cosdl) |!—Lu5§i}_=l+umﬁ+]—ms-H__i Ex 2. 1f tanf = ¢ then prove that sinfl = F'ﬂ +1

sin & gin & sin " sind .
= 2 cosec = RHS Proved
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= 7 and5” —tan¥ | - tan B
o — _|_|_"=-:'= " I—I = — : B - . - L.
| + tan 45" tan B 14 tans (xMOQPF 2014] _‘-’-.lnj'ﬂ { -] 4 _1"}“( o | . sinf A — B) &
cos BoosC  cosCoosd  cosdecosB
. sing cosE —sng .
b . ok cosB” - sing Pl “PlH'i—r:mm.m,-q—'-m'“_mr"_‘_!'_' Acos B + cos Asin B
sin K cos8” +sin8® cosk” +sing PR cos{ A+ B)  cos Acos B ~sin Asin &
con K cos ¥ &1 Acos B 4 oo Asin B
= s . .{cm.l?- ' tan A+ tan 8
tan 45° + tan B | +tanB"® = - L Fobe, A "
(i) 1an53° = Lan(45° + 8%) = A - cos Acos B—sin AsinB | _mndwmnB
tan 457 tan ! | —itan# P
sin & R +sinE" :
g ne | : sin{A—B) sin Acos B—cos Asin B
cos §° cosB® cos B + sin 8° (1) LHS =tan{ A8} = I i
> - : — prosed cos{d - 0)  cos Acos B +5in Asin B
= I '1l|"|H LS H-L l'i""'H- |;-;l|'..F:-\I _H.il"lh.' .
=7 p— sin Acos B —cos Asin B
- : 2 cosdcosll I.m..-‘[—l.ﬂ'l_.ﬂ'
167 = 1an{4 57 -9 ) IAnAS® — 91—ty = cosAcos B+sinAsin B =\ an Atan 8~ BHS
[ ; = Lf < - e . ; flematas o
i ) tan I 1+ tand5°t@an9® 1+mn9 cos Acos '
sin9® cos9"-sin9® LHS B et I, J
cios 9° cos Y cos9° - sin ¥ d o S et }_-'“'ﬂl-{"ﬂ} ~ sinA cosB + cosA sinB
& - - : o
o sind® = cos9?°+5nY" T cos9? —sinY” prove 1
1+ - e
cos Y cos'9” - sindsinB____ _ cosecAcosecB _
tan A + tan B tan A—tan B sinA cosB +cosA sinB oot B +cot 4
e A B v ; -
(i} tand B) 1+ tan Atan B gin Asin 8

Ex 4. Prove: (i) 1an{A+B) = |- tan Awmn B
cosiA—B) cosAcos B +sin Asin B

(iv)LHS =cot (A-BF Gory B) = sin Acos B -cos Asin B

cosecdcosecB _cotd cot 8 +1
——  (ivicol (A —B)= i B~ ook

(i) comec{A +B =
col A+cot B

{v) sin{ A+Bjsin{ A-B} = sin" A sin* B =cos” B -cos' A con dcos B+ sindsind
(vikcos A+BoosiA By=cos' A gin: B=cos B -sm* A T e ._;,;.gc_._:_:1r+l e,
sin” A-sin’ B =.!ii.1:|.4lccuH-1:ﬂ5.-{Einﬂ_ ot B =cot A -
{wiipani A+B pan{A-B) = -_ 3 L 3p sin Asin B
e iv]sinE.HH_mmA—H}—’Em'mmmcmﬁuinBKﬁnhmﬂ—mhmH}
= sin’A cos’'B —cos’A sin'B =gin*Al 1-sin'B)—sin*B{ | -sin'A)

1
(vil) sin(45° + 0 min(45°-0 )= 5 -sn’H

(ix) tan{45” + 0 Jan{45° -0 )= 1
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2.2 Compound angles s Ak i 1
2.2.1 The angles which are formed by addition and subtraction of two or more an !

£ an e |
are known as compound angics | l
e g Forthe angles A B, C  theangles A+B , A-B B+, B-C are compound anpje tan gn vl

3 ' e, an TS n 3+ tan 4 +

3 2.7 Addition and Subtraction fermulae for compound angles : E (i) tan75 _.m.[yyﬂ_el.:hl - “} :” ,_"‘ﬁ — = :g 1 i
(i) sin{A+B)= sinA cosB +cosA sinB - lan 30" wn 43" 4 _ Ve I I,
fit) cos{A+B)= cosA cosB - sinA sinbl

(i1} sin{ A— By= sinA cosB - cosA sinB

(1%} 20 75" = sin( 45" Mr) = sind5* cos 30"+ cond 5 5in30°
{iv) cos{A - B} = cosA cosB + sinA sinB

_ 1 1] 14 || 2
 tanA+nB " V22 TWR2T ada -
(v) ian{A+B) = T T c0s 15" s cos(45°- 3 ecosd5” cog 0P+ sind S sind0r i r
s R Aot l 143 11 el !
(viykant A= il_14|l:un_-11:lnH i B :El_z_q’;
Cor: Ex 2[0QP 2013} Evaluate cos 15 and hence find sinl05* ' i
l.'-!mn|Lr‘t+E+L'::.h.!n-‘-.-_m]'{-:n;:-J'ﬂ'mr'i.nir'ﬁrmi ‘wensAcsBEinl — smAsnBEsnC 12 JEv il e L] .
(i) cost A+B+C )= cosAcosBeosC~ sinAsinBeosC sinAcosBsinC —cosAsinBsinC Soln: -'il1llll'5"=li11l:‘?ﬂ'rli‘]--;mIS'---% . _
tan 4+ tan B+ tanC — tan A tan Stan C
(i) tan(A+B+C )= 17 Bian C - tan C tan A — tan Atan B Ex 3.()QP 2011) Prove that mm45”—ﬂv=m—-—_ﬂﬂ
: i cosi? + sind : 1
Worked oul examples : ot —sin & .
4 .'iTD e
(N [QP 2010] Prove thal tan -“r+ — - |
Ex 1.(ifQ.P 201 1] Find the m-uhu:uj'slplﬁ" At ,' e t
G Q. 2013] F:.rld1hl.' value of tan 15* (lMQP 2014] Prove {hat tan53" S -a.- “ L/
(i) Q.P 2010] Find the value of tan75° g | ’!
Giv) [Q.P 2009] Evaluate sin75°and cos15° ; (iv}OP 2015] Prove that tan3tP =——z———= 1!
Soln: (i) sinl 5= sin{45°-30°) = sin45" cos30° cosd 5° sn 3° wiQ cos9" —sin ¥
£l 45" ~ang 1-tmd
| -ulq 1 1 3 —1 Proc i & _E_-I'l_ - =
P 1 Wl B i, <4 {11 an{45°-0)= - a
=5 2 22 EE |+tand5 mnd 1+on
i | i cos@l—sin® i o
= -1 “oosf el SR SR
50 45— 30) = tan45'-tan30® _  ¥3 ‘,Tr_;_; =t H = cosf+snd  cosd+sing oy
s il il =P T I Ia.]-'“,rf it Lerp cos &
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Exercise 2.1 Trigonometry 171
19, Express (1 = 2810 ¢x CO% o7 J‘jﬂ_am"‘ﬁt UL,
- 1+cos( 28. Prove that scg'8 +am'd = | + 2sec’d an'd
" by = ¥ i ira iy 3 - L .
|. Prove that (coft + Coscct) T 21,77 3sinfl = Scosf =5 then prove that 3cosf — Ssinll = 43
- i | i PR 4 ;-_1'|_!'_' 21 Prowe that I + 1— 1
2. Provethat (sect + 804 | —gin & | +5in’ @ 1+cosec’d
- cis & + cos sinél + sin
| oin & 23, Provwe that #I _ #
1. Prove that tan® + i) gin ' —-singd cosd—cosd
Y1+ sindf
[E L L=i COs X Cis v
R T 4. Prove thist = . - !
} +gin e l=sind R sin ¥ =Ccos X SINI—=Cco8y S0y +CciEx
4. Prove thal i= et sech B i . *
Vi1 sind N1+sind 235, Solve: (1¥2cos0 - Scos8 + 1 =0 AnsB=2nx. 0=lng ;060
_ (i) sec’D = 2 Ans: L 45"
. ) “ 0 | =1am” & (i} cot0+ cosecd =13 Ans: ap +45°
L] ik TR '} i . * % 1 E 18l
£, Prove thal ¢o LA | f st B (iw] 2ooa + dsind =3 Ans:n;:r:t-ﬂ' i
§ " 4 r ’ - ]
6. Prove that cos*0 + sin™ = | — 3Cos0 san™y (v) 400570 + 65’8 =3 Ans: nor 4 45
L ]
7. If sin®0 + cos'd | then prove that 1+ cot™d = cosec™ . B :
£ I ssnB + CoOS “H 1 ihen prove thai an8 + 1 =380
9. I cos'B + cos*® = 1 then prove that
(i} tan 0 + tan*tl = 1 {11} sinl + sin“0 = |

10. Prove that cos*0 —sin*0 = 2cos™0 -~ |
11. If sin@ + sin®® =1 then prove that cos0 + cos*t =1
1

b

1L 1f 7sin®® + 3cosB=4 then prove thal tant = +
13 If tan B+sin® =m . tan 8- sinf = n then prove that m® - n* =4 Jmn
14. Prove that  secbcosech = tanBcot 4 cot'd tant

15. If sinl = = then find other trigonometrical ratio of 8.

A | ek

} | 5 A
Ans cosh=—: tanfl= —: cosech = — ; sect = —. cothl =
NS, Cix 5 Liam 4 CORe " Bt 4

il | s

L&, 1§ cosl+ sinf) = 7 cosb then prove that cosh — sinl) = 5 sind)

)
- (-1 1= &N
17. 1 cosec O +secl =n and cos @ + sin g=m then prove that nim I :

- : COIG £F & '-""'\-.."ll | &1 X -Ci|._l|'ll_
IH. e — rh"q-n I-I-I-I-.lur:. [Ihl‘l "11“"-"' - i

| 4 COSLF COS g

| +cnsar ons
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Trigonometry 169
[ NS .1” + ool M1 ) %
. 1'i-|‘ —“ 1|_.|. —F " I=RHS Proved 2iimfd + 3= 05 not |“|"I'!'|I+"|'E
] + Ly 2
" - e - - - lT
Ex 1% [QF 2013] Solve: Isant + 3cos0 =0 (i an ax=tan (7 frx)
Soln Tein® + 3cosd =0 3
— N 1—cos ) + 3c0s0 =0 _ | 2n+l &
:L,u.,..i.l _::11“-' :" — n SEX =R T if:l F;|:| =y X aq__hi
= 2c080 — 4cosh) + cosbl - 2=0 (i) I acc™ + a0 =5
s, (cosh - 2W2cos0 + 1) =0 5 31+ Nanlgi=%
cost = 2 15 impossible . GlanB =2
I i .E.T -\'T s . I 1) ; ’{
4] - = 00SL T = = DR ['|'||_'|l:, B=2n= 4 Tt = il = + i = T - h |
2 3 L : 5 W 3
[—_l., IJLTHF :ﬂ]-‘] ._";'-H!H.:. ll_l.'r:--“' + :.|!||I-1 - ]_'I'I -
, I=I sl=nx + 5
Soiln Jeos) 4 sint) I=1 5
> 2(1-sin"0) + sinbl - 1=0) {ivicot O+ tanB = 2secl g<c<bx
, 25070 —sinf - 1 =0 cos  sind 2
1 Yoind + %5 —= } iy | + — -
Yo — Yein +smb— ] =0 nf anD i
= {sin@ = 1 H2sinB + 1)=0
| 2
sind ]_-__;": —s ) = 2y oy 4 q sinfeosd  cosd
i3 = | o a ¢ ”';r
= = = - = -
o | _ 4 Thus 6 i T =s8inB = T =8in T =td=nx 5
= . [ = E us bt =n o+ M=)
sin 5 sin 6] T =% oy - 3 5
Ex 15, Solve:(i) 2sin8 + sinb =3 — 100P < B < 10D Since x<b<ba S-nﬁ—l.r+ﬁ - J.ilt—ﬁ,-'-‘-.l"i'ﬁ -3E-g -
{ii) tan ax = cot bx
: (111) (5o +tan V) = (v} cos'd —sin — 1= 4
{ivicot O + tanB = 2sech r<b<brx
1
| — sin') - mnlh - 1= —
{vicosH —sinB — 1= =1 4

! —o 45100 + 45inB + 1=0

Soln: (1) 2sin0 4+ sinfd =3 . =
- 25in0 +sinB-3=0 — (M5inB + 1¥=0 -_:r!iJlE=-E ='E'1ﬂ'f—E]
2gin'® - 2sind) + 3sinf =3 =0
= (sl — | N 2sinB 4+ 33 =0 o
5 0 =nx+-1r=7)

= B 10"

it = = S1T

| =

g
—=0=2x+ =43, 42+

o

r\-..ll'rt
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65" +25"  65° -25"

= Jcos - COS = 2cos 2

LS

| E

Fadd
e

|
= 2co545° cos P =2 ;'E cos2(P = /2 cos20°= RHS

f} [ ] i} (]
(11} LHS = cosB0° + cos4(r- cos 20°= 2cos t'f— CO5 Eﬂ - — Qg
g, s

I —
= Jeos 60° cos P — cos20° =7 5 o8 20° - cos X
=c0s M0°— cos 200 =0 =RHS

120° 20" 100"

(M) LHS =cos20" + e .
cos 00" + cos140°= 2cos T e - Y

i

- 1
Jeos 60P cos{—- 4r cos{ 1B0P— 40° )= 2= — uﬂ-iﬂ“'—n.mldn

= cos P — cos 40F =0 =RHS
(v} LHS = cos 2F cos A0 cos 60 cosR(°
I
=5 o8 HF cos 40F cosB0-

B s i | - _,|...|.-..-.r... -—..n.l-—-!.l

(2cos 20r cos 407 JcosB0r

(cos 60° + cos 20° }oosBOP

1
cos 60F cosBOP + 4::&52!'.?::115&'.}“
I

o —

RS
3 Cﬁbw+—4:-2{?cﬂi2ﬂ'msﬂﬂ'}

] ¥
cos( | 80°— [00r) + E [cog ] (0P + cosfl)r )

| 1 1
"8 rmHJIP+E£m 1O 4= : =—[ = RHS

iviLHS = sinmm#ﬁnﬁ?mnﬁl‘
Ja
3 sin 200 gin 40° 5in B0

8 2 16

Trigonometry

- (2ain 207 sin 407 ) sin80"

{cos 20F — cos 607 ) sinB0P

‘EE'I '“‘lf?‘l ‘-"E.ﬁ -‘"E‘n"‘ 3

cos X sinB0F - f s B0 sin80*

U . Ji 1
2[ un&ﬂ'un._l}‘!—T‘iﬂﬂﬂ?

(sin 100" + sin 607) —il'_-ﬂnﬂm' 10y

"8
."; |W+$x£-% IIIF- I;!E—E-I'E

(vi} LHS = 5m2P smdlF snsle

|
=7 (2sin 20° sin 40) sin80"

||

— 4— — 3= pa]— t
b

(cos 207 — cos 60° ) sin80F

%
-
:
%

COf &

l
(2 sin8(rcos 207) —  sin80"

|
—.Ih'm 100F 4+ sanbF) — :I's:inilﬂ'l“— 1)

= —sinlO0F+ x—= s ==
> ..1-.:11-4-4. T e 100 3 RHS

(vii) LHS = cosl 3P + cos | 10 + cosi(P

120° 10°
= Joos ———cos ——+ cosl 30
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2.3 Transformation of Sums and Products
We already have the following results-

sinil A4B) = smmA cosB + cosA sinB {1}
cos{ A+B) = cosA cosB - sinA sinB (11}
i A-B) = unA cosB —cozA sinB (i)
cos{ A-B) = cosA cosB + sinA sinB (1v)
(1 Hu) = sinlA+R) + sin{A- B) = 2sinA cosB {v)
(1} == sin(A+B)-sin(A- B)= 2cosA sinB (vi)
)+ (iv)= cosiA+ B) +cos(A — B) = 2cosA cosB {vit)
(v)=(n)== cosiA - B) - cos(A + B)=2sinA sinB (viii)

I!IF—!IL]:}N#IA!—H-}—{‘#H.‘\ B)= - XsinA sinB
L.3.1 Expression of sum and difference as product:

C+D =0
letA+B=C andA-B=D = and B :

2 g
. , C+D -
J--mrnI\']u::‘:u:l sinC+sinD=2%in—— L.f.:ﬁ-.:- _’u f1x)
_ C+D L=
From(vi)weget sinC-sinD=2¢os 5 sin ,,ﬂ (x)
) 3 C+D C-D
From (vii) we get cosC +cos D = 2cos 1 (x1)
i}
From (viil) we get cosC c::sﬂ=:'_:inr_ :Dsinﬂ_l:- { xu)
2 2
Worked out exampbes:
Ex L. (i} Express ;8. 2eos20sinS 2 !
XPTess as sum: 4. 2cos20sinSe b. 2cos—0Bcos—0
2 2

: (11} Fimed the value of sin75%in15*
Suln: (i) a 2cos20 sind6 = sin (20 +50 ) —sin { 28— 50 ) = sin 70 — sin {(— 38)

= sin 70 + sin 30
7 2. 7 *
b 2co8 — 0 e N T 17 T
cos EFILI.‘.IS.:ﬂ—-L'L'IH 5 B+ - 8) +cos{—0-—-8)=cos1 20 + cos 50

2 2
) sin T 5%in] 55

[ !
2 [25in75%in15%] = ~ [cos( 751 5") —cos(T75" +15%)|

Trigonometry

I - |
=3 {cosbl"— cos0°) = -:;fE ) = 3
Ex 2. (I Express as product: o [QP 2011] sin 60+ sin 30
- b.[QP 2009] sin B0F- cosTO®
(1[QP 2013] Evaluate cosl05" - cosl5y” :
. 43 -
Soln: (i) a.5m 68 + sin 30 = ?_g,,-inm;- ﬂ,;_-u; Eﬂzm-zm%m% \

b, sin B0P— cosT(® = sin B0" — cos( 90*— 20*) = sin 80" — sin 20°
BO* +20° ROF-20r

= L00%
Rl T

105" +15". 15" =105
11} > &1 >

= Zcos 50F sin30"

(i) cos 05" —cosl 5= 2y

I
oy Log R
= 25in 60 sin{- 45*) = 2 - {.-E.-].._:E.
E:x 3. Prove that (i) sin25" + cos25° = 5 cos20"

(1L QP 2011] cosB0+ cosdl—cos 20°=0
Elii_é-} cos 2 + cos1F + coaldlF =0

(iv) [QF 2009, 2014, 2015] cos2(*cos 4(Fcos 60FcosB0P = ‘]!E

3
EF‘[Q‘FH]E]ﬁnﬂT&in’Cﬁirﬂhinﬂﬂ-ﬁ'
- J3
(v} [ QF 2013, 2015] sin2(F sind(" zin 80° =

{wii) [QF 2009, 2013, 2017] cos 130F + cos] I0P +cosl0P=D
(win ) QP 201 1] cos( | 20°+ Aprcos{ 120°-A )+ cos A=D
Oud[OQF 200 4] tan A + oot A = 2cosec 24

sin 24 —sin 34
cosSAd+eosid
Proof: (i) LHS = sin25"+ c0s25" = sini 90P- 65" 1+ cos25® = cos 65° + cosl5”

ix) (O 2014) = fun A
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; n—1
Now dividing by 2sinA sinB we get mA-"—“mB

7 5 o Bt
1300 tancr = 2 and tan = then find the value of cot(er

Exercise 2.2 2
14.1f lﬁln-'i'-d cos fi = h“h
1. Find the value s o
(i) sec(~75") (if) cot (-105°) (i) cos(105") TN (e - ﬂ-tﬂﬁ-i--; find 1
(iv) cot (165%) (v)sec 255° (vi) cos (285%) (vil) cos{195%) s 56 P
13
P o aly=1 L 1=43 16. Prove that
AR R i L YT LW :3} Etm-mu:u '
I = el hﬂ -
“"’"félﬁl e T -.rl'i 1 (ﬁi}_l;f 17 Prove that Itcot cctan f=0 if sing s

18 0f ﬂ+ﬂ=— mhm
2 Provethat sin A +cos A= ﬁm{li‘—h}

sin(y —d)

3. Prove that sinyind = colS—coty

l-tan@ N 1+ tan &
4. Prove that ﬁ]uﬂlﬁ“-—&}-“nﬂ {u}mﬁﬂ-pa]-]_ma
5. Provethat sin(270°+8)= —cos®
Lhm:ﬂmmhrﬁth=ﬁﬁﬂﬁhhhﬁum{ﬁ‘+m
7. Prove that cos 65"+ sin65°= /3 cos 20r
8. Prove thal sin 105" 4+ cos 105 = cos45°

_ cos10” +sin10° . .. cosl8 —sinlg’
R “mmlﬂ“-ﬁulﬂ'_ (1) N osIf® +

TRl et

x
10.1f A+B+C= -I-ﬁmpnwlhl tanAtanB + ranB tnC+ unCuanA=1
LT A+B+C= 7 and cosA =cosBeosC then prove that

{2) tanA = tnB + tanC {hlm.lmﬂ-%
sin B - (")

12. Prove
i . cos Beosw ~ 120B - tanC

"
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— sinfA — sinf Asin'B- sin’B + sin"Asin*B= sin” A - gin' B

And sin® A—sin’ B={1-cos'A)- (1 cos'Bl=cos’ B - cos? A. Hence the resyl|
ivi) cos{ A+Bicos{ A-B) =(cosA cosB - sinA sinBHcosA cosB + sinA sinB
coslA cos®B - sin® A sin'B=cos’ A1 -sin"B 4 1- cos’ Ajsin’B
= cos i A-cos Asin’B - 5in® B 4+ cos’Asin'B =05 A -sin" B
And cos® A —sin® B ={1-sin®A)—{ l—cos"B) = cos” B —sin® A. Hence the resuly

sid A+ B)sinjlA—8B) sin“ A-sin” B

- & | 4 F - — - —_ - ]_11_% I'l

{vii) tani A+Ban{A-H) cos( A+ BycosA—B) cos: A—sin® B wWe
1

iviti) LHS = sin{45° = 6 Jsin(45° —8 ) =sin® 45 —sin° B =3 —sin’ B =RHS

iy 0_f tand5’ =tan#” tand5 +tan &
: + 0 Jtan(45 . }
{ix) LHS = tan(45 Jtoni } i wnd 1—wnd% e

K rae a"

=.!|. rl[I{_.hflﬂ.'l'l - 1= RIS
l+tané 1-tan®

sin{B-C)  sin{C - d) sin( A — 8)

= ) - + :
(x) LHS cos BeosC  cosCcosd cos A cos B
sin Beos( - cos BsinC’  sinC'cos 4 = cos( g A
g cios Heos C cos{ ros A

qin Acos B =cos 45in 6
g cos Acos B
LiJ.'I'I.H x '[1 = RI‘IS

= tank — tanC + tanC- 1anA + tanA
Ex S40]OF 2009, 2010, 2014, 2015] If AsB i
@) [QF 2013] Prove that { 1-+tan 30F i L+tan 15%)=2
{(iil) Prove that tan26” + tan 19" + tan26® tanl% =1
(iv) [QF 2011, 2014] Prove that tan27°+ tan 18+ ian27™tan 18" =1
PGl 41 ) [;ll-.l'l'._ -‘||+H= -i-;l"I
tem A+ tan B o \

™ an(A+BY=tdy = — " o = lan
. i ; | —tan Atan B +

- tanA+tanf = 1—1anAtanft — tand + tanf+ tanAtant= 1
Mow, (1+tanA) |+ tanBk=1 + tand+ tandy + tanAting =1+ 1 =

7 |-|[1"n,,|:-l_§.

—45*prove that (14 tan A} 1+ lan Bi=1

w

TI'I?;l'mnrn.;-u—_,l- lTT

tam 30" 5 tan 15

— =
. | = taen 30° tan 15°
= 1an M+ a0l 5% an W Man 5= |

Now (1+tan 30" M 1+tan 15') = L+ an30% tan] 5% tan30Pan 5= 1+ 1=2
tan 267 + tan | 9*

i T tanlﬁf'lml‘l“_l

=> tan26"+ tanl 9" tan 26 an 1 99= |

(W) Lan(30° + 15") = fand 5= —,

{100 pran{ 267 4 197 = fapd 50

tan 27° + tan 1 §®
I-tan27tan8®
= L2 7% tan 1 8% (an2 7% 6n 1 8% |

v ptan( 277 4 18") = and 5% =

: a asin®—becosd o -4
Ex i P2011, 2013711t = ety R et e s e
HQ ilfang b JETE asind +hcosl a4 b
4 (R OT 200 3] Shaw that 2
cos(BiF-A jeos(MP-H) - sin(60P-A Jsin(3-) = sin(A + I -
=1 .
QP 2004] I sin(A+f) = m sin{ A7) then prove that col A= —n_l_la;l:ﬂ
r.r\m{f bheos®  asmf A
1. . amni!-hcos# heost b i
Froot: i) LHS =1’E|‘1H+|’_I-I;“MH = EE-INH"&C“DSE? = .ﬂ-Si.ﬂ.LE_rl

bcosd heosdl

-]

i
2 hm_ﬁin_j_-;' l-ﬂ: JI%ERHE
El.kll'll[]+l ; a +b
] b b | o
S=¢ A Weos 30P=B) - sin{G0P-A i
Hlljl_.H":.= E:_;:EE:::LLA h;H_“_p.-_H”;m 19.3-_35“{1 mﬂ.{l‘}=m e
(i ) Given sin(A+8)=n sin{A-8)
sin( A + 8) 5in{,¢+.ﬂﬂ1ﬂﬂ—ﬂ'}_!-_|
= anid-;- " T sn(A+ B Fsin(A-8) n¥l

|-:,,|.:,

+1

2 —1 2 sinA cosf

2c sinfl =
== Jcoad § el
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T
tun — + Lan &
4—

umt + = LHS

|
1 = 1an & tan

&
ol tan'r-q-!.mf l*-l‘-ill‘I:r
(ivILHS=ztan{—+— )= 4 i —
4 2 & g
| l.u.rl. Lan [ Fili]
4 2 2
o AR ool e i e
; COS -+ §In S {n.crs.z+5mljn,u:-:1+atnl}
? _ 8 g @ .'.l' )
Cos — = £30 o5 — —5in Cos
2 2 ( 2 El I 2'.'
okl L g . 8
_tuh-zinlhzj {l+2:n5?5|nr’] (1 + sin &)
e H H = I- e B e x
(cos’ S —Hn° ) costd cosd
| ‘5111!_1' )

B =sect + tanfl = RHS
COs H cosif
(v) LHS = (cos®8) - (sin’8)’ = (cos™0 - sin0)+Icos0sin'B{cos D - sin0)
1
= (cos20) +3 s 4cosOsin* M cos20 )

=(cos20)+3x ¢ sin"20(cos26)

i |
= cos2{cos 20 + 3= 2 5in 20)
2} . t .
=cos28{cos 20 +( | 3 Jsin 26}
: |
= con i cos" 20+ :-.i;n-E{':I—E sin®28)

. |
=cos9 (1 :_lifn"EFH s RHS

Trigonometry

(vi) LHS = cos'd — sin¥® = (cos™ — sin'9 cos + sin'H) =(cos¥® —sin‘t)= |

= cos2l = RHS
sin & + sin 28 sin& + 2sin #cos
1+ cosd +eos2d  l+cosf+2cos’ 8-1

1|nii‘|.'E-l-1m5£r] HHH{J-‘-IWEE:I inﬂ'

cosf+2cos’ @ miﬂl v2c0s#)  cosf
(i} L HS = sm3A =sin{2A+A}
=smA coslA +CcosA SIn2A
= sinA (1- 25inrA) + cosA 2sinAcorA
= sinA —2sin'A + 2sinA cos'A
= ginA — 2sin"A + 2sinA (1-sin*A)
=s5inA - 2sin’ A + 28inA - 2sin’ A
= 35inA - 4sin*A=RHS
{ix) LHS = cos3A = cos{ 2A+A)
=ost cosTA —sinA Sk A
=cosAl2 cos'A—1) - sinA 2sinAcosA
= Zoos' A~ cosA — 25in TAcosA
=Icos'A— cosA — (1 —cos TA) cosA,
=2c0s? A= cosA - 2cosA + 2oos’A
=4cos'A - JoosA=RHS
(x) LHS =tan3A =tan{A+2A)
tan A +tanlA

= |-tan Atan 24

(i) LHS =

l@.ﬂl

"-"T.qn.-l l-lll'l.ll —tan’ J+Il@£

= tan & =RHS

191

Jtan 4 -tan’ 4

& lmq—m-’ o A0
| =tan’ A 1-tan” A
=RHS
(xi) LHS =sin 4A = ZanlAcos 1A
HanA  |—tan’ A4 dtanA(l-tan® A)
ZianA Leun' A (Fan’d)’

s A +5m 2A "'Ti-'ﬂl-‘l
cos A +cos2Ad+cos3d

11i'"L['[5.-_~=

= RHS

1—3tan’ 4

N
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o e
020 = cos T —sin® = —T — 25 = 3%
. gin 2 24 " -7 24
Al = = - f == =
e ci2f BT 7
D3 b
: i I“‘ y i
1-tan™ # 2ian a =

et T T, T Tt
*(=) 1+H—)
i ia
g —h " 2 a=—ab’+2ab o +ab’  ala®+5%)
- — = - - o —_— T 5 = il
a +h a +5h" a’ + b a +h a + b @ proved
sin 2.4
Provethat (ijoot A= —————
| —cos2A
i i sin2A
(i) [QF tan A =
i)l 1 l+cos2 A
X g | +5in 26
(di)tanl —+0 y=—""T7
4 cos 19

x &
(v QP 2009, 2013] tan | : + =} = sech + tanB

i
(v QP 2009] cos —sin™0 =cos28(1- 1 sin“20 )
Tl QP 2011] cos™ - sin'f = cos20

l-:lnﬂ'+s|r| 2
| 2011] i
Vg Qe J +cos6 +c0s28 i

{vil) [QFP 201 Thsind A = 3sinA — 4sin’A
(I {QF 2009, 2011] cos3A=4cos’A = JcosA

Itan A—tan" A
()i = - .
|-3tan” A
1I1I'i1'114.l_4m 'I'El .rlJ

f'|1-la.n. .-ﬂ

Irigonometry

gin d+sin2Ad+sin3d

i |[{"'I.I .I.]I .................... mﬂ

oo A + cog 2 A+ a1 A

-| '0‘. 5
{xiin g e =i}
s I ..n:HI

| +5ind# +cosle

i R ] _—
vHQE 'm”h ain 28 —cos 24 i el
P38l b sin 7 - cosll ]
wiQ ] | +5in @+ cosé v Z
-y
(i) [QP 2014) sec s = ———
N2+V2+ Zcosds
: né&F — 1+ sim 260
(vl LM Iﬂ']EI ﬂ—\llr]-bm;iﬁ =cotg
2 A ok 141‘

CO&—— 008 - e

,1.,...,|ﬁ-::m” 15 159 15

{xia) sin 2% 5in 48*sin ¢ =:B' o
5 +1 i a8 =50

(xx) e 42 —coxt T8 = 5

sin24 _2sinAcosd  2sindeosA cosd
|"'|'l.l{h1 |.||HH-H:]_tuEld—l__ll_l!in:A}_ .Zlhi.d' "':m
=cotA = LHS

sin 2.4 2sindcosd  2gindcos 4 sindl -

ﬁhmlﬂ_’.&#msjj:'i+12r:ﬂ.'-’-'l-l}_ Jcos’d  ecosd
= lanA = LHS HF e

{+sin28 sin” & +cos' @+ 2sinfcosdd

G)RHS=""0g70 ©  cos@—sm'@ R

(sinf +cosfy  (sind+cosd) |.+u-#
ot Dm0 cotf—sng I- wmﬂﬂlﬂl
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2.4 Multiple and Submultiple Angles
W have In preyious chapler L busid
Addition formula of sine and cosine for compound angles {A+B)ame
i1 sinl A+B)=smA cosB + cosA sinB
(n)cos(A+B) =cosA cosB - sinA sinB
Potimg A=Bm () we have
B0l A+ A)= DimA cosA + COEA sTA

—a BINE A = I COBA oo ieis e s ]
Aguin putting A=Bin (1) we have
cos{ A+A) = cosA cosA —sinA sinA
— 008 2A = COS A — SIPA e eeesesaaanas 2)
— 08 ZA =005 A - [ 1-cos°A)
e R L N T e (3)

= H1—smiA) =1 = |- 25 A .......(4)
cos 2A = 2oos'A - |
| 3 cos 2A = 20087 A ..oiinriissranssnans (>

From (1)

agamn from(4) 1-cos2A=28i"A . .......(6)
Ao we have fromm previouws chapier that
tan 4 + tan B
an(A+B)= ——————
| = tan A 1an B
And putting A = B 1n above, we have
tan 4 + tan 4 2tan A
nZA =——— =3 W2A =—————
| —15n Atan 4 I —tan® A4
oot Aeot =1 cot” A -1
In a simalar way cot{A+B)e= ——— = —aCOlZA=
cot A Feol Yoot A

Molez 1. |4sin2A = | +2sinAcos A
= sin’ A + cos'A 4 2sinAcosA
l+#sin2A = SInA + COSA )
2. 1 —simlA = |- 2sinAcosA
= SIM-A + s A = 2SinAcos A
1 - sin2A =( sinA - cosA )

Zan Acos A
A Bin2A =Tsindcosd = —
san” A +cos” A

.......................... (7)

Trigenometry
2sim Aons A 2umn A
et A _ coud _ SN
s’ A+cos” 4 sa’ A 1 I+=n 4
cos A cos” A

cos’A -mnA
cos’A +sin’A

4. cos2A = cos’A —sinfA =

cor A -sin’A | sin' A l
- —_cos A B e
cos’A +sin'A I+ si'A letan’ 4
cos A cos A
y . A
24.1 Corollary : (i) sind =2 gin - cos
A . | i | £ i
(i) cosA=cos’ 5 ~uw i:lms— > ~i=}-2sim’ >
Etm-‘;
(mitan A = —-'-i
l=tan’ =
x
Worked oul examples :

k!
ExL.(i)Ifcos® = 2 then find the valee of  in20, cos™ and tan?9,

h
(i) [QP 2009, 2015] I 1an 8 = . prove that & 00820 + bsin2B =
Soln: (1) We know sin 20 = 2sinfl cost

3 e ’I g
Citven m5l3=§. sind= J|-cos’@ = —(E}-zg
25inD cosh = 2 T .....,3'.
! i= . = Ju—n—=
Mow sin 20 =2sint ¢ T

87
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|
Joos Broos S 4+ cos | P -'
cos S0F - cos 5(F= 0 = RHS
yiii) LS o8( 12074 A) + cos{ TH"= A con A
= 2eon | P cox A 4+ ciow A
acosl | BUM— GUP o8 A 4 cos A

; |
= 2{—<cosOlFicos A + cos A = 2= ot A 4+ cos A

L

cosn A + cos A =00 = RHS

I LHS =tan A + col A = Sin A .|.“}"“ A _Sin” A+ o A

B o il

coxAd xmin A cos Asim A

| 9 -

cosAsin A cosAsinA4sin dcos A sinlAd + A)

= 2eofeciA+A) = 2oosee 24 = RHS

{ HS sinS4-=sinid4  2cosd Asin A
LX) LELS = = = - - -
" cosSA+cos3A 2cosddcos A A =RHS

3 _ sin A +sn f i+ B
Ex 4. Prove that (1) ] = LA —
cos.d +cos R 3
o =
-
i Xy & T 3 | _
i11] tan -2 =7 if cosx+ Ccosye - and sinx + sin v =
ns A+ B A-B
2RI oS
% .

e s & %3 A+ B
Proof: (1) LHS = Y _A-"H =tun "2 < Ry

2Cos- B
.l

-
Tuin T X=1%
80X+ Sin i - Fig [ g - |
Wiy = IR e XI+)
US4 00% ) T+ 3 = et B L
2 CO8 ——— pOs = 3 4 }
3

C -\-'Irr | ill'i'll

1
da | i

Trigonometry 185

Ex 5. Express dcosAcosBoosC as the sum of [our cosines.
Soln: dcosAcosBoosC
= 2coaA [ 2cosB cos( )
= 2c0sA Jcos ( B + C) +coa( B CI]H &5
= JoosA cos { B+ C) + ZeosA cosl B —
=c0s | A+ (B+C) |+ cox[ A- (B +{'H+cmiA+{B—CH+C‘NlA'"(B—EH
—cors{ A+ B+ Ch+ cos{ A— B -Ch+ cos(A+ B-Cl+ cos(A-B +C)

Exercise 2.3
1. Expriess as sun: ;
r1I1.'L",| Juin 6isin BO (i) 2cosS50 cos3B (i) 29in 40 cosBO  (iv) 2cos Bt sin 20
Ans: (1] cos20—cos 140 {ii) cos 80 + cos 20 .{,
(iii}sinl 20 - sind0 (v} sin 100 - sinbl)

#
2. Express as product: !
(i) sin 26 - sin BB (i) cos 120 - cos EB gxnujmfﬂﬂ—qm#ﬂ .
Ans. (i) — 2cos50 sin 36, (i) - 2sin)08 sin20 {1ii) — 2sin 68 sin2B i
. | y
3, Prove thuat: (1) sin L0F san m"ninm5m7ﬂ‘"=ﬁ ' - 1
S . 1
i} sim 10" sin 507 sin 60 sin ?ﬂ‘n-ﬁ .

4. Provethut (i) sin 18° +cos 18"= 2 cos 2T = 0

(i) cos$2® vcos 68" +cos 172 = (1]
5. Prove that cos40® + cos 507 + cos T0%+ cosBlP =cos 10" cos 200
6. Prove that 5in 20° +sinl40¢—cos 10" =0

7. Show that cos 20¢ cos 40"cos8(° =

S |

sin 75" —sinl15" _ 1

8. Prove that cos 18"+ cos15" = ?}'

T 3
9, Prove that sec( r + i ]Hﬂ:l*‘ﬂl"i’-ﬂ-ﬂclﬂ

a-8 k-l a+
_1[}.Hmﬂ.ﬂ:kmmﬂwﬂwm‘::hnﬂnn B =k+1-|:ut 3

T
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{x+ v) [(Xx—¥) x4+ v
2 i e oo
p COSY4OOEY 2 b 2 ey 7
(H)—=— - gy i it it ==
in.x + SO W . x4+ w =y . x4y
L ; Zziu'LTL ‘HWS( ¥ ':m{ )
2 .
s (X4 ¥
‘D’E-f" '}}
a a2 ¥ ¥
2
I.J'_'IE.?I+} ;1 X+ Yy
b’ —a 9 e L ST L
_jﬁ:+.|:|‘1 T4+ 'n:-'l'+_1r' i3 o 2 L PR

(1) sec (x+ v) + sec{x - y) = Zsecx
1 1 2
. — + =
_ﬁmﬂrai_}'] cos({x—y) cosx
eonslx — v+ mn‘.r#_}'j__::
cos{x+ y)cos(xr—y) cosx

ZCOE xoO% 2

==k

==

2 w1}
COs" r-sin’ y cCosx
-_-,act}E:tc:Hy.:mglj_nnr?
=008 x (1-cos v) =sin’ ¥

4zin? -“-Im;"‘ ¥
=o'y =— 2 — 2 cos? ¥
2sin’ 2 ;
2

Trigonometry 199

Exercise 1.4

; i=r
L. Il ot} =1 then prove that (i) cos28 = St
.

-

2 ]
() M= —= (i) an2=——

L+ i-r
2. Find the value of 5in28 codd8 and tan?8
4
iy If sinf 5 8 is in 2* quadrant
1
(apl cosb ——E.Ehhﬂ"m
W
Ans. (1) S0 ——Ii.m. ——E. =

4 -1
(i) sin20 = =~ , cos6= —_tm2B=—3

4
i sma=-:.m;m1'*qm then find the

0 e 2 1
value of sin I!nl:icu-l.i m?ﬁnu;g

4 5
4. (1) Iffﬂﬁ!ﬂ"".ﬂ?"g and —{a-ﬂhﬁhiﬂh*iﬂh-

|
(i) f2kos0=a +;tl‘l.‘l'l find the value of cos 26,

36 Lo+l

Ans, (1) 55 lll}—l'ﬂ?"

5. (i) Express cos SA interms of cosA .
(i) Expresstan4A in terms of tan A

G Prove thal:

{i1) Expresscos 4A mierms of sinA

|
|ii1:m‘ﬁ+sin‘a=it!uu’1ﬂ}

{i) cot - tan@ =2cot 28

———

T

g
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J5 =1

i

Wi have now sin | B° =

e e =W
u'-.'l-{mlﬂ':‘i Hmflr:."ll l_l"‘II Ii

i I
_ NI (541-245) _ 4104248

| 4

5.1 Jioezds
(v) sim 35%= 2 sin LE-LmIEr-::!_"L-—."' i

4 4
v _V6-2/5)1042/5) J40-3J5 10245
] - % . 4
vi0-25

% hcom 54* = com Ew—%'}:ﬂnﬁ‘:— e
4

sin 36®
{vm) an 35" = miﬁi
cos 36°= |- Dsin'|8* =1 zu”r—"i:f}==£.“‘ﬁ_‘3*-'.'5_]'
4 8
+5 4]
4

m”m]&:tm}ﬁ:# _tﬂ-;_,’ﬁ_ “‘,r;“h h\.lm..j,ﬁ
s 3 4 4 i'-i-*l

(Vi) mn 54° sun (90F- M= con W= Jﬁ : :
4

(In ) tan T2 jgn (Nr-18") = ookl | B* = ool
sn 1R

T ug comimmiariry

" (il =
+ 193 W5 =1_ yI0ed45
- Ll r
] 4 +3 -1

— o ——
cosit® 10+ 245 mjj_-!, yi0s 245
wun IR 4 4 F_.F—-l-'

2lcol [9° =

1
ExS. (i) Findthe value of  acos — b 675
32
() I sinz + smy = o and cos v+ cos y = b then prove
N -g
C0A X 4 ¥) ===y
L

(i) If sec (x + ypesecir - v) = Inece prove thal cos 5= ﬁﬂ":’

Soln (1) 0. Here we apply the formuls | » cos 2A = 2ooe”A. Eqguivalently

"
L}
ry
&
=
il
|.-.-
-
*
bt =
(]
L
-

Lasly oo 3= |—=18=T5¥

I 1 T 1
s w67 e A10[90° - 25 Pi=c08 22 Pecos T =S NI+ 3

1L

P T




04 An Tntroduction 10 Polytechnic Mathematics—1

| W a4 ] "rl;i"'l-

R T

Ex 3. (i) [QF 2009] Express 1+ sin g as a perfect square
(i) Express cos 4A in terms of cosA.

; (L]
(1) tan gr = = lan =
i+ | 'ﬁ

St ] Show thal +fi =

[ N & &

o
Soin: (1) 1+sin g=|+2sin o CO& = =§In" — +008" - +25i — c0s

|
R -

- T = F =

: . ¢ ¢
= l+sing =(sin3 +cos< )
(ncosdA =cos 2 (ZA) = 2c08"2A - |=2{cos ZAP - 1
=22oos A =1 ¥ -1
2( 4cos'A - 4cos’A+1 )1
= Beos“A~- Bocos A + 2 -1=Beos*A - Boos A +1

£ W
I

m
L)t o =
Ity 4

H ] I'I_.I":i"'

+1 2m+

m |
e+ p ma+l 2m+1

We have umia+8) =

l—tanatan ,_ ™ I
m+l2m+|
4 milm 1)+ (m+1) 2m” +2m+1 T
A 2m+INm A l-m 2 20’ 4 + 2+ | _ [uﬂ';
| .1nﬂ-.f1-+ﬂr-tnq:::ﬁg-.fj‘='.1.
Ex 4. Find the value of

1) amd™7 '! oo -:mf"”-l §e i1 i
3 Sin(227 ) (i} 2017] sin 18 (ivicos 18°

:m{;"'_f';“ i:-]i;:;ﬁ Hi:d‘ (¥i1) tan 36° {vili) sin 34"

e

Trigonometry 195
'I !ull."TI“ TE."I? -cm'?.l_”
Soln: (i} tan(7 <y = ? = - 2. sin 15"
E cos7 EcmTE L‘mT% I+ cosl5

sin(45" - 307)
" 14+ cos(45° - 307)

5in 45" cos 30" —sin 30" cos 45°
l + cos 45 cos 30" + sin 45" 5in 30"

I 43 11
-Jr v-1

J' 3 J,.l “1+3+242

s -
@ in22 ) csing S LA

3545

{iii) To find sinl8" we procesd as follows:
Letb=18"
= 5 =P
= sin 28 = sin{90* - 38~ cos 38
= I8infbcos 8 = dcos 8 -3cosh = cosh( 4c0s 70 -3)
— 28inB = deos B -3 (-+ cos B 20)
—=4cos B -3-Ism@=0
= 4{1-sin ¥)-3-25in0=0
—> 4 - 450 ‘E—E—Iﬂnﬂ=ﬂ
—4sin’B+ 2sin@-1=0

~2+J4+16 S5-1

= sinfd® ——— g T 0<B<* —sinB>0

P LSS
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Trigonomet 193

an A+ 2sin Acos 4+ 35 4-4sin’ i £ ry

~ cosd+2cos A—14+4c08" A-3cos 4 ] ] |
' (xvi) RHS = —re—e— R

daln A4 2on dome S ) i\ 2costx \1+42x2cos'2x

= 2cos’ A-1)+2cos A(2cos’ 4-1) : :
: = _,l_"' =T - =sec 1= LHS
dsin A+2sin Acos A=dsin A+ dsinAcos” 4 74 1:.4.15..1; J2x2cosy 20085

e i s SnO-VI 520 _sing—(sind +cos0) _ ~eos@_ |
Vi LM = - et
25in Acos A+ 4sin deas” A cosf — o1 + &in 28 = cost - {muﬂ+mﬂ] -sinf

= — e = RHS
(2cos” A-IN1+2cosA) H
x dx Bx ldx

Tan A cos A1+ 2eos .-T} .."jl"l Aoy ‘f sin2Ad (xvini) I'ﬁfu!"_q"m_m |5 m_ Iu
=3 o B 53 = lan2A =RHS '
(2cos® A—1)1+2cosA)  (2cos’ A-1)" cos24 v 8« 4 M4z :
—dl_’cns—l:us- T Jtlﬂ.mEL‘m F.’I b
5 wiye T — '?'l; i :
{xiil) LHS = - ——-Lml : .J- “n‘.l , 10z tr 18x 10z -
5inl0”  cosiO gin 10" cos 10 = 4{cos l'j_-l-LLlﬂ-_'H'Eﬂi TH T ]
: B 2 i Ty == ‘
_-I[Ec._-:.l[] > sin10™) _4sin(0" ~10°)_4sin20° . = 4{cos( 7 — = Heos( 5 m}}[mﬂ: 10 oo P .
~ 2sinl0"cosl0 ~ . sin20"  sin20° | |
=4(-7 +sin 18 {(-cos 36 C S}
: |+ sin 28 + cos 280 J' 1 JE_H
N S = sin 20~ cos 26 ~ 3= 2sin 18%)(1+cos 3671 2= Lo :
g l+..:-.:|ﬂ-EJ'1_mfi-r___-:_._uw E’J‘ 1 3 \E 3,_,,_;1_;-
- 1-..5m4'?m:.[i'—]+"5m Pl = “2—" 2 =1=RHS
2sinfcosé + 'J.._m'.u JeossmE+cost)  cosd ,..r {xix) sin 12"sin 48"sin 54*
e e — _—— =cot g =RH: _ ‘
?sinPcosf + 2sin’ @ 2sinfcosf+sind) " sind il (cos 36 cos 607)sin 54
ae V1SINE —cosf (| —ensH) +sinl : .
(%v) LHS= = - b
| +sinf +cos® (| +cosd) +sind 1' lf’_""l_l_]ﬁ:;l-%rﬁ_ln"E'I'u]q%-m-ﬂ' see Ex 4.
2 4 - 4 4
i o o B X fl - - Lol . [ _41-1_ 05 TR
=51n - <80 - cos - 2 sin _?1_"_1'”1 = Hoos—) a {lt}Em:_cu;-Imm!}ﬁ. i ﬂm{Mﬂhﬂ[&—E}=m:A“d“:B
— . W a——— = l.m"RH"'
o] ! . i il - [/ I I
200 tesmn_cos . deoos LS _+cos )
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L R B W - e
l.MhIILl'IS:imE+mE +sin > cot Acot B-1 T+ S
= entres ~mE
B+C Ca+d A+B A B C x
=Cos——— +cos—_ +008T (F+5+5=3) =m1ﬂl-1 !:
o cot A+eot B catC :
B+C C+ A4 A+ R =mmml 11=¢
=cos X +toosY +oos (X= o S Lo - e
z
= I+lﬁn% sin %mi sceEx liwii) hereX +Y+iZ= g
%I+C _C+A _ A+B
=1+ a sin 2 £iN F
-4 w-8  =xC
-l.+-h:i|.‘. sin— sin 2 =RHS proved.
(xv) From Cor (i) of 255w have
A (e e - L
= 4tan — +tan — — tan —tan —tan
A e BNy e 3
3 2 2 lus_hg._mgmd-mlm‘: 2

. . C A A B
=an > tan~ +u|1|-2+un1t-1-l proved.
BLIEAM=§ then prove that

(1) cot A+cotB +cot C=cot AcolB cotC

() QP 2011] tanAtanB+anBlanC-HanCrlanA=|

(ﬂhﬂh+ﬁ=n+iﬂc+ﬁnm=l

Proof: (i) Given, A+B+C= E - A+B E% i _-_m(lm]-m{%-
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g
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fix) LHS = cos"A + cost B + cos? C + 2oosAcosBeosU

1 s
= = (2c05°A + 2c0%" B + 2cos” C) + 2cosAcosBoosC

1
= :{1+:ma 2A + 14 cos 2B +1+ cos 2C ) + 2cosAcosBeosC

]
=5 +5 (c0s2A +c0s2B + cos2C J+ 2cosAcosBoosC
3 1
=—4+ ;L_]mﬁﬁmﬂcnﬂ:—]HMﬁﬂﬂﬁcrﬂc sec Ex 1(vi)
= % —11 _ JcosAcosBeosC + 2cosAcosBeosC = 1 = RHS proved,

(x) LHS = cosA + cosB - cosC
d+ B A-B

= 2 % - 3 9% 3 —cosC
; A-8B C A+ B x
=2$:n£;m5' 3 - 1+ 2 sin*— [cna—'l—=ms{? E]—sm—]
C A-B C
—Imn—l::us—,'—+un,}] |
C,__A-B__ A+B
= 2 5in 1::::5 2 + cos ]-
C A B A ' L £
=14 2sin — 2008 cos 5 =1+ 4cos 5 cos 1-:.:.—-—&115 proved
LHS =cos = E-l-mu{—
(x1) m'il-l-m'i_l -
- B+C C+ A A+ 8B A B E-ii
=5in 2 + §n p + 81N 2 [1+2+'1_1
B+C C+4 A+ B
=sn X +sinY +smn 7 (X= _;{."rf: ; ‘z-:-'i—']

Trigoaometry

X ¥ F 4
= 4008 — CO8 - CO8 see Ex Hiv) hee X +Y+L=x

= d

__kmﬂ'ﬁ_' L_+_.-l rH-_ﬂ'
4 L=k 4 oo 4

x—d r B g=C
i = 2 cm-d— =RHS 'F'“‘-
(211} LHS = sin{B + 20 sin{C-+ 2A )+ sin{A+IB)

=sinl 7 - A+ Chesin{ x - B+ A) +sin{ - C +B)
=siA—Cr sin(B- A}+ sin (C-B)

= CO%

B-C____A-C B-A p-C__ B-C

-
-

=25 [

(xiif) LHS = =22 = * S dsinC | s Asin B
ms[n- i_ﬂ'+{'l'_l cos(r— (L + A)) cos{x —( A+ B))

~sin BainC smCsind — sadsnl
~ (cos Beoog( —Sm Eiilifl+ ‘{mcm‘-ﬁmﬂ
& sin BsinC sin(” sm A
- (cos Acos B —sin Asin B)
E ] 1
sin A sin B

— 3 cotBeotC + cotCeotA+ cotAcolB)
=3-1 seeEx L)
~ 7 =RHS proved.

e g —

S e 0

CE Lo
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=lan (A+B) =tmm(x-C)

tan 4 +tan B .
A
= lanA + tan B = - tanCC({ 1= tan A tan B)
<A+ B=— anC + A tan Ban C
= tanA + tan B + tanC = anA tan BranC
Muluply both side by colA cotB cotC we have,
colACOB cotC (tanA + tanB + 12nC) = colAcotBeotC (tanA_tanB.anC
= colAcoB + cotBootC + cotAcotC = | proved.
(ni) LHS = sm2A +5in2B + sn2C
= 8m2A +sm2B) + sin2C
=2sin( A+B kcosi A — B =+ 25inC cosC
= 2%5iniC cos{A - B ) + 25inC cosC
= 2smClcos(A - B W+ cos C))
=2smClcos(A - B)—cos(A+ B)] [cosC=cos| 1—(A+B)= ~cos{ A+B)|
= 25iniC[2sinAsinB] = 4 sinA sinBsinC = RHS proved.
(ivi LHS = sm2A + 5in2B - sm2C
=sin2A —sin2C +sm2B
=(sm2A - s5in2C) + sin?B
= 2oosi A+Csin{l A- C) + 2sinB cosB
=~ loosB sin{A — C) + ZsinBcosB [cos (A +C) = cos( x—B)=-2cosB|
= 2oosB[sinB - sm{A - C))
= 2e0sBlsn(A+ C)—sin({A —C)] [sin B =sin [ 7= (A+C)] =sin{A+C)]

= 2oosB[ 2cosA sinC | = 4cos AcosBsinC = RHS proved .
(VILHS=simA+sinB +sinC

A+ B A-B i :
=25 - Cos :—-n-ll:in;-rns
A-B sols C A+ B E
'2— +Emn§ curz" [sin— =.~'.in[-£—

[sin(A+B)=sin(7-C)= 5in (]

hjl"-'::

Trgosometry 203
& A ] A B C
v!r{niilcmi :uij"mi micﬂ-!-m proved.

(vi) LHS = coalA + ¢os2B + con2C
=2 cosiA+Bicos(A - B 1+ (2cos'CT- 1)

= ~2cot Coos{ A-B2e08’C -1 [comi A+By—conl x - Cp= —coaC]
= —2eosC (cos{A—B) — cos(C) =1

= ~2eosC [cos(A-B)ecos( A+ B)] -1 |- cosC' = cos{A+BY]
=-2eosiC2comA com B -
=-kﬂﬁ¢ﬁﬂtﬂ:—!=mﬂ “
(vil)LHS =cos A + cos B +com C
41+ 8 A-B
=EEH_;"¢EE 3 + coslC
C A-B . A+B = E E
= hincos +!.—'h-1'£ oo ==~ 5#1_1'*:]
C A-B C
= 2sm— feos—— —nn:-;]ﬂ
£ A-B A+B
= 25in leos == c T 1+l
c,.._A_ B A B _C
= 1+ 2sin ;hinam'ilhllh!:hlﬂi:m proved.

(viii) LHS = sin*A + sin’ B+ a0’ C

RN

ll_mlﬁ.-l ]-Eﬂm'l"—:ﬂ )

bl | =

:
:
k

e Bk S | L

1

1 AcasA cosBoosC -1)  see Ex 1(wi)
7
42 scosBoost = RHS proved.
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1
iy lanAdcotA=2cosec2A (iv) cos™ + sin™ ]H-+ Jcos?20)

| A A . sin3f cosd

(vicotA= :'[ml:?—laniz- (v1) Et‘? L'u.‘if.-l;-. P

L R OL. S SR LY
Y l-sinx 4 2 ; 4

'|Lq'ir|f‘-||:'|:'l-"1'|!"l| | +cos i

(ix) 5 ;
| = sin i —cos sin &

cos A —sin 4 sin 48(1 —cos 2H)

1+5in26

cos 28

T I
(xjtani -I+||_':|| btani 1 - =232 4

[xjj——————mgoc2A —tanZA (x1) _—
= cos A 4510 A

A Ll
7. Iftan = =1, then prove that sinA + A = —7

L T

* W

1.5 Trigonometric ldentities

Many interesting identities can be established for the relation amongst three angles
of a triangle. To establish these identities, some necessary properties of supplementary

and complimentary angles are required
If A+B+C=nx
then B+ C=7-A (x =180
saB+C)=5m{ r—=A)=5nA
~cos(B+C)= cos{xr- A)=—cosA
lan(B+Ci=tn{r-A)=—tanA

L Similar result can be obtained for A+C=r-Bund A+ B=x-C.

Agein A+B+C=gthen B+ C=7-A

A B C =
g -

ot A

"izt'mifd out examples :
Ex LI A4B+C = x then prove that
() [QP 20131 tanA +tanB-+tanC = tanA tanB tan:

cos 2601 — cos 46h)

____--IllllllIl!lllllllﬂl'lllllllllll

Trigonomeiry 20

(i) cotAcolB + cotBeotC + colCodA = | '
(il O 2009, 2015, 2017] sin2A + sinlB + sin2C = 4sinAsinBsinC
(vifQF 2011, 2014] sin2A + sinlB - sin 20" = 4cosAcosBeinC

A a2
(v QP 2014, 2015] sinA + sin B +sin C= 4cos E mi ml—i
(viicos2A +cos?B 4 cos20 =— 4casAcoaBeosC -1
A B
{vit)cos A +cos B +cos C=1+43m 7 sin E’“E

(vi)sirtA+sn’'B+an'C=1+ TeosAcosBoosC
{ix) cos’A +«cos’ B +cos” C+ 2cosAcosBoosC =1

B C |

(%) cosA +cosB mwﬂz—iﬂmu*:-m—fm—:“ |
_ A B C -4 x_8 S
(xi) cos 3 +|:mi+cn5 I=-ﬁ=! 1—1:%—-‘ CO8

- B—C  C=4 _ A=B
{1ii}ﬂﬂ+1{f]+5&lﬂ(f+lﬂ}ﬂilﬁﬂ+?ﬂ}=4ﬂn - sin =3

2z
cos A cos ﬂ___ A nnsii'__l
(eiii) = e *sindsinC - sinAsinB
A 4] O -4  =—-8B: r=C
L:iv}sin;ﬂin—+m—'=l%4m—'—ﬂ—"—ﬂ-—-—

T 4 4 B

A C. B €S
{nu‘lm—ltm—iﬂﬂﬂgmiﬂﬂﬂ lan > =

Soln: (1) Given A+B+C=x

—A+B = -0
—= Lan {A+B) =tanf{x-~C)

tan A+ mn B
= |-tan Atan B =—tant
jmﬁ+mﬂ=m1mﬂll—lﬂhﬂm
::tnnﬁ+unﬂ=—mnl:+mhtmﬂmc
-_-,:nn.-x+mnﬁ+mnl:=rmnhtannunc proved.

(i) Given A+B+C=x — A+ = 2-C
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“lx —tany = m—'H‘“
I 1
ﬁv}lu-'z +t-r';
14
-+ 2 3 = x
= lan I_l!':- 'E- -_Hl1=I
23 6
2x
293 Corollary: (i) lf x=y, then Ztan'x -H"'"I—':'—
) fx=y=z, then h-:-un-'ff;::

Ex 3. Prove that (i) sin-'x 4 sin 'y =sin {x. - y* £ yfI-1'}
(i) cos™'x + cosly=cast (Y FJ(1- N1~ "))
Proof: () Let g=sin'xs - sing=x = cosg = Jj_o
and o =sny =:‘un=_1'=am¢!q‘l.——yf
Now, sin(@ + @ )= sing cosg + cosasing
= yli-x" txfiy”
=8t a=sin'(yfl-x +xf1-)")

= sin'x 4 sicly =gl yi-Paxfisy?)

(i)Let g=cos's -cosg=x =ﬁiﬂ=,ﬁ-:’l.

and @ =cosly =CMa=y =sxin ﬂ'-!:,"ﬁ
Now, cos(9 + @)= cos Peosa T Iinﬂnnqr

Trigonametry -.;:r-.-: =

=X ¥ Jl.-r" ﬂ‘l_’i _I.E:-' .I';«r

=0ta=coy Efiog =y ) o o

= c08'x ¢+ cos'ly ltﬂ!"'{-??ﬁp 'E?H: ,
o s s

2.9.4 Corollary: (i) If x=y, then 2ein'c=sin™
G x=y, then 2cosx=cos! [x* -

Ex 4. Prove that (i) sin”'(-x) = - sir'x "'*__.a.._* o
(i) cos(-x)= s—cor'x RS

(i) tan~( - x) = ~tan"'x i
Soln:G)Let sintxy=g ol be S
S -E= NNY DEu—-NNG = ) LA

#
¥

= siriy=-g o g=-dly =
= sinl-a)=-sirls S0 e
(W) Let cos¢-)=¢

== X = S0 =] =
x=—cosf =ﬂﬂi#-ﬂ-' :
= ook lx= r—#l— . :-1'.

= § = x-cos'x

= cosl(-x) = x= u-t"#mu
(i)Let an'-g=9
= ~x= ang = rE-

= tan'r=-g =@=

- G-ty roved.
Eli.hmeﬂmiilﬂﬂi‘,r:m:,_ 2R

Proof: (i) Let g=sin's i
How: a3 d'ﬁﬁ"""'
= fnlg=dx- & -k

= ]'a-m-ﬁ :
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sin 7 X vi-x
In a similar way, tan @= =T and col = ——
coslé?  Jl-x° X
| |-z
g=tan" — =cot™
Wl=rx .
" 3 | .I I' i X
g=sin"x=cos”'yl-x' = cosec'— = sec pr—— AN —
X =S = |
vl-x W=
=
Worked out examples ;
i L R
Ex 1. Prove that (i) sinlx +cosixr= — (i1} cosec'x + sec 'y =

o
(i) tan™'x 4+ col'x ==

Proof: (i) Let g =sin't v M f=x=cos ( E ia)

- g=cos'x =

pa |

= g+cos x=gmx+cos'x

b |9

(i) Let g=see'y - 58cH =.r=1:'mﬂ:{';£—ﬂ]

T
i . -1 i - P
5 =8 =cosec™ x ::.?-ﬂwrmm:'::ser‘.t + cosecT'y

(i) let 9= tany Lang =1--_—.;m{':— -8)

n

- T - L II H
TS0y = = g oot r=tan's + cot'c
I
m.m“_,;=£ L_m.l x “n.i+ WA o
£ L] -_“ll- R c ____ _=_
6 7 3 Rl R
EX 2. Prove : I
rove that (i) tan 'y +Hlan 'y = AL

= [y ———
I-xy

]
{(vI[Q.P 2010] sin- I- cos! :

-

-

proved

]1|1'|-'|.'1‘.‘1.j

proved

anf‘d

Trigonometry 23

- ; I+ V4I-X7
(i} tan'x #tan'y + tan 'z = tan e ——

1 1 =
I t —_— o
(iid) tam™' x — an'y = tam™ 1+ twm.r:l-u;-': -I-ﬁr'a -r—‘

Proof: (i) Let tam'r=a and @G@n'y=p
- x=1an @ and y=tmf
tana + tan fi

MNow, l-an':.ﬂ+ﬂ}= l—uﬂ'm.ﬂl ’ ]

jy=tm _I+

T+
.'.un{t:rh!'l"]_;, =la+f 1-xy

T+¥ proved
tan~'x + tan'y = tam’ i

1—xy
(iLetan's=a; Wnly=§; sd wriz=¥7"
— y=mnf; and = z=107;
tan o + tan fi -+ tan ¥ — tan o tan § tan ¥
Now, tan (@ + B+7) | “gnetan f-tany tana — tw fny

:IFIM-EE

= X+ yHI—nT
Lar fry I-xy-zx=)3F

.‘.—
LI+]I =Xy . wﬂ

— tan'x + lan v+ tan 'z = tan” |=yz—x=-%F

(ii)Let an'r=a  and ey
o &= landg s y=tmp

tan & — tan

Now, tn{a-#)= [ipnaunp
=¥
wn(a-p) = Eo = (= S
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—;?mnmma — C)- 2o0sAcos(B+C)] + |
[cos(B+C)=cos(— A)= cosA]
= cosA [cos(B - C)<os(B+CY] + |
= 1+ 2cosA sinB sinC =RHS proved

uijﬁ"+-lﬂ'+ B4~= 180"
B B

A
Hence by result sinA + sin B 4 sin C = dcos Scos 5 008y we have

sin 56 4+ sin 40F+ sin 84°= 4cos 287cos20° cosd2®
Exercise 2.5

1. If A+B+C = x then prove that
(i) sin'A +sin’ B -cos” C= |+ 2cosAcosBoost

{ii)cos”A +cos” B - sin? C+ 2cosAcosBeosC =0
{in1) cos2A +coslB _ o 2C = | —4sinAsinBoosC

: : A B L
Gv) smA +sinB-sinC= -Iﬁm-i sin? mi

(v) sin(B—A+C)+sin(C-8 +A) +sin(A~C+ B)= 4sinA sinB sinC
B C A 5l A0

A
[vijool E+mz+mz=nﬂ2m!mz

(v} t-1h+u-IB +tan2C -ﬂﬂuﬂmﬂi

A Ji] "
{(vin)cos -:— +¢ﬂ’ -—ml’— = !ﬂlim-i'un"

sill.l+.ﬁnﬂ+nllf R S ot
=fsin— siaT sin

sin A +sin B+sinC 2 ¥ AT &
(x)cos?2A +cos* 2B —sin* 2C = 1+Imn2ﬁmlﬂmﬂ'ﬂ

L1l A+B+C =0 then prove that

A I -
ﬁ} cosA + cosB + cos(C = mi m:-‘:m-.:_!.- ]

(i) cosAcosBeosC (tanA + tanB +tanC) = sinAsinBsinC

2.6 Inverse circular fonctions £ ke e 1

In the equation s} =x. 8 is such an angle whose si
0 canbe written as. sim* 1. The symbol sin® x is
Note: 1. The subscript ~1 huﬂlu-,-

2.8 'x 2 (sinx"
3 surr':umangk,mﬂ“ m

We know that there i:m?

1 -
Thusifmnﬂn-' Mﬁx]”" e

ﬂ:m'ullnlmmﬂﬂ
jRi

-
-

valae and \I'E-Id-upt'ﬂm'.

ﬂnmmu&mn v nmeTically e
it is custormary to take the posity - mghc
cos™ x, tan x, oot :,un*.ﬁg

Circular Functions, 'I'.Iﬂim
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a sirfA+sinfB4+sin* C=4- 2eos AcosBeosC
b sin (A + B-Clsin(B+ C=A)+sin{C+ A-B)
= 2eosAcosBsinC +2sinAsinBsinC
(il If A+B+C =360° then prove that
|- cos’A — cos® B - cos® C + 2cosAcosBoosC =0
iivi If A+B+C =0 then prove that
cos’C + cos® B — cos® A= 1+ 2cosA smB sin(C

(vl Prove- sin 56° + sin 40P+ sin B4°= 4cos 2B°cos2UF cos42®
. sin B sinC
Saln: (iYa. RHS= tanB +tanC = —— i B cosl

sin BeosC +cos BsinC :; sinl B+C)

given  coSA = cosBoosC

o - cos BoosC ~ cosd
[ sin 4 » . X
X - =tanA = LHS [GivenA+B+C =g =B+C=7-A |
il s
cos Beos O cos A . o
h LHS=cotBei C = — T ——  (siven condition
sin Bsin’  sin BsinC
—cos{ B +C) cos BeosC smma{
~ sin BsinC =) sin BsinC  sin8sinl
. =—col BeotC+ 1
1
— 2eotBeotC=1 =cotBeootC= - =RHS proved,

4

i LHS=sinA+sin”"B+an’'C

|
= —(2sin°A+ 2sin” B + 2sin’ C)

|
= (l-cos 2A + |l-cos 2B +1-cos 2C)

|
—= (cos2A +em2B + cos2C )

3
2
3
33

- EIumM+Bh:m{A B H(2cos'C-1))

-

[ rigomometry 209

[2c08 Coosi A~B H2cos°C -] [cos(A+B)=cosC]

[ZeosC (cosi A—B) +cosCh—1]

-— e = el —

pJ | Gl bl | Lal Bl | A

- [2c08C |cos{ A-BHcos(A+ B)|- ~1] [cosC =cos{ A+B)|

¥ =
=3 +5- 3l12c0sC2eosA cos Bj=2 - 2cosAcosBeosCs= RHS

i i

b LHS = sin (A + B- Cisin(B + C - A)+sn(C + A—B)
=ginD+4in(B+A+B-A)+sin{A+B+A-B)
=gin 2B +5in 2A
= 2 gin (A -+ B) cos (A - B)
=2 gin C (cos Acos B + snA sin B)
= JeosAcosBainC +2sunAsmBsinC = RH5 proved

(1) Letus compule costA + cost B + oo C
cos*A +oos' B +cos” C

| .
= —{2cos*A + 2cos’ B + 2c08° C)

—

- {cos2A + cos2B + 2oor C+2)

% [2cos(A+B)cos(A -B W+ 2cosCoos{A+B)] + 1

lmﬂﬁ-lﬂml;-ﬂhmc]
= cos(C [cos{ A-BHcos(A+ Bil+1
= 2eosAcosBoosC + | -
Mow LHS =1-cos’A - cos? B - cos? C + ZcosAcosBoosC
= l--:Ecmﬁ:mBmsEH_HW:u:m proved
(iv) LHS =cosC + cos’ B —coa" A

= ]_'I-sz:m:!: i M:E—Iﬂﬂitﬁ]

=L (cos2B +coslC - 2oos’ A +32)

o s =
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L]
| ]
L

l+x Frigonometry
[ - @ = cos"'x = Joos™ = (2) 3 J_

@ {iii}hﬂtm"xltunmc-'lztmun-l
2sin® — - =
s I % l-cosé & L I 1 =
=1ex 1rcol e g = tan’® 3 sim (ol EFMEW'JFH:miIﬂ*:.' oA
: tn[mr.t‘.l"‘s-in[ur'-h = =
k ;|
o b e
= § =cs"'z =2 tan" == (3} = MI-x) =4 %uF=3% =u=-"%
From (1), (2) and (3) we have "
g i : (v}cm—11+mr'1¢nmr'-x::h+-ﬁ
ﬂm".r=25in"1’— = Joos™ =Itn"1||-=1 =
2 2 l+x T : .
cu'l'":+nﬂ"'14'!T =cor! ™ -
Ex 15. Solve: (i) cot'x + I:n"ﬁ:% (ii) tan~'x =cot'x i
: =2+ 3Ix-1=0 = i
{(v}cos'=+cos’— =cox'[ —>——

5 12
(v) cos'— -Hmr‘— =

5
|

—+3
Soln: (i) cot~x + tan*3 = tan — +m43=m14-£—-.m-lx+; ' mmmf'i*‘w'%'g
-2 e
x _ 60 Vi - 25K —144)

T
cot'x + tan*3 = — = lﬂ"_"'-=§ —r=3=0 * =
=y=7 Solved I
tan'x = L x x
(i) tan"'x = cot'y = I-H"': :ﬁln"xl'i' —x=tan—= 1

4 ' i
Solved ! :



s |
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! H 3 i I
= 4 lan = Lan
{1z} tan 4 5
PR | s - [l+x -
(x} cos'x= 25w s o087~ o =2 tan! :
2z < + I

Proof: (i) LHS = sin (cos™'x)=sin (sin™ /) _ ! )= J1 - ¢
=cos(cos™ ..|'I|-_ o )=cos(sin"'x)= RHS

Prﬂ‘.cr_l
1 x—y l
F.nlI.H&:t&n“r--lan"_v:ran"H - =cos™! p— -—
Y 1+n
. I+ xy :
=cog! 5 - =RHS Proved
-..||[{1+.rl}l'|+_1-"]
|
I x4 I
(7ii) LHS = tan-x+cot-'y=tan-xstan- — =tan — 2 = tan 27" ~RHS
] 1_x Y—x
|
| | S
(v) LHS = tan 'x + cot '(x+1) = tan"x+ tan-* —|=iln" Ll
4+ X
bl
x+1
=tmn (1+ x + %) = RHS Proved

{v) LHS =tan (tan'x + lan~'y + tan'7)

:;m“£ i E -0 oo !
7 —Corx)H 7~ cot yj+(5 —cot ') )

-
=tan(r + 5 ~{cotx + nn"_-|.-+m_r'_;_-}}

r
=IM{E_ (cot™'x + cot'y + cot-'z))

= Cot { cot™x + cot'y + cot's) = RHS
{(v1) LHS = sin cos™' tan sec'x = sin cos tan ety =]

= %in cm—'w'ﬂ-':—_hstn [ wirr [_1-{-;'.:’ -1y}
= gin gin' o _ 2 =J2_ =RHS Proved

- 1
(vii) LHS = tan —— 4 ' —O L
a+h & +ab+l B a
1__+_ 5o
= laar)- a+h g’ +-|'.I'fl+'| o g rahelLabs b’
k= : X — P ofa’ vab+leah+ b y+b-b
a+b a' +ab+] :|'
1 ]
= tar’ —=RHS ; Proved I
ir i
= h=¢ e=d
LHS =tan™ . . -
) - |*Hb+w Tebe 14+cd i
= (Lan~" @ — tan™'b) + (lan~b —tan~'c) + (e - ur'.;l] . i
= tan'ag -wn'd = RHS Proved
i
= -3
3 4

ik - .
{ix) LHS =tan™’ e mr‘j = tan! l 3 =tan 'I=RHS Proved

Tl T+x i
(x) cos~'x = 2sin™ J 5 lzL“"J 3 JH
@

Let coslx=  —Eg=x :l-—rul-m,p-i_in'-:-

re-
I
= |
:T LA || Lad
o e — R R

I-x
— § = cos"'x = Jein™ T (1

i

=1 e’
Emﬁ::" —_-.IJIIZI"':'ME =
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2x

2x
tan 2 g= T =28 = Aan"'x = tan "1 —
: =X
Thus from (] ). (L) and (3) we have
‘.
2tany = gim —— = ']

+ X A l+x° -2 Proved
Ex 9. [QP 201 1] Prove that tan-'x = sec™ J1 4 x°
Proof: Let sec'sl1+1° =z = =

We have 1+ an’r= secis

= l+mn'z=1+x?
= lanfr=r S nis x = r=tan'xy
= @mn'xr =sec' Vi+ x” Proved.

l+x _ . 1-»
Ex 10. Prove that 2tam' —— + sin™ B 3

I-x | +x~

Prool: Let x=1ang

l+x | +1and x T T
Now, 2tan s Ztan W MNan |I=|n[4+#}} 21 4+¢',Ilj| 2+,..5.|

=Y -"I-HJH - i e n
J‘-Elln.m""“__‘.zmn I‘+‘m;ﬂ=ﬂﬂ'cﬂﬂ:1ﬂhﬂﬂ [mu{'-i..._ﬂj];._i._-zg

l+x -y = n
Now, Z2tam™ o +sir‘:+i._,: :]'-+2ﬁ+'£ -280==n proved

Ex 11 I siv-'x + sin'y + sin"z = & prove that
- *yfl-y + 2 I- 7 =22
Soln: Let sir's= A = x=sinA =scosA=J]_ 7
sin'y=B = y=sinB ==rcmﬂ=\flh:p?

sirlz=Coz=si0C =cosC=fi_-

Giw.:n- s +smly+giniier = A+B+C= g
<. Sin2A + Sin?B + Sin2C = 4 sinA sinB sinC

Triganamerry

219

=5 25InACos A +L5inBoos B+ 2%inC i i
: ool = o
= SinAcosA+ SinBeosB + SmCcoslC= 7 _‘:‘-ﬁ“';ﬂl::ﬂ:

= xdl-x +pfi-y *ifl-F =2m proved
E:ll|UFH]I,I||~'1T,¢|=M‘,EMEI.15T.1!_“I_.% 4
i

L 5'.'
e L R 4 Y 12 4y
Soln: sinf sim' —— == = —f = — il s
i Thi 5] sin | s lj [H] i“ (5]]

[sinz+amly=smy Ji_ 27 +;',|.f[_r1' ]
WA B -
sG55 e =g el
Ex 13, Prove that cos(2 sin™ 1) = 1-2¢°
Proof: Let @=sin't - sing=x
Now, cos 28= 1 -2sin’ @ = |-2¢

= cO8{2 sin'x) = -2 Proved
Ex 14. Prove that

(1 )sim (0o xje=cos{ s 1)

1+ xy
J+ 23+ )
o+l
_b"'I

{iv) tantx + col (x+1) = tan {l+xsx’)
(v) 1an {tan-"x+tan-'y-+an-z) = cot { cor 'z + ol 'yscor ')

(vi) sin cos mn sec- =7 -

= - i 'l-—h—-—=——.-‘4'l
( wii) tan ‘m ey e ) a

(ii) tan'x — tan~'y = cos™

(i} tan~" x+cor ' y= lan™'

L a=bJb-e o S8 S
{mmm"m“-l“h*“ | +ed

e

o g o

5

o -
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- 3 gin 'z = &M i 1x — 4x') proved
(i) Let @ =cCOF X s COsff =X
Mow cos3f = deos' § - 3cos
— cos3 = 4x' - Ax
—, 39 = cos™'(4x' - 3x)
. 3 cos~'x = cos' (4x" — 3x) proved
(iiiLet @=tan'x , tang=x
_ Jtan & —tan’ &
Now tandfl s——— 5
1-31an" #
3x-% 3x—x'
— fand g= _I——'it_' -3 = tan™’ 1—_¥
. T'I-.t—.':'"_
1=3x
Ex 6. Prove that tan™ 2 = sim™! -‘j = COS l%
12 13 13

proved

— 3an"'x = tan

]
Prool: Lat |I_'il=l.=m"ﬁ + tamn E:F ] d - 12

sin# cosé l':fiﬁ:fphmct?ﬂ 1

Shs Tz " et 18
-, 8in |'.'.-'=i and uu&.!i'=E
13 13
ok L U BB L
: 12 T T proves)

3 1
Ex7.1Q.F 2013 IfsinlA-B)= l: and cos(A+B )= I,I-} then find A and B.

TR . I 1
Soln: G - e 3 ;
oln: Given  sin{A-B) = o % A~ B =sin™ —=sin"'(sin30) = 30¢

_'-'-ﬁ

Trigonometry 217

. 1
Again cos(A+H)=7 = A+B =cog! 12 = cos '{cosbr) = 60

= A4 = 005 i)
Mow, (1) + (2= 2A=30r+ 8’ ZA=Wr = A =43
Agpin . (2) - (1)=> 2B = 60"~ W= 1B =30"> B=15

- A=45"and B= 15° ;
e - A JETIIE JEas
Ex 8. Prove that (i) pan? —Jrlqu_m-.-l‘!r +tﬂﬂ'l: "t_.n
14 xy W+)e T4z w4 st
2x -3 2 > 4
i :tn-“-l. —& -L - =1 —  — s
s T b PE | -2 4 j
N b
Proof: (1) Wi know, tan '-l—+—~1;=m—1;.,1m—lj. y i Tt

1 i i
-1 i iy id =i ol il
Simlarly, tan™ ¥ nl‘.nrl"']utnn'iz:l |

T+32 _ Lol j
- t
g tm_.r X i - b | e l""'rl-

and tan” f;;:tm z-

R a y—I e =t
Ht}w.l-HS—Mﬁ'l+:F+wr‘-l+F+mn #uu,_‘"' e
- tan-tr — tan-ty + tan-ly — an—z 4+ -tz —tamr'e _
=(}=R.HSA5. - = :
(i) Let & =qanix o ng=x ' =
We already have - - fieke 18 &
2tan |-tan’ @ _ 2tané
i -7, £ = , anZ2g=T 3.+
sin2f= 1 un’d’ C0L9" Lewnt Biany 9% 1-tan’ 4 2

2x e
Thi;m:m:sin!ﬂ:ﬁ :}1&.=7.¢ln"r=nn"‘ ey (1)
e e

e 5
cos 28 = l__.l:_ =18 =Il_ln":=cm"
I+-t 2]

2)

L+x*

e
L ] - -




il iy 1 ivrosing 1o B o] vl Mathcmaty
1:_ Irl-"|r|.||1-|..-|II
=i (a+hsca+h—1 I *llq:i y |-l,~||"j 20004, Bl A, _Zl:“Il;:r Prove i) it i3
« LT i »
3 ih | F . L) & buimiic A)+ cinlA- =10
5 . Prosofl We have i
i Ma+ b €) 23( 25— <€) ginA sinB  wine = TR
p 2 Hrlc'-lr:rl'lrli.ﬁlrll:d!I _jl.l;..lH-.lnH c=2Rsind
ree) SHRASIGE - Cl=2Rsin( + CintB - C)
oo = o S N = IR 5in’ B s
g \ ab :1:-'.:.. hsinl A =TR{ . !
o e T nd, csinlA —B)= 2R( sin® A_sind
1 ! (s-b)s—<c) [Hi1—4) LHS = asin{f = ) + bsini S
{visinA=2sn Cint “¥ " ik '||I| . = 2R( sinH—= T oo i
' S5 " i =0 .'i:1|1|q”|“ Cr IR(sin"C- sin’A b 2R sin® A-sin® B)
-.l. aNs=0K5—=¢) 2A
=2 : i o "El'-!‘ [QF 2009, 2010, 201.3] Prove that
= _’ = aisinfi - sinC) + blsinC- sinA) + cisinA-sind) =0 ',
=1 . 1,_71-|-.—;Ih'-—!|1:':'|"4" i A 3 ’
7 : ' Proof: We have, T " k‘_ =7R x
i { o= # SITh S il b
(1) [QF 2013] tan———= —col = = :
: 7 Bk 2 = ag=2RszinA, b&=IRsnl, —=IRanl 1
e o A j{qu B-2RsinC - A alsinf — sinC) = 2RsinAisinf — sinC=2RsinAsinB - TRsinA sl i ‘i
HS = o = S B+ 2RsinC 2 Similarly A(sin€ - sinA) =2RamBlsnC - snd)= RensmC-2RanBsnd  (2) A
% And. AsinA-sinf)=2Hand trind-smA e TRsinCund — TRenCsind 3 i
_&m B —sin .L,mi From (1), (2) and (3) we have .
gsin B+sinC 2 LHS = ai{sinfl — sinC} + Mznl: sind ) + o EmA-=nfy= 0= RHS proved. I
8.C B+l £x 4. In a triangle ABC, prove that (o b~ ) tmA +(c + o= i) tan B =0. i
ismn—— o085 p Prooi: We have, a* = & + ¢t —2becosd a8 well as b=+ — 2oacoall (|
= B+ H:{‘Em " LHS = (a*— b*— &) tanA + (& +a—F) |
2511 o0 2 - ={- 2hc cosAdmnd + g cosl lan B i
= - = — ThesinA + 2ca snl
B B+ A . I
= lan y Wi — ot - =2 sinB — b sind = 0=RHS {;n.lsﬁﬂiwm
- - ala
e 1 - : tnangle whome stdes mcasure
o B i 4 B0 Ex 5.) [QF 2011, 2013] Findthe greatest angle of the
=an lan —col — =tan ~LLHS Proved cm , 4 ¢ d5cm
j '_1. - - =L 4 ls 0 , CI and - #] ]- lm
- ' (i) [QP 2011] The side of ariange are e, 1068
B+ 1 1 preatest angle.

I. col - Cll’u::‘:”:] - _I =t - I

Ll




A\ IeinsTin TRl LD Wil Tl
g B f
il .
g b+ .
i | il 5”
i | q_.:"'-i =
F - :
-8 a-b&
fan— 3 :L-__ " ool 2
Worked out examples :
a2 a’ +b £
Ex L. Prove that (1) caos L = b
(mla=[0QF 2009 b cosiC + coosh
A {x—bNs—¢)
(iiism —=,| o
2 % b
| yE—cC)
(ivicos — = -
Y ab

0y )
ivismA=2 - : = h
[}

B =i &
{wi) [P 2013] tan — L i

Frool: (1) Let us see the following figure. From geometry we have

f sCuwacute, then AB'=BC? +CA? - 2BCCD ... (1)
if #Cisobuse. then AR =BC +CAZ+7BCCD . {2)
! if s Cisright angled, then AB'=BC*+CA? (3)
;{- A A
/ o 1
o ] ..__-" .-."-I g
/b S i
. y ,f
- C I C W= — ] :
| 1} {iiil}

I FEE =iy Tty

From diagram it is clear thg s ICH=4 a

o a2k Y i oo ﬂﬁl.tlllmh wTillen a8

r. i3 i v EERENE
. LETETS a0 0= I'ZI'_'lll-'.'," Cj
=g 4+ h 2ab comil

=-bom And (75 hecrmmes i

Ini3y« i +F=g 4 2
, ’ 4 ~labeoaC since coal = 1)

Hence lor ull values of L we have
c=a +F - 2ab cosC

o ool ¢ g

or, codl = —_— Proved.

Lab
(11} In the above figure we see when £ Ciaacute
d=pcosl’ + ¢ cosB ;
In fig (1) when -~ Cis obtose, a = ¢ cosB — b cosd -0
or, @ =¢cosB +bheoos C=boosC & ool
In fig (1i1) when - Cis right angled, 0= c cosB = cconB +.0
= ¢ cosB + b cos € (smce cosC =0}

= b cosC + ¢ cosB
Hience [or all values of C we have
a = b cosC + ¢ cosB Prowed.
A =
(i} 2sin s =l-cosA=1- i
L he

e —-b* " +a° o -ib=cF

2he Xhe
{a-b+ecla+rb-c) la+b+c-100a+b+c—Ic)
N Yhe : e
Ly T a [ R g T 'lnl_.
:t'_" 2b)(2s - X¢) Yy=g+ B4
2he

A (s—hUs—¢c) Prowed
=iin = J _h._

i x a +b —¢ T
.|||,':'I'_'k|'||.:1—.'!\'“\.\:{.5".' 1|.|.|h M
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Again o~ BDC = BAC = A Where A is acute

£ BCD= 1807~ BAC= s 180"~ A as both angles based on the saime segmen,

BC. When A is obtuse Fig 2.10.1 (ii); sin 2 BDC =sinA as quadrilateral ABCD
ovehc.
Somn both cases, sin ~» BDC =sinA .........[2)

From (1) and (2) :inE[!:-nilm.z%

s a a
=m=f—!l=u=;mj

In fig{ni) A =90 and BC = g = 2R . Now centre O lics on BC.

a @
Sin A = 5j 2l=—-s—
A=SinWr=1 T

a a a
HMlA=T— = R="—r-: i it
=y RS sin A Ihﬂmﬂlmshj iR

e w.n-‘t.b'+c’—2b;m
¥ or b = " +.9° - Jog cos

2ak On © =a’+ & - 2ab posC

275 Sine of angle in terms of sides: - .

276 Tangent Rule:

o L&

Trigonomesry
2.7.3 Inany tnangle
i'—'bﬂ!’iﬂ+:m‘n %
b =¢ccosA + a cosc
C=acosB + b eogp .
2.74 Trigonometrical Ratios of half angles of 5. _1_.....':

. A [s-Bfs-c) — ' A
L8 e g 1,5,%_ G-y
. C Ill,:—al;-&} A )
3"'“ 2 o ah '.-m-i"ﬁ

g 8 [s(s-h)
cos 2 ae EMEI -
A [(s-b)s—c) B
T.tan 5 = .I't.l—ﬂ‘" LI-E =
. E_ (5 —a)s—h)
2 il 7T

Y Y
= ' e b .5':;‘.':'

JH(s—aXs—hMs—c) A
be b

Jals—aps—b)a—c) 24
3 co

Jo(s—aNs—b)s—¢) 23
ub ah

SinA=2

sinB=2

sin Ce=2

In any triangle
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T“H"lﬂlr'.‘}rrh IH
Exercise 2.6 |
. Evaluae 1.7 Properties of Triangles
X " 3 . Every tnangle has three ide and1
ST o0s ™ —— ) (Giidsin tang 25 BAC. ABC, ACB s and three angies lnhi'-‘hm_*
2 an 2 ) are . are denoted by A, B, C Simularly, the sides BC, CA. AB o
. denoted by small letters a, b, ¢ respet vely mm;.: b I' g » the
(1) sn gy — s vertices ol a tnangle T““h“fﬂﬁmmﬂfﬂmkncﬂum radiue
V) V] sec sec (] 50 ' called circum-rades wihe -
'ﬁ-:'}"lrns-lljrr_
P
e Ane- i} x s 2.7.1 5ine Rule:
- 3 W= @)= s T
. > =5~ (1500 X InﬂmmEhﬁBchmmmﬂmu'ﬂdhm*
3 « Frove that B &
= [ b i
ie; — e g —
(i) Soon y X sin.d smB sl
=Ccos~ (27— (i) sin-'; > 3 __I.u{?l"ml_'nz::a:mn:am K. be the rudius of the cicum circle of ABC. If A acute
o : 5 4 [figli}] or if Ass obluse [fig{in]] join BO and produce it 1o meet 2t the point D on
(i) cos — o yant / 9 circumilerence. Now join X, Since OB s radius therefose OB = R and BD = 2R,
1 " 30 (iv) sint — — .o 30 7 BCD=90r
a] F I
3 Prove thy rom A BUL, we have,
BOC =t 1
I s W e TR T
K
1 Qan " p— _I__i A
X
I'I“-Il'-'i.".\-ﬂl'n" | I / \
i o) 1 ={sin (cng 1L
VIS cogpp- NNy o 4 i
%) ooy~ + ool IF=:"I"|' -a r_. J’_I B IL
Y = I —

- ()
() i}
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1.1.4 Curvilineal Figures:
A curvilineal figure is a closed figure, either completely bounded by 5 s
curve as shown in figure (i) or bounded by & curve On one side only 5,

" ""-x_f_ e

e g

figure (1) figure (11)

shown in figure (i)

Area of a curvilineal figure can be obtained using a rule known as
SIMPSON'S ONE THIRD RULE

Now we proceed to observe how Simpson’s rule works for different
curvihingal frgures

Case I: Let us consider o curviilineal figure bounded by o curve on onc side and
three strasght lines Aa, A and £z on the other three sides where Aa and
£z gre 3 nghl angles 1o AZThe base ling AL i3 divided milo an even
nuntder of egual parts, the thickness of each pant being'd”. Nexl, at each

of the pounts of divisions we draw lines perpendicular to AB called ardinares
‘d' 15 called the common distance or c.d

Here.AaBb.CcDdEe ............ are ordinates and d = AB = BC = CD =
DE=_.
r,f" "r"“--q,___\\/“ H'“"'x Fd
a
e S e e Y 21
ABCDE

MEmuTstion

1 | 139
Since, AZ is divided img gn P

YeOon
of ordinates will be odd, Let, Ay = y HJ;:TH‘:‘_""LLM pans, the number
2=y, BP=y,Ce=y, Ddmy, Bany,
Now, the arca of this corvilinea] £

Eure be i
ONE THIRD RULE as follows A cin be obtained by SIMPSON'S

coording to this nade,
ol |

Roquared Area = 3 [ first ordinaie + aST errcfrmate ) +2sum af the remuning

odd ordinaies) + 4(sum of even ordinmtes )

d
i .] [ |._'l-_|-|- _5;1,.] & M ¥4 -.,|+ b 1o Freel % J"‘.I-lj +4[]:-+ ,‘4. 1"+____r+u]

Case 11:A curvilneal figure formed by a curve and a straight line :

The base line AZ is divided into ‘2n" number of equal pans. ¥ e ¥
Pioeernnnnnssrin Vo ¥y,,, Are ordinutes, and ‘g is the common distance. Here
the first ordinate v and the last ondinate v, , are 2. Therefors by Simpson’s
ome third rule |

The requirncd sres—

i
= E__ [Z(yg+ ¥ot Yoot Yail * A+ 1F Y 1,...-I--:H'_"H

e
h ¢
¥
A BCDE
.
Case 111: A curvilineal figure formed by lmﬂkwﬁnﬁ::dﬁ last ordinste

Here the ordinates are bby, e’ ddm:: ol
value zero, ‘d" is the common urce




MENSURATION

1.1 Area; Mensuration 15 the part of mathematics that deals in meag

rypes of figures, onc-dimensional, two-dimensional and three-dimension;

i me a0 al |'|-:'|...'|_- has ||_"r|u_g|:|-|_ a two- dimensional ﬁ’_!un_'_ hax |.;_-_1-|Lr”| a5 o]

. = - g u.
breadith and a three-dimensionsal figure has length, breadth and height. In (his '-'hu]ﬂ;-:-
we gre poing to discuss about the area of irregular figure and volume of BOfhe

speci e three-dimensional figures.

LLL Some Important Formulae:
(a) Area of a Triangle with base and height:
_ |
Area of A ABC= _ bh , b=base, h=height

(b

-

Area of a Triangle with side lengths:

Area of A ABC= 1”:'_,;“ _{I,'m —BXs —T}. e {_u+g+.:-}

() Area of a Right Angled Triangle:

= base, p = perpendicular
(d) Areaof an Equilseral Triangle;

1
Ares of A ABC = —bp b

1
Area of A ABC - ~ah = _*'Eﬂz‘ .’Jz—gﬂ a = side
2 1 s :
(C) Arca of an lsosceles I'mangle;

N of 8 ABC - S XD b= LS

N rivme
qw."r-ifr i

'."I._'|||1l|.| .
oo
lengihs, arcas and volumes of regular as well as imegular figures. An eleme :

knowledge of peometry and algebra 15 sufficient for this purpose. There are

e

“""'-'Hu:.a.n
rr, A“_'q III o F'.lhl"l‘!lﬂlﬂ]’_‘rn l'.‘-rt'l ol r*]-H. :3‘1
(&) Area of a Rectangle: Areq of Ciapcrs o " 2 * base, b = helght
(h) Area of a square: Areg of CIABCD ' ; ib, I = kengih, b = bresdih {
(i) Arco of a Rhombaygs: Area of 4 |
. NVABCDw =4 g
144 . 4 d diagonals.
(1) Area of a Trapezsium: Areg !
M&*Hn‘ilﬂ+ﬁﬁ.mp—ﬂlﬂh )
A height
(k) Area of a regular hexagon of side '.,‘_-._?".‘E
2 Ty
(g) Arca of a regular octagon of side ‘W=1e 5) & 3
‘N
i

3.1.2 RECTILINEAL FIGURES AND CURVILINEAL FIGURES:

We have discussed shout regular rectilineal figures in the kst section. In this
section we will discuss shout irregule rectifinear figuses and curvilineal figures,

-
il

113 Irregular Rectilineal Figures: i
An imegular rectilineal Ggure s first divided into different parts, the sea of
each of these parts ane obtained. the sum of all these aneas will be the requered sen

For Ex.. in the figure ABCDEFG, first, & base line AD is drawn, then y
offsets, perpendiculars from the base line 1o the vertices B.EF.G we drawn. )
As a result we will get three mangles, ABL. AGM, DEO and three trapezonds,
BCDL, EFNO and FGMN. |
+ Area ABCDEFG = Area ABL+ Ama BCDL +Area DEO+Area EFNO

+ Arca FGMN +Amrca AGM
E
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b-c 53 -a) e=a s(s—b) a—=b ﬂ,t-t:‘,ln
e . . _—nh
a he b ac ¢
b4
- :::{1.!:—:]{:-a]i-{-:--a}[;—bn{a-b]{r—ﬂl = EH{}:“:
RHS
proved,

Ex 9. In atriangle ABC, A =60", B=45"andc=25c.m. Find the valoe of a.

Soln: C= 180" — (A + B)
_ 180°-105" ( Given, A=6(r, B=45)
=75
a b F.

— g E—

Now. Gnd smB sinC

43

:}H:—ﬁnfﬁ“
siné0° B 256
:n:ﬁﬁnﬁ_ —=a=25 lﬂm—mm Ans.

i

B
Ex 10.Givena =13, b=l4.¢ =15 then find the value of sin = and cos 5

1 i 42
Soln: We have, 5= ;{a+b+c}-;(!3+ 14 +15}=E-=11

. B G-at-o  [QI=1521=13) 443
Wthlu.nnz = 2 I,q 15}:13 =_.,‘Jl=g?

[is=b) _[2121-14) _ [21xT 743
N e 13«15 V195 195

Ans.

Inatriangle prove that:
! 1
1. mm— H‘ﬂ'{""l}ﬁn*ﬂ

1m+m+m.w
3. @i’ — 3’ ) + PGIn'C - sinA) + c{sin®l — s

: A B c
4. (b-c)eots +(c-apons +(a-brars =0
:5.{#’—#un+w*ﬂmn+;.1,m-§;“' o) o

¢ i i
6 If C =60 tlnnpmwthﬂ—-*ﬂﬂ m-

7.Inatriangle, if a=5,b=13and € =9 thenfi

=

Al
9, In a triangle. B = 90° then prove that tan == —
10, In a triangle, prove that Wi-Hﬂ; cac
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Trigonometry
; ; a=T.b=5¢c=4. Fi
11 [QP 2014] In any triungle the siges arc 4= [. b=3.c¢ Find A
11 - 3

33
Soln: (i) Let = em, b= dcm, €= S0 . = -l 40 Mnce gsinls b sint { from: — = '3 '
Here ¢ is the largest side = RS sinf sind i
2 ( S i 5 S '
_ a4 £ i) LHS =asmA f-'-lr‘”—..FL'ur-.,{-_m,.q. 2Rt sind :
angle C will be largest and cos L= ""5 & IR (si°A - sin’) :
= 1K sin (A 4 B) sin (A = i
o Bl i e = 2R sin - C) sin (A-8)
— cosl = 33 = = 2R sin C4in (A - B)
£, ALy i : i
! |I~! i ” = I_"'-,'|5'-"__|" iy '| BI i H}I!‘ Fm.ﬂ‘
_ (11} LHS = boosh 4 consC
L =WF Ans = IRsinfcosB + 2RsinCeosC
(i) Let ¢ =8m, b=10cm. ¢=l2Ccm = Risin 28 + sin 2C)
Here ¢ isthe larpest side = MR sin (B + C) cos (B —C) o
: ey = 2R sin{ - A) cos (B -C) g
a +b° =« kgl
angle C will be largestand  cosC'= - = 2R sin A cos (B - €} .
Quth — g cos (B - C=RHS FM‘
B +100-12" | = o ;
=l = ﬁ :"". ExT.lf dl;:u*_-'»'{--"'"ﬂf-'ﬂ_l J:Tﬂ:nrmvtlhﬂﬂ.b.flﬂ-h”r }
& ] !, ] 7 L
I I'_' . _1' 1"“#_ *
- iC = L'm"E Ans Proof - Given acops’ : +L008 —= 4
(ot =1 b= 5 o= R ' ; A =
ii il cm, b= 5¢cm, Bcm = “1:1._[_ +2¢ o8’ == b
b eo’ —a $+8 -7 1 . i A)= ;
Snce C A= ————— henceoos A =— =— = e G — a1 +c08C ) + o 1+c0d A) 13“‘ ;
2be 253 ;2 s a4 ¢+ (acosC +¢ cosi) =230 :
—= A =il —_‘1:1-I-4.'+-||1'=':"b -_:.4:+l'=:'.b
Ex 6. (1) albcosC — coosB) = B — = b-a=c=b proved 1
(i1} asnA - bsing = rsind A — H) - a. b, carein AP
(m) [QP 2015] beosB + ccosC = acos( B — () Ex8. Ina triangle ABC, prove that e
j f ; : " 3 a— .
aoin: {i) We have, g = boosC + ¢ cosh b—4 co8 "! +‘—il.‘-'-'|-‘i-'i: ""'_.-m E#ﬂ
Now LHS = aibcos(™ - eI i 2 ‘ ¢ e
= 1 e R =t
=g '-U'“_r + ¢ cosB i beos( - ccosl) b=€ 3 i . E__{-Iw:-l—ﬂ+ E‘t_"m"'li
= b :U}'f_.—r_"-f”ﬁ?ﬂ Hml-]_l:iﬂ= a oo T_!I ] 2 ¢
=0 (1=sin’C) - 2(1-sing)

= ~c') + (c'sin'B - B gy
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| f - 70 5 ¥ i 5 HT
s ] _ I8+ 14) 4 226 +20+30+ 2B) + 4(22 4+ 24 + 76 + 14 4 1 3,2 Cubeid: A Cubaig |y 5 Wil Boungled by
dimensions, length, hreadih ang heigh Th:[l Fectangular faces. [t hay theee i
146 38 4 %3 o St e called its base, the four faces which mﬂr:;m *ch the: Cuboid rests is
= = ' s & LI = 5 i 5 |
: ! 1 the face opposite 1o the hase i the top are called kateral faces and
{"lrnr-i.ll;i::r a Cuboid wilh length ‘T, bread| 'S ol gt 'K l
Exercise 1.1 (2) Volume : V= Arca of the hase 5 height l'
= I cub, umit '
|. The ordinates of a curve measures 5. 6. 8. 7. 4. 3. 2 it respectively and (hey (b) Lateral Surfice Area = Sum of the Area of the lateral faces
common distance 13 | fool. Find the area of the Ogure.  (Ans. 31.67 s ) i = I + b)k sq. unit
2. After flood havoe a riverside land is under erosion and appears like a curvilinest ic) Total Surface Area f jLa.I:mm I-::rdactﬁm-blmlulh-dfq
figure whose ordinates measure 9.5, 11, 13, 12.6, 104, 13, 15.5, 17, 149, 125 P ieasiso s -
R and 7.7 m with basc length 7.3 m. Apply Simpson’s rule to find the BPProxXumite arca (d) Length of o disgonal = ) 4 g% L 37 umit
Y of the land. (Ans. 94.8 sq. m) {e) Towal Length of the Edges = 4! + b+ k) mit
' Anveris 32 m wide. The depth *d’ in metres at a distance *x” m from one bank A Cube 15 a special caze of a Cuboid. All the edges of a Cube are equal.
. ts given by the following table For a Cube of cdge length a unit
\ r: 0 4 E 12 16 20 24 28 32 {2) Volume : V = &' cu unit
; #0 10 20 25 10 1 44 2% 10 {b) Lateral Surface Altil:-'fﬂ'ﬂl'l-_lﬂ“
i S : {c) Total Surface Arca = 6o 5 undt
Find the approximate cross-section of the river (Ans, 508 sq. m) Y {3 o umit
: , e {d) Length of a diagonal = 3a
4. T?]c |"|-i.‘di.l!|1| ol a nver &t some place 1s 40 m. If °'d’ m be the depth of water w (e) Total Length of the Edges = | Zix aamat
distances *x” m, &s given below., from one of jts ban ks, find the cross-sectional acs
of the mver ked i ®
- 5 - - Mg “.t .plﬂ'. d are in the rano LI and its tofal surface area
SR R 10 15 20 25 30 35 40 Ex 1. The dimensions of a cabad 5o the volume of the Cabe,
d: 0 10 24 28 32 4 40 15 5 352 sq. m. Find the dimensions and : s
: _ 5 123, Let the dimensions be x . 2.x x
' (Ans. 921 67 sq. m) Solution: The dimensions arc in the raio L= I
¢ ; Toual Surface Area=332 s m |3
sEsam A.'Eml'li'iﬂg o Huq_‘-ﬁ[lm1

In the last two stchons we had discussed shout plane figures. In this cecHon We

il | dim_‘l_l'-."-: .".:hul!.]l "-i.lhd'\._ 5-|_1||ij_-;\ are |hl'l‘.‘l.‘ d!ﬂ'ﬂ.‘-ﬂ'iiﬁﬂﬂJ ﬁl.’,'ll'l'{."- ”-E'H'. W 1,1.:”

hinsi x p
{f.-'--.n ¥ volume and surface ureas of the following solids: Cuboids, Pas®
Cylinder, Sphere, Cone and Pyramid,

1 g m
=2 (x 2y +2xdx s x3x)=332199

= 22 ¢? =352 sq M
= yx'= |6 s m
== 4m = Bm. szlzm

- The dimensions are: ¥ =4 1I. fyt= 6.4° cum = 384 cum
And, required Volume =X 253
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Ex 9. A river is 50 metre wide. The depth of water 4 metres at a distance x metres
from one bank is given by the following table-

) 5 {1 15 20 25 30 35 40 4 M
d: 0 r B 5 i B o 9 3 3 .
Find the arca of cross section of the river water.

Solution: Here d = 5.
Area={{0+2)+2(4 +6 4+ 10+3) +42+5+B +9+3)]

=2 + 46 + 108) = 260 sq meire

Ex 10. The following offsets were taken from a survey line to a hedge:

Dhistance from one end of & survey

line {in mt) : 0 & 12 18 24 30 36 42 48 54 60

Offset(in mt): 7. 34 43 35 27 23 1 LE 15 ‘21 32
Find the arca between the survey lie and the hedge.
Solation: Here d = 6.

6 :
Area== [(3+2)+2(43+427+2+1.5)+404+3.9+23+ 18+ 2.1)}

= 2(5 + 21 + 54) = 160 sq metre.

Ex 11. The velocity of a train which starts from rest is given by the following table
the time being reckoned in minutes from the rest and the speed in km/hr.

Time: 0 2 4 6 8 10 12 14 16 18 20
Specd:0 10 18 25 29 32 20 11 5 2 0

Estimate by using Simpson’s rule approximately the distance run in 20 min.
Saln: Distance = Speed (km/min} x Time (min)

We rewnie the table for speed in minuie.
Time: 0 2 4 6 B 10 2 14 16 18 20

: 10 1
Speed: 0 18 25 29 32 20 11

5 3
60 60 60 60 60 60 60 60 60 U
d=2

M'tr'-'"-l:a!m-n
145
2 18 29 2
pistance = [{ﬂF“}+E[#"+-—+L'_+_F_P+H_Iﬁ %5 1o
3 o0 &0 gt ﬁ+'ﬁ-a+—.+___+_,”
2 72 30 80 60 " 60

"3 %0 =35k

Ex 12. [2016] A river is 80 ft wide. The depth of water o at a distance x ft from
bank is given by ihe following table- 2
=0 10 20 30 40 % 0 W 0
0 40 75 % I 18 42 8% a1

Find the arca of cross section of the dver water.
Solution: Here d = 10,

10
Area =" [(0+31)+ 275 + 1214 142) + 4(40 + 94 + 153 4 86))

= (31 + 676 + 1492) = T30 sq It

Ex 13, [2016] The lengih of a line is 1344 cm and ol equal dhstance along it, the
following ordinates were taken W an iregularly cirved fence:
76, 83, 87,93, 112, 123, 137, 146, 139, 127, 116,97, 82,79, 64

Find the area included hetween the extreme offsets, th fence and the base:
Ime.
Soin- There are 15 offsets. d = 1344/14= 0 o

m'ﬁlﬁﬁ+l5-i'!+1{3?+IIE+I3T+!39+I]5+E!}'+ |
: -1{31+9‘3+123+I4h-.‘:!1+9'.'+m1

32 (140 + 1346 + 2092) = 143296 sq e

neasure 18,
ih hose ordinaEes MEAsure
Ex 14. (2014, 2017]Find arca of the -:whnﬂﬂ;ﬁﬂm" i 2
22, 76, 24. 20, 26, 30, 34, 28, 24, 14 mtan whose ondinales distunce

14.6 mi from each other.
Soln: There are 11 offsets. d = 14.6™




g &
Y -+ o

1 343.9) +4(1.843.441.5)] sq.m

Q44 6.7 2q.m . = B7.6 5.1

Ex 5. [2011, 2014, 2015] : An ymegular plot has the tollowing alfsets(l) measupe

I equal distanccs

i 48 o T B4 9% 108 120
44 53 63 5B 6l 52 49 i
'T"-_.'_ L —-H'_ 1 _-1-":'_

yo=ad, ¥=h3, ¥=08, y=01,

=32, v =

9. v.=48 and d=l12

According o Simpson’s one third rule,

i

Roquirsd ared = —[{ v.49y

k]
y |

12
~ [(53+48) +2

= {1001 4+2% 210 4

EX 6. Find by Simpson’s rule the area of

L8, L2, 20, 24, M), 26. 30,

Soiution: Given ordinges (mi are
V=18, v=21, y.=26
=M, y =34, y=28

| N = h;'=.'_.\_'. -l'F;||':

b2 v v #v v M by v by )

 (47453458452) + 4 (52449463461 449))

b 27 Il = G368 50 it
2 curvilkineal fipure whose ordinaics oie
M, 28, 24, 14 my and whose hase 15 |40 M

:"'I'”'"--lll'-:lh

243

By Simpson’s mle

Arcs

v 4y vy on
| PR e
¥ L
» . |J1,.I-'|,4rl|l .!
1.6y

= 5 [(18s14) 4 E~E{-~:',I_'+3’J+EH] FA 2T+ 28+ 264 144 24)] . m

14,6
&y | 34 +2% 104 o4 x 130] sg. m = 3698 67 sq. m

Ex 7. [2013] : The cross sectional ares of 2 lunnel 15 as follows:

[hmstatice from ane end

’ > f o 13 UAsEEEa
Avens : 479 06 333 24 307 19 2E1
Find the volume of the sohd

Solution: Arcas are considered as ondinates,
vy =279, v.=30.6, y=33.8. ym3Td4, 3 =30T 3 =219, ¥ =261 S d=d

|
According to Simpson’s one third mle,

,
Required area = = [y, 43 +20r3) Hoayaal]
-
= [(27.9 + 26.1) + 2338 + 30.T) + 4306 + 324 +27.9)] cubmmit

. [54 + 120 + 363.6] cub unit = 244 6 cuab. nni

Ix B. The aross section of a tree 18 A square inches al a distance x inchesfrom one
end. Corresponding values of A and x ape-
o 10 I S T0O W lll.f; ::13 I:; I;?T

2 31 13 2
A 120 123 122 128 | : ! Y
Find the volume of the tree in cubic inches between x = 10 and

Solution: Here o = 20
- 20 '_u.;_'r+'|",l‘_rj|¢-'3|_l|1:"-r|?'|"'H?-]'*"Htﬂ""lﬂ*'lgsq‘
Valume = 3 L 1560]

2| 7266 cu i

=(297 + 790+ 2172) =
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Lo div.4+ v+ v.4
20+ XE YA Y O Wy, + ¥+ ¥,

¥is1 E

Worked out examples:

Ex 1. [2013] : A river is 80ft wide. lts depth at a distance of “x’ fi from one bank i3

‘o ft and is given by the following table below
2 ] 0 10 0 30 40 50 60 70 B0
£ D 40 75 94 121 153 142 &b 31

a

Find the approximate cross sectional area of the nver.
Colubon [jl‘-'.!'ﬂﬂ“'.'l-lzﬂ. -"7;40' _\'.:?5. '|"—'9'4
v =311 and 4 =10

A coording o Simpson’s one third rule,

. ¥=121, y=153,y,=142, y=86,

Reguired area = Tllrlﬂ;‘]q 211_+1.ﬂ-1.',1-1-4|:-.-:+_1.-l+_~,-“+vﬂ]]

— [(0+31 142({T5+121 +142)+H 40+94+ 153+86)] sq.fi

—[31 + 2338 + 4.373] sq.ft = 7330 sq.fi

i'I 2. [2009] : Find by Simpsoa’s rule the arca of the cervilinear figure whose s Ry
B
measure 18, 22, 26, 24, 20, 26, 30, 34, 28, 24, 14 metres snd whose hase is 150
metres,

Solution © Caven ordinates arefin ma):

v-=18. ¥, =27, ¥ =26, y, = 24 ¥, = ). ¥, = 6,

I"E*'*'.-.ul'“"m 11.'
o= A, ¥, : T

y =it ¥ M,y uld
The base length = 150

W ms. number of crdinates = 14
|
< number of divivions = 10 and 4 130 -
: o M= 15 m
y Simpson”s rule reguined areg |
d
— -J: f{v. +¥ j 42 (¥, +V, &y, 4 ¥+ i :'J:‘ Y, 4T e, 1_".“
13 =
= | C18+14) +2026+204 30478) +4022+ 24426+ M+ 24 mqm
=52 +21M+41 g m = 350 sy =

E'll[mlﬂliﬂt‘ivﬁlﬂ 100 s wi*rﬂtm'fﬁl o o
from one bank is given by the following table:
x: 0 0 20 30

A SO e TO % 9% 10
d: 5 w 42 S1 €0 % B 4 » B -]
Find approximately the cross-sectional ares of the river.

Salution: The given onhnates {in m) s ¥, —1 7=, ¥ AL ¥; =51, »=00, j‘ﬂi.
y=58y=47. ¥=32, ¥F=180 0 =ﬁ and #lﬁﬂ

- By Simpson's (e third rule,
Required Area :Ef‘ L4y, #2w #v ARHR) e A |

= l- |r--h1+"g4"+-tﬂ+53r3'-"'|| -n-ﬂﬁ:l*?ﬁ!—ihlmq.u

_l'q L“J,_t-ijar-in!lﬂ!ﬁm
"3

= 4236.67 sq. M b
froam a VY
Ex 4. [2011] = The following offsets Wete puken hedse:

Distunce from

30 36
12 18 4
survey linc (m) : 0 e

3 34 23 1512
20 4
offsets (m) - =
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Exercise 1.3

Find the edge of a cube whose volume is same as that of anght pnsm 4 dm hig}
standing on a triangular base whose sides are 5 cm, 5 cm and 8 cm.
(Ans. 783 cm)
A right prism stands on a triangular base whose sides are 18 cm, 20 cm and 34
em. 17 the height is 10 cm, find the volume and whole surface ares of the prisy
{Ans: 1440 cub.cm, (X8 sq.cm)
1. The lstersl surface srea of an equilatery] triangular prism of height 24 inch is 504
sq.inch. Find the volume of the prism. (Ans: 294 3 cub.cm)
4. The base of a right prism is an equilateral triangle of side 23 cm and its heaght i
38 cm. Find the volume., (Ans. B704.42 cub.cm )-

-

Ll

314 Cylinder: Cylinder is a solid bounded by a curved surface and two circular planes.
Circular pillars, pipes, ganden rollers, gas cylinders, iron rods are some Examples
of cyhinders. Cylinder is considered to be a special casc of a prism. Because,
il we go on imcreasing the number of sides at the ends of a prism. at one tme
they will resemble circles and the figure will be a cylinder. Cylinders like
pipe, rabber mbe are hollow inside. They are called Hollow Cvlinders

The line joiming the mid poinis of the circular planes 15 called auy
of the cylinder. When the axis is perpendicular to the circular planes, the
cylinder 15 a Right Circular Cylinder, otherwise, it is not a right circular

cylinder. i
e e,
Y R e QZ—__:LJ
axig axis
h h

e C B LTI

Circular Cylinder Right Circular Cylinder Hollow Cylinder

:"-Tl'ﬁsuu['.,:,h

Volume and Surfacc Arca
(@) Forany Circular Cylinder- Volume = Area of the base

=Ah =g 7} i
® For & Right Circular Cylinder: s

(i) Volume =Area of the base x height = Ak = 2 Fh eu wnit
(i) Lateral Surface Area = Area of the curved surface = Jurk sq unit
(1) Total Surface Arca = Lateral Surface Area + Area of the two ends

= Zarh + Jxr' squnit = Jurr + &) s wmit
(¢} Fora Hollow Cylinder i

{1} Area of one end = A = 2 (R*- /) squnit
(ii) Volume = Area of the base x height = x (R*- 7} b cusbomit .
{111} Lateral Surface Area = External surface area + Intermal surface ssea.

= (R + rih sg.amit
(iv)Total Surface Arca = Lateral surface arca + Ara of he twoends o 1
= 22{R + )k 42 1 (R~ r’) sqamil 5 I

Worked out examples:

Ex 1. Find the volume and the curved surface of a night ﬂ:ﬁ#ﬂ;ﬂ
height is 12 metres and the diameier of the huu_iﬂ- it

Solution: Given, h = 12m, diameter = 6. therefore, radis r=3m. _ . .

: S i the cylinder =nrh s
= Hm-lmrm[\'nlun‘ﬂﬂ cy iy ]r].ﬂﬁ‘l!‘!iluﬁ.‘
= 33929 cub.m

e = Tarh = 341612 g
. Required Curved Surface of the iRt =802 0 o m

o af its volume 1o its lareral
Ex 2. The height of a cylinder 1% 10 cm and the rato

surface is 1:2. Find the mﬁu-'iﬂ“*“:r R
Solution: According to question, it = iﬂ;;‘ AT % 8 :
Volume - Lateral Surface Area = = it
JITII"I 3‘ __.3:._.-“ -;_r...__.l_..#.
e g mm.ﬂﬂﬂiﬁﬂﬁ
Ex 3. Find the radius of a cylmder 4 o P

a cube having an edge of Bl
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oy o ia teral inanple .
Ex 4. The base of & nght misnpulsy Prism 8 af f'_q-lll.q.. ral inangle, The hici e Bt ¢
. - e e 4 i
the presm i3 |3 unit and its volume s 832+/3  cub. unit. Find the surfa. Ay
of the Pk [ _._'.. i -”‘E:
Solur:  Criven, volume of the prism = 832 /3 cub. unit. & = 13 gni

We have, V= Ak, A = ares of an equilateral triangle
. 3 = - \.-' o N =

- V= r a= N = H"-:..__'l - r Fr i I." - a = :_If;r.l > @ = | g
Total susface arca of the prism = perimeter x height + 24

= lah 42A

W3
= (3 16 1342 - x 16 x 16) 5q. unit

= 624 +221.70) sq. wnii = 845,70 R(]. unit

Ex 5. A concrete pillar has the base in the form ol a regular hexagon of side 25 cm
Find the volume of the pillar if it is of height 4.6 metres
sSolution: Volume of the pillar: ¥V = Ak A= area of a regular hexagon, k = height
..1
=V = —L:— a

Given, a=25¢m. h=4 6 m =460 cm

- s
¥ 3

Therefore required volume ==

% 23%25x460 cub.cm = T46946.91 cub. cm

k-

Ex 6. [2011] The hase of 3 prism of height 24 em i5 a trapezoid whose paraliel sides

are 26 cm and 34 cm. If the distapce vetween the parillel sides be 18 o, find
the volome of the prism,

Solution: Volume of a prism = AR, A = area of (he base, h = hesght = 24 cm
Here, base s 3 Inperold. Therefore

I
A == (a+b)d, a = 26cm b = Mcem, d =18cm.

= 126 + 34) 18 . €m = 540} sq. cm

Mhercfore fequired volume = 540 . 24 cub. em = [2960 cub. cm

y
Mens LE TRt
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Ex 7. Find the cubical comnter oo

i pillar § m b et
15 8 regular |||_"..;:_'|.='I QF swde 30 o o rrmﬂnnll nrhﬁu'
Colution: Violume of hi !_'|!| W 1] 1

~ Area of the meas s fio of the pillar,

fi = hieieh Liven g = W e
o . I'IJ._llr.'_.j_m__H-H-}
: L = = |
S LK b
W . —
.

P S |8

d L

) = 400 cubom = 93530744 cubem
yﬂ_ [2014] Find the whole surface 4rea of 3 nght prism whose height is 75 cm

and whose hase is 2 reguly octagon of side 12 cm,
Solution: Ared of the base = areg of (he vcligon of side 12cm; .
=2 2 122 (] +1.'3 b= 006 O | cm
It has 2 bases. So aren of two hases is P 696,96 4g cm = 13939 s cm
The Isteral surface is 3 combinstion of 8. 12 x 75 roctangles
Hence lateral surface area = § x |2 % 75 sg cm = 7200 o] cm
lotal surface urea = (7200 + [393.9) g cm = 8393 9 5g cm
Ex 9. [2015] The arca of the lateral surface ol a nght prism is B0 se k. 1F the hase of
the prism be a square of side 4 mt, find the height of the PrsT and it volume.
Solution: Arca of the lateral surface = perimeter of the hase x height ™
= 8= [hx I‘I:H._:H = h=SmL ‘-'.
Volume = Anea of the hase x height = 6% 5-.:.].:- mi.

i bl

Ex 10, [2015] The sides of o triongular orivm wre 26 e, 51 cm, end 52 emand height
15 60 e Find the length of the side of a cube of squivalest volsse.
Solution: Arca of the base of the prism e

= Arch of the tnangle

: = — here 2i=25 4 51 4+ 52 = 128
- ..‘.'FIH=IE';'-1- .'_"T-\'IIM '\-]Hf_‘l—'l-'.-':.l

w8

s J64x3x13x)
=Bx 13x 6 sgcm=624 scm
Volume of the prism = 624 % il -

~ Volume of the cube of side d=&°

cu cm = 171440 cu ctn
o= I3 A5 E el 3 e
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3.3 Prism: A Prism is 8 solid whiose sades are rl.lil'.L“l'L.lj‘T.llTlh and who € ends | \ |
. A rked out examples:
in paraliel plancs. The end on wiich the pnsm rests 1s called its Bay, ""'-'l The | o
- . . IThe hise of 5 rig

perpendicular distance beiween the fwo ends is called its hejgly T M Sirmic Ex ight pris

T3l {rhi

™ 1% a0 equilaters] wnangle of side 7 inch and the

: height of the priom is 2 fr e o
line joimng the mid points of the two ends is the axs of the prism Gl tiun'c"-'_l:: Iu;r:__: r HJ'-'”|. 2 H_:UI:- Find the volume of ihe prism
Sk : iy . ; - w5 =4, Given, o % - J
RIGHT PRISM: A prism is called a right prism if its edges formed by adjacen; s = Jinch, FIFHEFIHII-:EI“HI
faces are perpendicular 10 one another Here, A = Area of the equilaerg| iriangle :.“E L !'E e
2 . . . e I 7 4 4 m
OBLIQUE PRISM: A prism is called an oblque prism if s edges formmed by adjacen ", Required volume = -.-d."r PP e

side faces are not perpendicular to one another.
Ex 2. [2009] Find the volume of & triangalar prism whose height s 3 em and the
lengths of sides of nangular buse are 12 ¢m, 13 om and 5 em.
Solution: Yolume of the Prism Ak, A= Amg of the brikng le
Given, A=) cm. a =12 cm. b=13 cm. ¢ S rm.

:; A= ,..':1. alx =hls—e) , ’=r{*ﬂﬂ'_=li2+l:+l.! =15 em
| = JI5{15-12)15-13)(15~5) sq.em=30 3q cm
: Right Prigzm R Oibliquar Prizm Farallelopiped Iherefore Required Vidume =30 « 3 cab. cm =50 cub. em
J in 2 the there Sgure. OCF = auin, h = height Ex 3. [2009] The sides of a nangular prism are 25 cm, 51 cm, 52 com snd heishi s
60 cm. Find the volume of the prism and the length of the sde of 2 cube
FARALLELOPIPFED: When the ends of a prism are parallclograms, the prism i of equal volume &
called u purallclepiped. A rectangular parallelepiped is g cuboid becaise aolution: A nangular prism s given. Let the sides of the triangle be.
ends are recltangles. a = 25 em. b= 51 cm, ¢ =52 cm md height- & el 1N Sad
A prraome 15 ngenesd according to the 't.rln'],l'lr'- of its bave. For r*\'u.rllrﬂllr SIS s .I.-;-lq-q*ﬂ-j-ﬂ-liﬂi-“
triangular prism, equilateral triagngular prism, pentagonal prism, hexaponal I Amea of the bme: A= ,J_ﬂ] — gy -Bs—c). = T " 2

prism eic. A pnsm is called Regular if its base is a regular figure, that is, 2l

PR —"C g
of its sides are equal. 3 1‘,“.!,__1,{“4 C25Nha—3INed 3215 OW

Volome and Surf i .
(2} Volume = J:{r:aﬁﬁm b = Jedx39x]3x12 3G-CNE 4= ¥ i
s RIS st i v = Al 624 x 60 cub. cm = 37440 cub. cm '
ume = Area of the cross-section x height . Volume of the prism: ¥ = 2 e |
c) Laters]l Surface Area = Perimeter of the base x h-'hghl Let 'I" be the J'.'ﬂﬂ'lh of a skie ﬂﬂﬂ'ﬂ ﬂ' ",I.I pessis |

id) Total Surface Area = Lateral Surface Area + Area of the bases = 3345 on

i | = y57a406m
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£y 2. A solid cube s cul into two cubods of |_=|:|_';;|| volumes., Find the matio o the
ronial seurimoe ares of T riven cube and that of one Of the cuboids

IOfa] SUres i s

. i ot the edge of the cube be "4’ unil

Toal surface area of the cube: » = bg™ 5. Uk

he 1 b 15 ot BR00 B0 € ibouds of {'J_:Ll;ﬂ vl ITeeEs, theredone, Tor each colby i

Lr
neth = a, breadth 1. hetghl =

Total surface arca of one ¢ shsond

i i
b M g -+ G T oad T e, il b s unnt

Reguired Ratio, § : §, = 6™ 4a” = 32

-y

3 Ex 3 Find the length of a rectangular sohid whose volume measures 4lcub.fi
| 432cub.inch, breadth 2fl. Smch and depih 3t 4inch
' Solution: Here, Volume: V=41 cub [t 431 cub inch
432
= 41 = 12x12 cub.fi
165
| — —— cub. 1,
|
: A2 1 ~ 1] 4 10
Breadth: b= 2 ft 9 inch =2 T Il = 2 fi. hi=3f4inch=3 -111 - ._1' fi
W &5 i 3 i
fenpth s — — iy —— it == ft =46 mch
Y e T TR TR
|
il

Ex 4. [2011]. What iz the length of the greatesi rod thai can be placed m a rott
whose length 15 30 I8, breadth 24 It and heipht 18 Y

Solutton: Dimensions of the mom: { = 30 i, b = 24 M, k= 18 fi. The oo
resemhles

A cubosd Length of the greatest rod = Length of the diagonal

) = J30F 4247 187y = 4243 1

|
M TISARTEL Lo

245
Ex 6. [2012] Find the cost st the rae of B

100 . ;
of square size 2m % 2m and depth 4 per cubic meter of digging w pit

m.
Solution: Size of the pit, length=2m, breadihs2m, heigh

. Volume of the pit = 2% 2% 4cub.m = 16cub.m

Rate of digging = Ra.100 per cub.m

5. Total cost of diggmg = R 100 %16 = Rs 1600

Exercise 1.2

1. The velume of a cuboid is 440 cubom and the area of its base is B8 sgom.
Find its height. {Ans: Scmi)

5 A cuboidal warer tank is 6 m long, 5 m wide and 4.5 m deep. How many litres
of water can it hold? Hint, 1 cub. cm = 1000 T, Ant. 135000 lies)

3. How triany 3 metre cubes can be cut from 8 cubow! messiring 18m * 12m =
Ym. . (Ane T2)
4. A new metal cube is obtained by meling mmﬂi::ﬂﬂlu
A em, 4 cmand 5 om respectively. Find the leagth ﬁh£ m]‘h
area of the new cube supposing 0O WS { 'hﬂ-. : sqem)

Tiell

gl - F

BT z

= ;ﬁ-r #
.
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3 3 3
Now, V,= -n sV = —ux ]‘_ uxﬁ’ﬂ ﬂxJE HTJI @=13gy I

Hence vaud

Ex 4. How many solid circular cylinders, each of length 8cm and diameter 6 oy o
be made out of the material of a solid sphere of radius 6 cm.

4 \
Solution: Volume of a sphere: V = 3 nr. radius: r= 6 cm

= V= 3_xnxﬁxﬁnﬁ-cuh.cm

Again, Volume of a circular cylinder: V =x r'h,
Given, diameter =6 cm = r=3cm, h =8 cm
. Volume of each circular cylinder,V, =m x 3 x 3 x 8 cub. cm
", Required number of cylindes = V&V, =4

Ex 5. Find the volume and total surface area of a hemisphere of radius 3.5 cm.
Solutton: Given, radius: r= 3.5 cm

2 & id
= 3:”-3= 3:-: - %3 5% 35%x 3.5 cub.cm
= §9.83 cub. cm :

= Volame of the hemisphere

22
And, Total Surface Area = Inr’ =3:-:~_;,- x35x35sgcm=1155sq.cm
Ex 6. [2013] Find the volume and curved surface area of a sphere of radius & cm

4
Solution: Volume of a sphere: V = 3 nr, radius: r = 6 cm

4
= V=7 xzx6x0x6cubcm = 905.14 cub. cm

3
22
Surface Area = dnr = 4 x 5 x 6 x 6=45257 sq. cm

Ex 7. [2009) How many spherical balls of 2.5 mm diameter each can be obtaincd
by melting & semicircular disc of 7 ¢m diameter and 8 mm thickness.
Solution:  Volume of the semi circular disc:

I 7
V=coxlhr= 3 cem =3.5 ¢cm = 35mm, A = 8mm

‘-_f:&f:"*f-é'vﬂlumnf the hemispherical bowl: V3= 3 30

"IF'\:'I'I-L" r"l-ll‘m

1, -
T.:i" _l:,r

2% h.ﬁﬂ:jﬁxgmm

Volume of cach sphenical ball: Vem i 2t r= 1y
3 T,

2
1 42 2
= o — 8 _g 4 :I'—\. 15
Therefore, required number of hally = ¥ = V, = 1881

Ex 8. [2010] Three spheres of radii 3 em, 4 em gnd §

: sphere. Find the radius of the new sphere.

“Solution: Let r, r,, r, bethe radii and V| V..V, be the w
mgm;pn:twnl}' alsc let r be e radins and ¥ be the volume of the
spherc, .. r=3'cm, r=4cm, r=5m '] fu

4 - 4
and \-’|= mIF) =T

= 3 x:x{.‘ﬂ’=i:uum._ ;

e
T 3”{"".! T

4 4
V,= 3% (rf= 3 KR (3F cucm=—

%5 % 4) coem= T

- 2% 500
Now, V=V V4V, = {36+ -3—1.- T T
g 4
= ﬂgﬂn.¥=%w‘=~iﬂﬂ=iﬁamm:@-ﬂ=
E-ai (2011, 2016] A cylindrical vesse has a base of dis

~ filled by mwng:nmulmmmuf; .
lﬂijndﬂmhctﬂﬂﬂimqm

) |
] ﬁ!‘“"ﬂ: volume of the cylinder: ¥, =

™

>
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thickness AB. Zone PQML is defined by radius R of the sphere from which iy ¢

cut off, r, of the circle PQ, r, of the circle LM, height
Volume and Surface Area:

{(a) For a sphere of radius 'r*:
(1) Volume: V = Eﬂ!il‘“ il untis
(1) Surface Ares = 4nr® sq units

(b) For a Hemisphere of radius *r':
(i) Volume: V = j ar' cu units
(it} Curved Surlace Area = 227 sq. unils

(iii) Total Surface Area = 2xr° 4 27 = 3x® 8g. units
{c) For a Spherical shell:

4
(1) Volume: V¥ = 3 =(R*- r*) cu unit

(1) Ouler Surface Area = 7R* 5q unit
(ii) Inncr Surface Area = x/° sq unit

|
(d) Volume of the segmemt =E-.-|:.F;|_'3,-"+,|,1}

Area of the curved surface of the segment = 2xRh

Total surface area of the segment = Area of the curved surface + area of the base
=22Rk + ar

Vulmunfﬂ::zan::~nﬁ{3{r P4 r )+ )
Area of the curved su nﬂhm.m

Hﬂﬂ!umim

Total surface arca of the 20NE = Areq of the b
= Eﬂ-ﬂ'}l + m,.t.z_. EFI:' Wm‘mﬂ o R

Worked out examples:
Fx 1. ﬁﬂﬂiﬂ_ﬁphﬂt‘.ﬂfrﬂﬁua.jmmmuﬂﬂu
each of diameter 0.6 cm, Fipd hl"“ |,'f .

Solution: Volume of the solid sphere, v = _u. ,ﬂ S .'
$ !

Radius ﬂmWIMIh-u%m:uﬂq
a5 vmmﬂflwl:l]hﬂkvl- 'iw

- Required number of balls = V=V, =
ﬁl Shwmﬂﬂﬂimfmﬁmof:#;u.u. ._ o
~aright circular cylinder that just encloses the sp
‘Solution: Let *r be the radius of the spherc.
=, - Surface Area of the sphere =dxr
e ol An;mnmumqumdumqﬂmﬁ
~ Now, for the cylinder, ndi‘-ﬂ—riﬂ#

- Lateral Surface Arca of the cylinder
%IJ*T = 2xr2r = dar', Hence Proved.

yl A:ﬂu:mdnmhﬁhmﬂtm#

~ sphere is 1.38 times that of the cube-

- Solution: Surface Area of =S|iﬂ=-5"""r
' Surface Area of & cube: 5:"'"

B
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g b |

with r. = 30 cm, r, = 30.5 cm i1s volume = — xf (30.57 - 30%)

L g |

Civen 11440000 = _, wl (30.5:— WF1=95.071 =[=120332cm= 120313

mit Ex 11. [2013] Find the amount of concrete required to erect a concrete pillas

whise
circular base will have a perimeter 8.8 mt and whose curved surface area will be
| 7.6 sg.m.
Solution: Amount of concrele required = volume of the cylindrical pillar = n)

T

=

Given, 2nr =88 mt = 2 x =88 = r=14 mi

and Farh = 1106 ig.m = ER _p:h = |T. = k=2 mt
5
. Amount of concrete required = — x 1.4x 1 4x2 = 12.32 cub.m
i
Ex 12. [2017] A cylindrical oil tanker has its inner diameter 480 cm. If the length
of the tanker is 6 mt, find the capacity of the tanker in cc.

22 :
Solution: Capacity = Volume of the tanker = = % 24(F x 600, r=240cm, { =000 cm

= 10.86.17.142.85 cuecm

Exercise 1.4

|, What is the ratio between the height and diameter of the base of a cylinde?
when the area of the curved surface is equal to sum of the areas of the I
ends. '[.l’l.“'-"- 1-2]

Find the weight of iron in a pipe whose interior and exterior diametcrs measur
10 inch and 11 inch respectively and length 10 fi, I cub. inch of iron weighing
026 b, (Ans. 514,594 el

K-

"'E-I:le“ra 0y

3. Find the amount of sand FEquined o
radius 24 inch and heighr §

sphere. A sphere can also be obizined by ml;mhr#t

SE

-

Sphere Secion by & plabe Hemisphere P
ol e
A section of a sphere by a plane = s ccle. The plane through the contre |
of a sphere gives the greatest cirche. . T
Fimy

HEMISPHERE: A plane through the cenire of 2 sphere. divides the sphere
into two parts, each of these pﬂ!ﬁﬂﬂ]ﬁ‘m‘h‘m . 1
called its base, e
of two solid concentric spheses iscalled.
o o thin rubber sheet can be considered.

pich is a spberical shell.

SPHERICAL SHELL: The differcnce
a Spherical Shell. A rubber ball made
as the difference of two solid spheres W

Segment and Zone of Sphere: | pQisaciieformed by cafing *
AR is the height of the segment PAQIT T&"wumw |
off the sphere of radius K bY nﬂﬂ”:,wmﬂﬂw# :
radius r of the circle PQ, radius Rel Pﬂ.mﬂmwﬂﬂ
In figure AB is height of the 2008
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Solutron: For Lhe cylinder, & = |4 cm, radiug = 7 G
Volume of the cylinder: ¥, = mrh= 31416 = rx 14 cob. cm
For the Cube, side = a = 1lem
Volume of the Cube: V, = @' = 11 x 11 x 11 cub. cm = 1331 cyhy oy
According to question, V.=V, = 3. 416 = rx 14=133]1 = P=M2—r=5¢
Required radius = 5.5 em .

Ex 4. The whole surface of a right circular cvlinder is 1540 sq. cm and the diameter
of the base is half the height. Find the height of the cylmder.
Solppon.  Caven, whole surface of the cybmder

]
= 0sgomandd =5 = h=ld a3h=4r

= darr + k) = 1540 '-.q' CIm
=3 2ur(r+dr) = 1540 sq.0m

T . 1540=7
= |0 = 1540 5q. cn = & = 1022 5. CTN

== r = Tem, therefore, kb = 4xTom = 2Bem

Ex 5. The volume of a metallic cylindrical pipe is 748 cub. em. Its length is 14 cm
and its external radius is 9 cm. Find its thickness.
Solutson: A metallic cylindnical pipe resembles a hollow cylinder.
Now, Volume of a hollow cylinder: V = o{R*- #) h
Given, V = 748 cubem, R =9 cm, k = 14 cm.

22 [
. % [ (9Y =] x 14 =T48

 748x7
> 8-~ = Eir;l-i s r=8l-1T=r=68 >r=8 cm.
Therefore, required thickness of the pipe =R~ r =(9 <B) em = Icm.

Ex & [2009, 2010] Find the volume und curved surface of a right circular cylindes
whose height iz |12 cm and diameter of the base 3 om.

- ; 3
Seoduataon Given, i = 12cm, diameter = 3 em. therefore. radius r == cimi

Required Volume of the cylinder = arih m L 1dLG x %x ;:-: 12 cu.cm
= B4.B6 cub.cm

M""'-'-H'Ilt-m
7
. Required Curved Surface of jjie s Ji
ylinder =3gpka i
r.q_-]_'l'l'l qrk Ill.ll‘]‘ x.di "-]_:

_ = L4 wmem
E’ 1‘_ {m]ﬂ. HI]ET_I Find Lk '.-1_|||,||r|"|,|: ] ""'h"'k‘illf::: E
whose height is 14cm and diameter of the base e :ﬁwm
splution: Given, height: k = ldem, diameter of the base = 10cm, radius: r= :

.. Volume of the cylinder = x/k = % 5 % 5x14 cub.cm = 1100 et

And, whole surface area = Jur (h + r}ﬂx%u.‘dhi-ﬁ.:nﬂ“ﬁ:ﬁ‘--

Ex 8. [2014] Find the volume uﬂ;mﬂgﬂﬂﬂlﬂ“ﬂ" byl wia: B
height is 12 metre and diameser of the base 6 metre. Rae

Solution; Given, h = 12 mt, dinmeter = 6 mt, therefore, rdius r =3 mt
= %12 = 33904 Curved =23, =
Volume = 3. 14x3°x1 cum, Sarface mm
Ex 9. [2016] The arca of the whale surface of a right cirvular cyfinder i 3000 s cm
mﬂuﬁmeanthehnsms#lmﬁndlhrﬂMﬂ_@E_m1 ;
eylinder. | : SR L)
Enhuim:Amnfwlmlesmfﬂﬂlhﬂrﬂﬂh“fm’-‘m. " AR <3 :

i oy
iy L]

r 4 B
UNN = 2 = l;—zrh-b:t:— xr

-'ﬁ'ﬂ’;,x.\ &
=2HE :t!l}h+3:u:1;2 < AP = 125720 + &) "'"
: s
Hence h=- T -2 =3B6cm
‘h"nlu.;-.::T' ulﬂ*:i.&&mtﬂl:mﬂﬂ

Lo ock of (£

Ex 10.[2015] A solid iron rectangulsr IO 8P e g
cast into a hollow wﬁﬂﬂﬂpﬂnﬂ ke
Determine the length of the =1

Solwtion: Volume of the iron HWE:J_:I‘D.‘?:;:&IM“
H|myhnfmgpip¢uimlh“fl”l‘“




B i 1
>l ALY UTE [ATETT ! - '
I
{ the pyriam) \h, A ey
| | : .
18 L= AR« M - vl
Y
&
b 3 VO o =301 =13 2
|
Regd volume= .'. (30F & 15 +2 cub.m = 63030 i 4
Ex 5, [2009] A nght pyramid of heighl 12 cm stands or : f |
e & / '
i square basc whose side 18 10 e, Find the |
vollume of the pyramid ' l
I -
Cealial oo Villume ol the Pyramd Ah, A= Area ol the squa
Given, h =12 cm, a =10 ¢m A= g ={10) 8g. cm =N & c™m
I
Therelore Required Volume = - x 100 % 12 cub. cm HAT C1

Ex 6. [2009] The ares of the base of a hexagonal pyramid is 54y 3 amd i0
onc of its side faces is 946 . Find the volume of the pyramy
Solution: OABCDEF s a hexagonal pyramid.
Vialume of the pyramid
1

= —x Arca of the base xheght r
Lilven, Arca of the base = 54 03 Hlh
13 - |
= (A = Myd = 5= b uml
o .
Lemn, Arca of OAB =96 d !

i I A E—T—F
1'.h'-"'|['l-l-.':.JE'-'-'i.t: a I.|.,I‘|I-ll_l:l:'-"ln.lh e

= JP=3 o I TN

. il
= h= 1 gt .l-.,- ;I'-.=-|-.. v i 3
hrg! A \ T Y since AAB G ix equilaterst
P e e . ;
.lll--..l ] | 3 w By - ':'1='Ul'lll
Required Volume = © % 5443 %393 cubounit = 162 ey il

Ex v [:“] 4. 201 ETT hie hase ol the pyramud IS & Squnre and s Taces a0 E'q'lt“ﬂﬂ'ﬂl

I‘.:|-I"_:ll|:-- Il "a s the ciche ol 1he hose. show bl M2 violurme 15 "E ;!I-

0

|
galation: The pyramud 15 a squarc pryramad. Volume = 3 Ah

Here, A = a° g unit

0
| . : :
h=,i4 G = AJOA “IS ALY AL =ARRC =220
=l - F 1‘ :
=5 I a
id | Lty =
'I,_ 1 W 4
|' I
| C s
- jor = &' o wnil
Requimed volume = X 3 B =32 !

of sade 13 €m. I the vertics]

. le
Ex & The base of a pyramd 15 an equilateral EG und totu] surface. ©

sia | Wi
height of the pyramid is 20 ¢, ind i

| = M) cm
a = l.']ﬂ =
Solution: Volume of the pyramid =7 n

Here, OAB, OAC, OBC and ABC 2
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A Pyramid is called a Right Pyramid if the axis is perpendicular (o the jy,,
ar the foot of the perpendiculiar coincides with the central point of the b
Otherwise., it is called an Obligue Pyramid, A pyramid is called a R enlo:

Pyramid if the base is a regular figure.
A pyramid is named according to the shape of its base. For Ex umple
triangular pyramid, rectangular pyramid, square pyramid, peniagong)
pyramid eic. A tnangular pyramid is also called a tetrahedron. All the edges
of a Right Regular Tetrahedron are equal.

Volume and Surface Area:
{a) For any Pyramid: Volume = IE Ah cub. unit, A = area of the base,

h = height.

(b) For a Right Regular Pyramid:

1
(i) Volume = EM cub. unit, A = arca of the base, h = height.

1
(11} Lateral Surface Area = =

2 Ps sq. unit, P = perimeter of the hase,

8 = slant height.
1 \
(iif) Total Surface Area = (5 Ps + A) 5q. unit

Ex 1. Find the volume, lateral surface arca and total surface area of a righl regular
tetrabedron of side ‘2a°.

1 .
Solution: Volume of a pyramid = 3 Ah, A = arca of the base, h = height.

Here, base is an equilateral triangle of side 22" and all the edges are of length “Ta’
therefore all the faces are equilateral tiangles.

o
A= % (2a)’ = /3 a* sq.unit
R
h=0G = JE,F:"_ PG Za
i
Now, PG = = (median of POR) = 0

'EX3. [2011, 2015] The hase of a pyramid is a regular he:

Metiaurztigy

|
3

« ki .II ay -1 - u:
ey Tn
43 ¥ ?:T-—I mﬂ" 2,

Lateral surface area = j.,,:.F & 31'.:1- =~ 1'-':[!!:-11
Total surface ared = 4A =4 3 "5

. Required Volume =

Ex 2. A hexagonal pyramid has the perimeter of jis |
1 10 metres. Find its volume. e
Softion: Volume of & pyrumid = 'i"‘hrﬁﬂiud’ﬁ _
Given, Pﬂti.ml:h!r af the hase ﬂ“‘u‘m] =15 ;_.E:;:-I- , s

i
— wide of the hase = m=25m ’
6 [

T AL ).
5

10%3 §

i 4
= A= — (side)’ = #flﬁl’iq.ll i

2

|
Therefore, required volume = 5:——#{1!?::!!

ll'll'l:hﬂ;hll:ll'ﬂltpymmldulﬁﬂn,ﬁnﬂﬂ
Solution: Given, a regular hexagonal pyrumid.
= pm“fmmnaumlhghﬂl

"o 42 -
% side of the hexagon = a = " =7 i

. £f=£;

L2 g
1; Ruqmrnd.wllmt"i Ah= 3“

X flll'
m [ﬂll] A pyramid on lﬂmm has
ﬂ
faces, cach cdge being 30 meters. Find
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. R & | L
- Volume of the enclosed hemisphere and cone = 3 =X 5 4 x5 x5
1 - i
i 22
=X :q-l
b s | o b | k]

Volume of the additional enclosed space = % ® 5 % 10— T_ i et

Fx 16. Marbles of diameter 1.4 ¢m are dropped into a beaker contauiming some wler
and are fully submerged. The diameter of the beakeris 7 cm. Find no of marbles
10 be dropped to raise the water by 3.6 cm.

x

Solution: The change in volume of water in the beakeris V= _?_-' X l;!z ® 5.6

This volume is same as the total of volume of the immerseed marble of radius . Tem

x2
Hence V=n *3ET (.7} where n is total number of marbles.
v S 4 X 4
Thus = (=) x56=n Hix-? (7Y =T=nr %0y = = 150

Ex 17. The radii of the external and intemal surfaces of a spherical shell are 5 cm and
3 cm respectively. If the material were Tormed into a solid cylinder of height

2
hl]-,,' cm 'what would be its diameter?

Solution: The volume of the spherical shell =

=
Volume u!rh:ntwcyund.:f="_-; g,—l,.;m%
= x5 (3=¥)= xrxlls

4 32 7
3 3 =>r=cm or dinmeter = 7 cm.

-."ilﬁn'l.ur;rih

; .-_"l'hr'-"'r'- solid sphieres of iron with dismeters 3 CEn,

are melted 1o form a single solid L2 e and 16 cm resgects y:

sphere. Find the radiug

ol fhis
"ﬁ:.umu many spherical bullet Tonde H*' '
..' B iy & TR TS Can t: ot :i . Ans.
ei!‘? edge MEAsUres A e, each bulleg being 4 :miq. ﬂﬂﬂh e

3‘:- Find the "_‘rm”'"f "'t; the larges Ic.|.'II'I'L'I'-E_IIIIJ‘I.'II can be curw ‘llﬂ 2
7 em. (Hant, madius of the sphere = ~om, ﬂ =

1;( How many lead balls of quarter of an inch in dmﬂ _' ;
0 of 3 inch in diameter supposing no waste. e -
1 " B W .'1-.
l&jp}mﬂ' A Pyramid is a solid whose base is & pdnm
"~ gides, with triangular faces meeting i 4 common point. We
Pyramid can be obtained by joining the vertices of 2 polygon

| .? Iying in the planc of the polygon. R
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1
According Lo gueshion, W v % h 1 CTT id cm
Ex 10, [2012] Find the area of the curved surface of the segmenl of a sph
hictght 12 inch and radius 20 mch

Solution: Curved surface area of the segment of a sphere = Lnr

Here, r 20 wch, h 12 inch.
Required curved sufboe ares
B!

2% — =20« 12 8q.inch = 5q inch = 1508.57 sq. inch

Ex 11, The radius of o sphere is 13 cm. Tt is cut by a plane whose perpendiculy,
distance from the centre of the sphene iz 5 cm. Calcalate the arcumicrence of
the plane circular section. Also find volume of the smaller segment

Solution: Radius of the circular section formed by intersection of the plane with the

sphere is .,,'r| 43 _&l =12
i3
Circumference of the circular sechon = 2 T x 12=TI43 cm

' L

Volume of the smaller segment i h{ x 8 (3x12%+ &) h=13-5=%§

= M)78.4 cucm
Ex 12. Find the volume and curved surface of a zone of a sphere, the radii of the
twi ends being 20 cm and 10 cm and its height is 7 em.
i
Solution:  Volume of the zone = » —x 7 [320° + 107+ 77)

= 567967 cu cm
Radius of the sphere 1s R. We assume d as the distance of larger base of the
zone from the centre of the sphere. So distance of smaller hase from the
centreisd+7. Hence Ref+2F=({d+T7+ (P

>400=14d + 149 =d=251/14=179 =R= Ji797 420 =269¢cm
o

Area of the curved surface of the rone = 2 = ‘;".' % 269 xT=1181.9sgcm

Ex 13. AN eVaporating pan 18 in the g, ; 283

ig Bmand is 27.5 ¢m deep. )

1N iferm s '.'.u:'.-ru 5:{m n:d"'ﬂﬂu'
epfution: Raxdius of the sphere is i we 24 d 2 e e
from the centre of the sphere Hemss 4§ 5% SiBnce of b o the

cmAnd R'=d +30'=(r_11 08, u]-"""'l-*ﬂ-‘ﬂs-;ﬂh:rir.hm

— = N "l:'iR‘_ ”l-le ]-;

9
Intermnal curved surface areg = 35 =
0B ey = Jx ; X Iﬁﬁﬁ_;ﬁfjﬁx nj:ﬁm,]ﬁ o
Ex 14. The radius of the base of 2 metallic bl . : :
wcmentis e sod beight 12

cm. I the segment 15 hammered
the thickness of the pE.ch

OAEE o B oo ar plate of 40 &m diemcier fimd

o A g
Baolufion: Yiolame af the s |'l|14.:|||_.|] SEEme = : N .l-r- x Iztw_'_ ]1}}

I /115 the theckness or height of the cylinder hes

57 !
Volume of the cylinder =— x20°k

Given Volume of the spherical segment = Volume of the cylimdes

22 1 =K a2 i A A 'L |
Or, — *—x 12 (3xNF + 1¥)=—=2h

Biril 7 7

A 2x1344 77 5
= 207 = /lcm :
i«c siclcs on & common base [Bcm

Ex15. A right cone and a hemisphere he one
in diameter. The cone is right angled at the vertex., If u cylindercimumscnbes
llbcenchosed?

_ them in this position what yekdinonal spoce Wl "
Solution: The cone is right angled means height "FL:: :':f R
the base, i.¢. h =5 cm. Hemisphere 80l s ’:lﬂl h_‘f * !H:I-
Gircumscribing cylinder is of height 5 + §=10cm radius

Zies Hhosd
Volume of the cylinder = A x 10 '
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l
Violume of the tent = 2335 =] 3ldxh cucm

Ix 2355

+ Height of the cone=h = 314 =5 mi.

Slant height = .,‘-:f?? 5 +(9.99) =24.6m

Ex 13. [2016] A circular tent is cylindrical to a beight of 4 mit and conical ahove i
its ciameter is 105 mit and its slant height is 40 mt, calculate the total arey ]
canvas required. What will be the cost of canvas at Rs 50 pPer meter if n |:
width 1.5 mt? '

Soln: Curved surface arca of the cylindrical part

.

= —x105x4 sqgmi=1320 sqmi

Curved surface area of the conical pant
1.2
= 3% 5 %105 x 40 sq mt = 6600 sq mt

Total surface area = 6600 + 1320 sq mt = 7920 sq mt
= Area of the canvas required
Length of the canvas = 7920/(1.5) mt = 5280 m1
Cost = Rs 30 x 5280 = Rs 264000
Ex 14. [2016] Water flows at the rate of 10 mt per min from a cylindrical pipe 3 mm

in diameter. How long would it take to fill a conical vessel whose base
diameter is 20 mt and depth is 24 m1?

. I 2
Soln: Volume of the vesscl =iﬂ 7 X 10¢ % 24 cumi = 25142 cu mit

: 22
w in= = =13
ader flows in | min= , (2.5 10-7% x 10 cu mt

Hence time taken 1o fill the vessel is
Volume of the vessel/ Water flows in 1 min

10° x24

BT R et e L]
3Ix25%25x10 128 x 10" min = x .28

60 hr=.2133x 10" hr

L. M ﬁ[:hrrirﬂl ";:"-":'“'j-':’:"“ '5. ek in diamegey 18 Mced o
mould. 1If the diameter of the base i 12 ‘mﬁmhhz:.i_':ﬂl
i 5 | Yimch)
2 ::; l:::::::rﬂ:ﬁ.:h;':.“n1 i "w"“’“’i"“m*ﬂmh-lhhu.lﬂ.
2 rqr:‘:ﬁ::::l: nfT:..-tmi-n e e of the curved s “"L_il:
e i e e

5, The radius and height of a cone are in the ratio 3:4. 1 ies volome b 30044 ool
cm, find the radius and slant hesght. {Ans. radius = 6 cm, st et =10 ol

6. Find the volume and curved surface area of 3 ryglt conelar cone adamt.
height is 10 cm and serm vertical angle s 307, (Am ¥ =268
g Ccm

ﬂ,w".r [ i X
38 Frustum Of Right Circalar Cone And Right Pyrami PR
If n Right Circular Cone or & Right WEH‘M e

base, then the solid obtained is called Frustumof3 ; :
of a Right Pyramid. As shown mthe above figures. e The Fossmm el

cone is bounded by two circular planes andd wo cods and it el facss 5=
jygons ot the -

right pyramid is bounded by two po
tmpeznids, o
_ i i the Acig
Th-:p-:[p:nd.culardmmmbﬂm o T T
ﬁummmumﬁmmufamwhﬂ' astum 0 4 Pyt
tadii of the two ends along the i i
slant heightis the line joining the mid PO
Canal




395 An Introduction to Polytechnic Mathematics |
. Area of the canvas used = 235,71 sq. m
Civen that, width of the canvas used = 3m.

area 215.71

. Length of the canvas used = Efr.h & 3 - m=78.5Tm

Ex 7. [2013, 2016] Find the volume and curved surface area ofar

: et circyly

whase heught is 6 cm and radius of the circular base is 2 cm e
1

Solatron: Volume of a nght circular cone : V =3 Ah, A=pr

and Curved Surface Area = 3?42, h=6cm, r=2cm.

1
. Reguired Volume, V = ;m'-'h = % x 3.14163(2)°% 6 cub. em = 25 | 2
- Curved Surface Area =3.1416 x 2 x [2 22

¥
Ex & [2003]The volume of a nght circulur eylinder and anght circular cone stumding

on the same base are in the ratio 3:2 Show that the height of the cone is doulie the
hes ght of the cyvlinder.

Solution: volume of the right circular cylinder = nrh

Cuh CE

8Q. cm = 39.74 3q. cm

mhmtdﬂ‘u:ﬁ,g]‘ucimﬂacm;-_— %m"— h,

R
(Rven, nrh ;i:l'l:l"lﬂI =3:2 = h.‘h.!l.‘l =>h, = 2h. Hence proved

Ex 9. A solid cube of side 7 om §
rldrud'ﬂthltffﬂltﬂm_

Sﬂhﬂ:ﬂ:ﬁhﬁ.lid:ﬂﬂumh:ﬂ?m.]ﬁghtcﬂhcmm =h=5cm,
vnlmdﬂtn&t:\‘,#sid:}‘-—-? %7 %7 cub. ¢m = 343 cub. cm

: ! 1 22
Volume of the cone: V.= En.r-'n--i X -}— ¥ °x 5 cub. cm

% melied to make a cone of height 5 cm, find the

. 1
According 1o question, VsV o 3 X E:":: rx5=7343

343x3Ix7

=re ns = P=65.4818=r=809cm

'ltF.'.‘qw;m,m

fx 10. [2013] A tent s in the form of 4 m

H -
The diameter of the cy imier 1 24 1 Tig g 440 i by s
“11:“! ihe vertex of the cone LT above the P - -. i [
sequired for the tent. : -
alution: For the cylinder,

24
wdsﬁ“mzlﬁl.r: __‘:-' = Im. .l..

A, iw

= 2 x T ®12x |-1=ﬂi?l‘.:_‘- .
For the cone: Curved surface area = oo, r= 1, s 6 .'-":kf" 2
g = -.Irri i = J1_1.3+j: = I ’ Pt

F 4

a
- Curved surface area = — x 121x |3 = 49028 -

= Canvass required = 829.71 sq.fi + m Ry

Ex 11. [2014] The section of a right circular cone by 2 plan
perpendicular 1o the base 15 an equilsicral mangle sach:

Find the volume of the cose. - LS
Soln: The diameter of the circular base of the coee i§ D
Hence height of the cone = 127 -¢° whefins
5 = 104 mi

?ﬂm:%!—ﬂflﬁxiu{um:lm“ : i

Ex 12. [2015] A conical tent is required 50 scE
‘st have 2 sq mt of space on the grosd
the beight of the tent and also calculare ;

ﬁ?ﬂmﬂhm-]ﬂuﬁwl;;‘f; .
Areq of the hase = 157 x 2 sqmt = st -

-

T
=

dﬂ-_. -::-' E

. il

Radius of the bass = *
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Vilumie ind Surface Arcd
|
- . 1 = (]
(@) For a Circular Cone: Volume = — xArea of the base x height L0 q
. ¢ - .t — 3 MINE g
bi For a Right Circular Cane: '
: : - |
() Velume = < x Arca of the base x height = — nrh cu unit

{n) Lateral Surface Area = nrs sq. unit; « = ,..",p,‘ +p

(11} Total Surface Area=rris + 1) sq.unit; s= 1"I."‘;i,.‘ =

Worked out examples:

Ex 1. The diameter of a right circular cone is 14 em and its slant height is 9 ¢m, Find
the volume and arca of the curved surface.

. : _ |
Solution: Fora right circular cone, volume = 3 wrh, area of the curved surfice = s,

Given, diameter = 14 cm, 5 = 9 ¢m_
14 i =
r= T =T;‘1’11.h—-.\.3- S Y L =-t+.-E
1
*

ik

Reguired volume = -~ x _".'_ XTxTxd ,UIIE cub, cm=290.39 ¢ub, cm

T

Required curved surface = _".l': x 7 x 9sq.cm = 198 sq. cm

Ex 2 llﬂ:”ﬁ. 2017] Find the volume and curved surface area of a right circular cone
whosc height is 8 cm and radius of the circulur base is 3 ¢m.
Solution: Volume of 2 dght circular cone : V = : Ah, A=nr
3 Ab,
and Curved Surface Area = ar .,‘-",r,-' +r-, h=8em, r=3cm.

. Required Volume, V =

1 |
i:u—'h= 3 x 3. 1416 % (3)° x 8 cub. cm
= 75.40 cub. em
Curved Surface Area= 31416 x 3 = -,n'IH- +3° sg.cm= B0.53 B, €T

fy

A
i1 "“"“"ill'.ln

Ex 3. [2011] How many SqUAre Metres of oy 78 [ | |
height 15 35 .rrH.‘Irr_u and radiys of ihe hﬁfﬂlj used iy 1;.;&““*“‘
" Golution: Height of the cone: h = 35, r -‘diusmhgﬁmm |
. e ﬂ'.:r 2 Hm.
. FOTNIE e =9I
Required length of canvay =

slant height: s = '....f.l.

~ |3

Ex 4. Find the volume of the largest
whose edge 15 9 cm.,
golution: The base of the cone is the circle inscmibed m othe
height is equal to the length of an edge of the cube

nght circular cone fhay cqn be cut out of 3 cabe

Dase of the cube and the % |

=

| 1]
Volume of the cone ; arh, here, 7= - cm bk =%cm

22 59 9

:H

1 i

Therefore, required volome = x5 xoxsx%cuem k /
%

"
'

= 9.9 cub. cm

Ex 5. The area of the whole surface of a right circulr cone is 15 g, m and the sl
height is three times the radius of the base. Find the rdius of the bese.
Solution: Whole surface arca of  right circular cone: $= xrires).
Given, S = 15sg. mand s =3r
22

: -?-Hr{r+3r:l= 15 =88c=10=7

:Lim = = m.

, acomical s 11
Ex6. How many metres of canvas 3m wide will b required B

metres high and 12 metres o the hase !
Eﬂmm: Canvas requ ired = Lateral wurinoe arcd
heighi
Given, diameter of the base

= 19 T = JeF =25" '
--.T‘_—':_r jTI:{Jrn.E:-..Ir'-"h-_"‘ "
2 2 : |1ﬁq.ﬂ"mﬂq
il R
*+ Lateral surface arca of the coN€= 3 ’

af thi cone

_ 12 m, heighe: b= Lim
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W = a -
|--'|| st ace area o w -I B = '\.'-I :"Iu-I"-\.'\. ]"H.;l-i. Cin = .':H.r_:l -,rl & om
Ex %. The hase of a pyramid 15 a reclangle measurng £ it by 3 fi and the
ight from vertex to cither one of the longer sides is 5 fi. Find the ,'
IC1rig
i -yhnder of base radius 6 inch, whose solid conie nt is half thar of g,
pryramud 3
solution. volume of the rectangular pyramid V = 3 Ah, A = length x breads
Given, length = 3 fi, breadth = 2 fi, OP = 5 fi
. ]
Iherefore, h = OG = NOP —pGl= Jsi P =205 R A\
o r NN
! 2 ixdwl Jgcub.ft = 4.J6 cub. fL J i\ el
- : : D PR M\C
Agam, Volume of the cylinder: [ :
| A
"..: 2N, © = 6 inch = T a \ |7
1 L= | l"-.
= ®{ = Fh cub, fi A P e

) |
According to guestion, S Y=V,

Ex 10. [2012] A right pyramid 10 ft h

the volume

| 1
=35 %6 == (rFh=h=0624f1
igh has a square base with diagonal 124t Find

i : l
solution: Volume of the pj.:m7|ir_i-_-3 Ah, A=—dh . d=12M.h= 100

Pl | =

= Required volume = w21 2% 10 =240 cub.fi

3
Ex 11. [2016] Determine the volume of the pyramid whose height 13 IH.,;TH and

which stands on a tiangle of sides 16 fi, 11 ft and 9 fit,
Solution: Area of the base of the pyramid

= Area of the tnangle= f18(18 — 16)18 - 9x18 - 1) ,2r=16411 +9=36
= -..'I'Iﬂajn-'-'.:l'q',"= iH-._"F :..Llﬂ

; 2t 1] e :
Volume of the pyramid =3*IBJ7x107 cufi =420cuft

Mensy faliog ‘
' 1
Exercis 16 i {

L., A F'lShle-'l'-lmul L0 Tt high has

3 2 Squane hags of
the volume of the pyramid B "‘f“‘iﬂmﬂl“l St

L The arca of the base of neExapons Pyramid TR 1"'“""1ﬁ'-ﬂl':‘*ﬂ}
side faces 18 64 /¢ . Find the volume of ghe F'r‘ﬁ!mm_lll mm'“"'ﬂfﬁtﬂfn
3, A pyramid on a square base hag tvery edge 100 Find Wﬁm“]
aqual volume mﬂ:ﬂlmﬁ
4. The penmeter of the base of 3 hexg (A2, 61.7 cub, frj

metres, find the volume I metres, its atitade iy |5
5 Find the volume and laeral surface areg of o sl [!'lﬂh.ll,ltﬁ_.n}

gide ‘o 1

LN B

3.7 Come: A Conc s a three dimensional sobd bousded by a corved surface anda
circular plane surtace called its base, Its bose being aciecle s conc 15 ase known
88 a Circular Cone. The 1ce-Cream cone, 3 circis clown's cap, acosical fen s
some Ex s of cone. A Conc can also be considered as  special cane of s pymmad. o
If we go on increasing the number of sides m the base of 2 pyrsmnd, st anetime,
it will resemble a circle and the pyramad will changs inbo a cone.

a

0 5 veres oA
h-l h-l'_'LE!'Il j-"f III'
T — radius i II".

5 —» slant height ,"f

Cwcular Cone

A Right Circular Cone i gl:rn:r:md e
its sides. The difference between ?L s
that, ing right circular oone fhe line jo
alar o the bt

h'l'-ﬂi:ruafnu;r,-; J-J».-rq.wmﬁ-
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_ 89914 b.{
108 cub. it

= §32.54 cub.ft

Ex 13 A tent is made in the form of a coni¢ frustum surmounted by a cone, The
dinmeters at the base and top of the frustum are 20 m and 6 m respectively and the
height is 24 m. If the height of the tent is 28 m, find the quantity of canvas requimy
to make the tent,

Solution: Let h be the height, s be the slant height of the frustum and 1, r, be the mdi
of the circular ends.
20

Hee.h=24m,r, = ?m I'Drn,r1=; m=3m

5= ...||Ih:1 +(r -r_.ji = \.'FZETE{I .1:}-5 =25m
. Curved surface arca of the frostum: S, ==fr, +71, )8
g Ao |

- :7: (10 + 3} x 25 sq. m

=1021.43 3q. m
Let s, be the slant height and h, be the height of the cone.
oo by =2314m—+:1rn r, =3 m,

e enl = JiT 3 =5

22

. Curved surface area of the cone: 5, = wr, 5, ==—%3%x55q m=47.145q.m

7
. Canvas required = 5 45, = (102143 + 47.14) sq.m. = 1068.57 sq. m.

Ex 14. [2015, 2016] The perimeters of the ends of a frustum of a circular cone arc 44
em and 88 cm. If the height of the frustum is 16 cm, find its volume.

22
Soin: For onc base penmeter =44 =2 x T’”l = r =7

22
For the other base perimeter = 88 =2 x "7—'1 r, == 14

1
Volume =iﬂh (A, +A, +1|',..1r,{] ) cucm

Menseration

Ii .:1: "Ir' | ‘
=3 %160 5 (7 4+ 1447 5 14)) cu o

R 2
- EH o 16 x 343 cucm

WL
'ég = ST49 % cu em.

ﬁfﬂ* [2014] Find the volume ﬂfih!'-fl'mﬂm:lu!';.

_,ﬁI- .quﬂltlhl:hiﬂﬁﬂﬂd4flﬁlmh:ﬂtw.

ﬁmﬁl = arca of the square base with side 7ft Binches
| n{"?flEin:M$?:=f7£J:mﬁ=ﬂ?ql
'W‘*l = area of Ihumumhn;ﬂmmnhﬂtiﬂdlp
-#IFL -—(4ﬁ{ammm)h¢4—} sqfi =025
 h=611

! r—
=Euh (A, +A,+ [44,) cuft

Ihl:huu. 4 ft 6 inch square ot
i fmmthﬁhaumlh#!ﬂ
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Salothion: Area of the base of H‘m:t.u,rnl..*.lb,4 =40 xg§ sq. m= Sll}aq_m
Area of the 1op of the tank: A, = 30 x § sq. m = 180 sq. m,

Viodume of the tank

;1.{,+..-I".+..'-rﬁ}.|, h=3m

3 Lt
s 5204180+ /330%180 | cub. m

= 740 cub. m

= 740 1000 litre, 1 cub. m = 1000 lit.
=740000 litre.
E:!.Fmdﬂ':mlmﬂduﬂuﬂumafnﬂ tcircular i
a:r.‘mmdﬂm-dﬂuilmt}uigluhﬂn_ ﬁllt.llﬂrﬂl:lunfwhmm
Solution: Let 1 . r. be the radii of the
of the frustum respectively.
Gim.r,:ﬂm‘rzzﬁm.ttlm

ends and s and h be the slamt height and the heighy

- h.‘r":'_'r.___r! z -.-.\j'.li: -[E—ﬂ: =.lme

i
Required volume = = 7 [r 45 4151, |

fz o,
3 “_-;' f"*“?'l‘ﬁ:rilnﬂr.m.f?:z_ﬁqjg
= 35755 cub. m_

Ex 10. [2011] Find the amount
of water 2
mh‘ﬂ“!fﬂrﬂ:ﬁ;’dﬂ!myw 3 bucket in the form of a frustum of a cone

and bottom
heigh of the bucket is] 2 cm, bases are 22 om and 14 cm and the

ution; Gives, r, = 22 cm, r =
: ¥ r—,-!"'-l:ﬂ]_h:licm_
“'Hmnf"ﬂ-\’uhm;imgw

! .
= 38hir + 074y, )
1 2
= 3% XI2x [( 228 4 (14) + 22 x 14 | cub. em

HE
=7 %1484 + 196 + 308) cub. cm

= 12420.57 cub.m

Solution: Volume of the frusium of 1 pyramid: """;“ _

H‘l'-ﬂllj.r;““

p_ﬂ_tjlz]"l'l‘n‘:1|-||':|«iun'1-la of a conigg) fm““h H__i
nfﬂ'l:i:j‘ﬁl‘lihﬂli e “I'll'd rﬂ'imr “I L ‘-H" -h
mmﬂlmmmmﬁdimmm““,mm SN

. | | : ;
I!ﬁkﬂ:l""'l:l‘ll'lﬂ"frﬂ.‘.l'l"“:"':'-"- h'—‘i m. r=62m » """‘::.
= Volume =H=nr:h=nrﬁl1-%m,n

qugmnicalfmﬂm.h-:llm.lt-h

L =T s 2 ETR| -
= Yolume =V, = 3 (R F'i.lri--_]..,l"l,"l* el
A;cmﬂingtuqumt-;=y:

I =3 5 s
=SR2 xb2x—= [ gl

3= 3 (18 =+ Mr]
= 100 + & + 10r = 124

=r+1lr-24=10
= r=2r+ 12)=0
= r=2.sncer=-1T ._;,
. radius of the other end = 2m. .

4ih
-

e

.

Ex 12. [2012] Find the cubical content of the frosmm of T
‘high, 7 ft & inch square at the base and 4 i 6 mch squae & e 5

' ]
Here, Al=f1a=7namzrﬁg=1];s—!-t n
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Ex 4. [2009] How many litres of water will a bucket hold if its depth i1 74
radii on its top and bottom are 15 cm and 10 cm respectively

Solution. A bucket resembles the frustum of a cone.

LI Ay

=h
Volume of the bucket = [r, %, 41, |k
Here.r, = locm. 1, = l0cm, h = 25 cm

< R = A
Required volume of water = = Il5'+1l'l=' *Iﬁxlujr:u cim

— 475 cucm
21"

12440 48 coom
12448048

1000
= 12,440 litres.

[l

e

litres, 1cucm= 1 ml,

Ex 5. [2010] The circumicrence of the ends of a frustum of a cone are 44¢m and 88
cm. I the height of the frustum be 14 cm, find its volume and curved surface arca

Sduiutlﬂf‘,rrh:nriﬂiunfﬂutwumﬁ.hheﬂ:hﬂghl and s he the slust
height.
Then, h.dﬂuh.llr: =44em, h=14cm.

e l4cm, i and
=I.th:ﬂ = r:#znzz =/
s=Ji +(r—r) = JI4? +(14—-7) =15Tcm
I = 1 22
<. Yolame = E I[I’l'-l-l']' -H'.rj h= Ex? l “4}‘*-1-{'?}*1-1411]:'.]4:11!1.&“!

v
=T“5'ﬁ~r=l'!+ 98] cub.cm = 5030.67 cub.cm

; 2
- Curved Surface Area = air+r)s= —-x(1447) x15.7 sqg.cm = 10362597

-

.l" .I_

“H‘"l‘lm

gy b [2010 A reservonr of of gem) 1
a 200c 10sg.m and 3| § .,

hold. : h"iwh

=M ; - <

_ : o 2 IH‘I-.‘”
Yiu B =

Reguired me 3 [455*_“*""—-_.__' -

=316667cubm, Lcoh m=i0gy
=3166.67 » 1000 fitre 3166670 o

square at the top 1< capped at the top by o square pymmid 3 e g
volume of the solhd so formed. st
Solotion: The solid 15 8 combination of two pars, &
We first find the volume of each one of them scps
ﬂlﬂmmnﬁhmnislh:mqimhd—'.i &
‘H’uhmcnfﬂ!:p}'nmiduﬂ:unpﬂlriﬂ. -
Here, A=35q. m=9sq m. h=3m
& V= 7x9x Jcub. m=9cub.m
—- 3 A -
- Volume of the frustum: V= ?[ﬁ,ﬁm_ :
Now, A=9sq.m A =4sqm=16sgmh=2m

W, = ? 1649+ Vi6<9 jcub.m

v, EB;]T cub. m =246.67 cub. m

* kll.hﬂ.““-m%imd volume =Y+ “l':--.-m __ oo
mm“ﬂﬁﬂmﬁtﬂfwwpﬂ'ﬁ hmp——_—_r
-i—,'MﬁngdﬂuEEq,mndﬂt f_.

]
o

e
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hi-s hﬂ'lgh’[
5 — slant height

Frustum of a Right Circutar Cone

Frustum of a Right Pyramid

television tower, light hoose. bucket are some Examples of frustum of u coae,
Embankment, reservoir, brick chimney are some Examples of frustum of &
pyramad.

As we have discussed earlier, cone is a special case of pyramid. Comparing the
rwo frustums, we observe that, in the frustum of the right pyramid, A and B
being mid points, OA and OB are the radii of the inscribed circles of the base
and the top respectively.

Volume and Surface Area

{a) Forthe Frustum of a Right Regular Pyramid:
h
(i) Volume= 3 [A+A+ Jﬂ.d:]:nb.mh;jﬁ-mnfﬂlﬂbim‘:
A, = arca of the top,h=height
ii) Lateral Surface Area = ll’+p}lq,:mit P = perimeter of the bast
= perimeter of the top, s = slant height
{m'_l'l.‘nulﬁlfunﬂm-[— {Pi-p}-l-A +A, Jsq. unit
(b) hﬁﬁmﬂimﬂmm
(1) ‘fnlm=~5~[r,*+r}ir.r,hb.mit:r,=m&unfﬂwhﬂ& ;
ra-ntﬁunfth:mh’m:m

Metisuration

- m Lﬂﬁﬂibuﬁ“m_ IC":*:.CIE :

i 1 _'t'l'h" q,“ L Loyl
% rm} Total hﬂuﬁm-t[ﬂfﬁgﬂﬂ""ﬂ a __L el
’ -{"l' et
(iv) Slant height of the frostum: s = rﬂﬁ:“ -

>

>
e
i

Ex 1. [2009, 2017] Find the yolume of the fuse
 ends are 32 sq. m and 20 sq. m-;lw

 Solution: Volume of the I'mumd‘mﬂ___ 5
Given A, =32mm, A= Hn-nhﬁ.
ﬁ.'- mmmmmjmu_l 3 4] ;
| B -..-.'
'-mﬁnﬂﬂmmﬂmmnhg e
!,i:ﬂﬂtknm 10 cm, the radii of the upper
- respectively.
~ Solution: Curved surface area of the fn Ladighe Sl
“‘,.us- ma(r, +7,), given.r, —Iﬂ:l.l,'ﬁﬂ! :

3 F.ﬂ"" T o
.&_;, . slantheight=5= Jh’ + (5 —5)" =10 $EE

. Required area; § = x10.7700+6
%ﬁ.ﬂmrmmmamam

-3

tion lﬂﬂ.rhandlwm*&“
rnpnnmﬂy of the

ven, R = 16 cm, r=8cm.h “"‘

*ﬁ_ Jren= W‘ e

.-_‘|"| ]

]
,u* 5
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| 39 I.e.L|3==1-2+3]=+.[3;hm:,:,ml
oy = )i the centre of the circle circumscribg LAC = (=2-4) 14 (3~ 11y = 100
Ex X Prove that | 13714 1% C BC H!:"-hf'!fl-lnglcuh HC:=|‘3‘411“'UH—HF:H
S ot e by 1y G 2) e - ). we sec AB =DBC and AB? “'Hf"zht':ﬂm e
1 39 _ trangle.
Solubon: Let the ponis be (2 (- THT b ACL D), B(2, 3) anel C — 2,2). n!hlﬂﬂﬂml
= =N 1'Fj:m:|||'|[,! coordinates of the miﬂmmh i _-, :..-
We prove that OA = 08 =0k Ex ond (2. 7) in the ratio 3: 4, o
solution: Let R(a, ) divides the line joining A(1, 3) and B2 1) in hemionits
31:1+-hr'|__E oyt
3+4 7 4 g e
10 33 - ==l
The point i (=), : —
Haﬁndmcumwnﬂm?ﬁuwm o ,. ard exten -
jnininﬂi—l—“m{—aaﬂl'?ulﬂltﬂ?:i e -.__-—; A
Solution: Let R {w , ) divides intemally the line joini B
3 inthe ratio 75,
E:I.._hmtmum:mm:s{—l-1l}.i.~:uqujdislant from{—3, Thand ( 4, 6) in b
Sulurun:l.allnpnimbe.-u—;:_-ti],g{_;g.-;}n“dql‘_ﬁ]_ . -

p=

Thena = y

AB =(-2+3) 4 (- 11 -T2 =125 : T+5 e
AC3 = (C2-4) 4 (- 11 -6)= 325 e T

Hence AB = AC. Thl:pumlml'—i'l’ru}-

¥ _pr 1514257 8sp
DL T

= 3:1.;.1;!‘: .-
i

Then a=

LetR (a1, p.) divides externally the lin jon
miﬂ-?:i]—hm e __.._ .
: i 41 - P
Solunon: Iﬂh?iﬂii_hﬂﬂl’x.gl - ?:(--3]—:#[ 3]=-T + h?‘-
I is equidistant from B{—]T?}mﬂmﬁ_-”}. E: =
,Jo(xe3)24 (0. Ni=(x-6)74(9+1])? o LAY
=X *E'+9‘4=1’—[1r+3ﬁ+4m ' The point is { 2" 3
= Bx=4n -41—”

2 EIE;TMIin::jﬂiﬂiﬂlﬂ"?dm“’-ﬂ# £ ~

Exs. W the ordinate of a point equidistant from (=3, 7y and (6, - 11) be 9 then find it

are joined. s
Elﬁ'--l’l'ﬂ'r‘ﬂ.ﬁmf-l'jll' 3‘”] Sﬂllﬁm.ﬁ.{l —E]II“!H{-S"'*} S L H:-
; I }and 4.1 : gosceles , i . s lids

tight angled trianege - " 1) 47 the angular points of an i R (o, B, SoAR ‘R

Solution: Let the points be

A(=2,3).B(-3, 10) and 4. L1) are the given pointé:
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P02 is the diagonal of the tnangle. S0

PO = JPL + O = J(x, -5, ) + (v =)
Thus we have distance between two points
I_.tl._r l!-and{.l_:. }':}ii

ﬂr{l: %)+ - J"I:-}]
And distance of a point (x , ¥ ) from the ongin

is \'r11: +_1.'1'. Fig. 1 4
4.1.5 Ratio Formula:

Point dividing the line joining two given points in a given ratio m: »

Let P(x . v )and Q(x,y ) betwo points on the plane. R x, v) is a point on
PQ. R divides PQ in the ratio mr: 1 .

Qix. v} Rixy)
R{x ) Qe x)

Px, ¥,) P, )
Fgl5 Fig. 1.6
Intermal Division: R is between 2 and Q. In Fig. 1.5 g_—
n

Mow :-M_ - M
m o+ " B

Elmll[ll'lﬁlllm R“T“'I'I'l hm?mq Tn FE 1.6 ggﬂ
A
Now, 1-:“1 —nx, 1.,}"-”}.! =Ry
m-—n =

p

1 Uonrdinage 6
M'ﬁ Mﬂ:drrf triangle whose y
"ju coordinates

I.E-A'{" ".!'I 5}*3”;-.}':}11:'!.:

Wmmlﬂ is

wl
B aasC= 3 (x0,- el r.:u;;;

Wwﬂ-&yfmm a triangle. If they ure B i
#“msﬂlu establish collinearity of three Given pe ,:a'.mp s
foemusla A if it is zero we may conclude that points ar -

WH'IE:HMF'H H_
Eu»r-rum that (= 1, = 1), (L 1), (- 3.5 ) arc the vemces &
triangle. "Ih ;
: Let the points be A~ 1,— 1), B(1, 1) and Cl- FL
" Then AB?={-1-1)'+{-1-1)=8
2 BC3= (1+3)+(1-3)'=8
= CA?=(- B+ 1P+ (F+1)=8 - _
 S0AB=BC=CA. hence triangles ar cqui

Crtices are given in Cartestan.

n-..'!';l'““:l'h:

2
-

ove that (- 2, ~ 1), (1,0). (4, 3)and (1. &
Solution: ILet the points be A(- 2, 1), B(L, m.q:.
"~ Then AB!=(-2-1)+(-1-0y=10
: BC!= (1-4)%+{0-3° ’I'-‘; .=;
CD:=(-1)i+(-2"=10
DA =(1+2) +Q+ =18
{:A-=(4+1F+{3+1]"ﬂ
DB:=(1-D3+2-00=4
"'WH-EI:tthCDiEﬂ'm“ﬂ__

iﬂugnn:lsﬂﬁmﬂmm

: p@

SRS
1

-

r.]_
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4.1.2 Polar Coordinates:

Let us consider a ray gy and another ray G - 3" Initially COINCige,

with 7 . then rolate about-O. The measure of angle X 12X 15 positive if rotatign

antickock wise and negative if rotation is clockwise. ay iscalled imbia)l ine and 0§

called Pole. If P is a point on the plane, the length OF{(r} is measured and ungle POX
(0) is measured. The coordinzte of P is (r, 8). ris called radius vector and 0 jg g,
veclorial angle. Fig. 1.2 expluins.

5300

//L—’

.h.!._b.'

e

L

Figl.2

4.1.3 Transformation of Cartesian Coordinates into polar
coordinates and vice-versa:

If canesian coordinates of P are (x. v) and Polar
coordinates of P are (7, 8) then from the diagram it is clear

that Pixy)

x=rcosl vy = rsinf

o rs ey, 0=t

X
Fig- 1.3

When rand 8 are given ¥ and y can be found from
(1) and when x and v are given r and & can be found

e Coordmye G
2 {l}vﬂﬁc WE AESUITHE 'h“”ﬁmgm Oof
ﬁ. -ﬂ#mwdpf-ﬁllwcpmur x"'“i"'lliiniﬁu Ty alem o

B u '[.-.uﬁ:lm the following polar I

i) (4, 307) 1) (2, — 607}

iy (-1, -l-]
5 e ‘H:nltl‘-fl _&,- 2
Cartesian coordinates { 243, 2) :
njx=2cos (—60% =1 y=2sn(- 60

Eamaiaﬂmmﬁumu,...ﬁ]

i) x=dcos30° =23

mepnllrcmtﬂuﬂnfnrlniihﬂ#,
i) -3,43) LD |

i) r= Jo3r +3=412=243

B= tm"i';;-m-__ﬂ'lm: -

;--.J

==

Polar coordinates (23,150
i) r= J-1 + 0 =2
0= tan™ - =180 +45°=2
=¥ "

Polar Mf'ﬂﬁl ;

stance Formala:Let P(x,. 7)™ S0 ppe i
haﬁgﬂmgwwﬂ# i
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T Am Infroducin
bt 15
Hint. same as Ex. 3. here, h=T7f6inchs= - fi. h, = 6111)
elevision [ower 1% 1n the form of a frustum of L\nghl.{'l-nlll ar come of heighy 18
setres. The ends have diamelers Sm and 2m respectively. Find the volume of the
frTWet {Ans.357.5 cub.m)

L
o

I'he ends of the frustum of a pyramid are regular hexagons with sides 10 cm ang
§ cm respl. and the slant heaght is 15 cm Find the volume.
(Ans. 21 76.54 cab. cm)

The slant height of the frustum of a right circular cone is 12 m and the radii of its
ends are 15 m and 17 m. Find the volume of the frustum.
{Ans. 953221 cub. m)

The height of a bucket is & cm and rudii of its lower and upper end are 5 cm and

9 cm respectively. Find the volume of water required to fill the bucket.
(Ans. 980.57 cub. cm}

- gystems. Our dhscussion i based on Rectanguler Cortemian o

and Polar coordinate

T

COORDINATE GEOMETRY

Sﬂnulmﬂiﬂf‘ﬁm‘i necessary 1o dudy motion of § . ’ :
For this, we fix some coordinate systems and thes with-
syslem we find location of points. There are differont tw

e will introduce polar coordinsle sysiem also.

4.1. Rectangular Cartesian Co

ﬂ-‘l Cartesian Coordinates:

Th: word Cartesian comes after the French
ematician Descartes (1596 1640) whe
m':ﬂﬂ this system. Here we consider W
"lﬁrlﬂll'l:,r perpendicular straight bBnes. called ancs. -
11 is rectangular, 50 they o M —_
ﬁ:ﬂ-ﬂkm Ifthey are not mutually perpendicile
Mimhhqucﬁ?ﬁm mpmmﬁmwwh g
ﬁuigmn_ hm*lmmu.l]imm!—aﬂﬁl!ﬂw
J%Tma A point P has coordinates x, Y meass
"Eh:umuﬂmg X-axis h MHMEL“MM
o sV
¥l called ghscissa and the second {

! II'|||| 11w
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4.2.1 Standard forms of the equations of a straight line

A. Straight linc parallel o the axes. BL is a straight

Y
line paraliel 10 X-axis. For cvery point on BL ils O
y coordinate is b, Equationof BLisy=5b. AMisa
straight line parallel to Y-axis. For every point on i
- B ﬂ
AM its r coordinate 15 a. Equation of AM isx=a. e

When b =0 then BL coincides with X-axis. 50
equation of X-axis is y = 0. When a = 0 then
AM comcides with Y-axis. So equation of Y-axis
s x=0.

B. Gradient form: Let L be straight line. Tt
is given that it makes angle 8 with
positive direction of X-axis. The tangent oy
of the angle is lermed as m and called i
Gradient of the lime L. L niersects with
Y-axis al {0, c). ¢ is the y-intercepl. We L)
take P{x, ¥) any point on L. From the
diagram we see v = CP, x = AB,
ten<PAB=m. am=BP ., BC =¢. 8o, y=
CP=BP+ BC=mx+c.
So, equation of the straight line having
gradient m and y-inlercept ¢ 15 given
by y=mr+c¢c
Corollary 1. Let (x , ¥ ) be a point on the line L with equation y = Mt
+ ¢ Then (x,y,) satisfies the equation ¥ = mx+c and we have y = mcte,
y=matc = y-—y =mix-x) :
S0, cquation of the straight line having gradient m and passing through
y)isy-y =mx-x) :
Corollary 2. Let (x,, v ). (x,, ¥,) be two points on the line L with equatia
y =mx + ¢ Then (x, y,) and (x,, y,) satisfy the equation ¥ = mx e
and we have

A {0, ¢)

Fig 2.5

¥=mx + r, _}*t=n|x|+f_}-i:m;1+c
| 2

:'J"—_Fl=m'{.l.'—h:|:1}_ .""_}';Emu_x‘}-
-"’:'.F-|=J'I‘!{I:—x|]

Coardinge e

From ahove we gel m = Lt 10 Yok

El' . X = .'I'I 11 -
B Wathout knowing m the relon canbe e S0
.r_ o, .gquu.h:'m ol L r.lr.uglu me“ -ﬂ ,-
- -t - hh S
.',.' x= ;"-| .'I'! 7= II - _-r'_r
5 y -y = Lz~

- ot Xy ~%

. Intercept form: L is astraight line. L =

 intersects X-axis and Y-axis st Asnd

B respectively. OA = .:|_md 08 = b,
So @ is x-intercept or intercept on X-
axis and b is y-intercept or intercept
on Y-axis. A is (a, 0yand Bis (0, b).
‘Let Pix, ¥) be currenl point on L. Sa,
" by above result equation o ﬂn’-ﬂm
~ passing through A and B is givea by

e |

b is given by

L b i
- D Perpendicular fmmmmd e :
B Oisp. This Wl’“_"hx I i
. clear that intercept of L 0% sy
1 o Accordingly equaion of LIS 8YEEEEEEE
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15. Change into cartesian coordinates-

An Introdeciion to Polytechnic Mathematics-]

iy risin20=2a’ i)r=4 m)b=45"
i
iv) re=cos 20 v) "";“}55__“"";
Answer
1. i3 i) /29 v) 53 v) Jon
20 15
e iji—4.9
2 i)l - ?} (13T )
3
3, |]|'["1'- TJ )13, 15)
- g 5
L3 il i) 29 w1l V)9 ﬂi
11 .
7. ] 8. a.l"]-_ﬂ- J26
4. )8=n i) = a'cos 28 i) 2tan20=1
ivirsin =B8cosB v)sin28=1
15. BDay=24 r+y=16

i) y=x il +yr=xr-¥ v)¥=da(a-x)

-

['Wl'd-mug Gﬂll-l‘hry

4.1 Straight Line

i and Locus: 11 an equation in £ and ybe given.
of a number of points satisfy the equation. These nais
M

BEIF"" is delined mlmmmhrhmmmh :
mﬂﬂs in such a way that it satisfies amm

ﬂdmmm!

Fig.2.1
Example 1. O is a fixed poi

R =

o

li‘,h:. A, B are two fi fixed points- P
from A and B are equal. The

gk

hﬁ-ﬂ_ﬁ.
EL TN

S is a fixed point.
distance from 5 is
(Fig. 2.3).

n. F:sﬁwmnﬂlﬂﬂ'-’
cﬁl‘tmﬂmmjﬁammmm“

Fig2.2

mﬁhﬁ
The locus 18 8

Sy ﬁﬁh? .
gquiltﬂ"iﬁ
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ilircos20=a" = (reosBy —( rsimdy =a' = ¥- =g

i
ijj0=tan'm = tmB=m = = =m — ¥ =mx
1

Ex 15. Let A (2,607 ) and B(1, 307 ) be two points. Find line segments AR
Solution: L&t O be the ongin. OAB s a tnangle such that OA =2, OB = | apq
<AOB = <AQX —<BOX = 3",
S0, AB*=0A°+0B*-20A0Bcos<AOB=27+1°-22 | cos 3,

= AB= 5 2.3
Alternately A (2, 60° ) and B(1, 307 ) have Cartesian coordimates

q
Ml.ﬁ}undﬂlﬁ'£

1
5 ,E}

AB = u--—; P27 (0= 4B+ 13-4 = 52

= AB=,[s_2/3
Ex16.[2013] Ala secg, btang ), Bla tan g, — b sec g) are any two points-and O is
the onigin, show that OA” — OB® =4 — ¥
Solution: a) OA® =(asccg P +(bnmgP = a®seci g + b tan® 7
OB =(atang)® +(-bsecg ) = a®un’ g + b sec? ¢
Hence OA?- OB=g%sec?g+ b tan?g — (a® tan2 @ + ¥ sec’ @) =a* - ¥

Exercise 4.1

I. Find the distance between the following points:
-2,0).(.0) uji4,6),(2, 1)
iV} (1, 5)(3.-2) v) (6, 5), (-3, 8)

i) (g Dilfa 2

& prove that (1, 2). (=4, 3}, (11,0} are collinear,
s prove that (4, 2). (7. 5), (9.7) lie on a strsight fine,

Conpdingts “‘Wmur,

ﬁ'ﬂ“mhmlnmmﬂnl Mandi4, ”""“‘lﬂmlnjq i i
y @ﬂ# the ine joining (— 1, 1) and {6, B)in the ratio 2 - nally ¥ Ul exiemally
ﬂwﬂauy i) externally R

er.ar:anfm:mmglg whose vertices gre

.. 3 6).(-8,-2)

§ (5.2 (- 9.=3).(-3,-5)

i (1, 9, 3. - 2).(-3.5)

iu}{l 1), (3. 4). (5.-2)

W0, D (L =1, (2. 2)

‘Coordinates of A, B, C, Dare (6, =3, ﬂ,[-lfu . '
2 lﬂtmu[ﬁdﬂfbﬂmﬂ:mauﬂfd e
8 Show that (0,0 (4, 3, (3,5)~ 1.2) formarp:
0. Show that the points (2, 1), (-2,4), (- 5.0L.- 1.3
ﬁ%ﬂw that the points (@, be— _a ¥, (B, ca~b Y {cok—¢

iﬁ*‘t‘hmﬂmmmgﬁmﬂ ﬁ]-{'ﬂ-'?::':-
+Fﬁ=pmhv:l:. Show that they hive same ani

1% 2 Square amii’usmjrpmﬂmﬂnﬂ
PA®+PC=PB +FD’ J
wﬁ#mufmmmumu},{u.
- Lay down the points: m
~ )(3,60°), ii)(-1,50") i) (-2,230%)

14, Change into polar coordinates:
5. i) Tay !;.t

}'-Il:mu'.
”' V) y?=Rx vj:’ﬂ‘*hf.
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Is{=3)+ 2w | Il 2mj=3
T By fe e ST - “) :
., B —— A
1+2 142

IThns B mi— j.r-|

_\,
-]
I
o
+ |
[}
1
Lasd | Ly
il
|
I

Ex 10, If the 'u.'rT'rr‘E':.lJ!-ﬂin.'ll'lgh'i.l'l‘.'f.lil._'lnll.i.l,-'i,:l.'!m.][; ¥,), then show (h  the
- . '|I L Lal "t t

coordinates of the centroid are [.r, L Rl i_l4l—1

3 X 3
¥, be the vrﬂhhuflhlriangle ABC. L
Its centrovd. Then coordinates of M are

)

Solution: Let A(x . v ), Bix .y} and Cix
M be the mid point of BC and 6 he :

l:1r|' T

3 —.—': J.Mf;ia!hrc-:n'lmid.{idividuhhllmﬂtminlrl.Sn Gia i)
Jv_1|!|, t X ) +ixx,
5 given by o = —= - — & AT TH
241 2 I

. ;
g _ﬂl{l-. +-'.'}+II_’«]
||r|lII E —— & -]'II T -‘I.'!' +."l

241 & 1

In a similar way it can be shown

that points of iri section for the other medians
coincide with ,:i TRYYL Yty 4y,

_ A ). Hence the result
l':'lll.lflhl'.'i.‘ﬂﬂl'lﬁl:mlt"j of the vertices of i
L6, 9 and if D and E divide AR and .:fmmglr'd s i f-lj 12
then prove that the apea of triangle is
Solution: D divides AR in the ratio |- 2.

,::_'_3.*_].”_1:' 2x0+1x6
1._I‘+3 } :-.:-D[E,li

| #

r'..'thqu“: G
ety

g divides AC in the mtio |

:'SnE“g]“ﬂ'ﬂhg
2x3l4+l=xb 2x0+1x0

1+2 " 142 ) 2 EYy

=

SilE

=

{3(6-9) 40

Pl | ==

AABC = .
9-0)+6(0-g) a3 L
!-"- l "llf i

=

: ! =
Again. A ADE = 5 13!1—3}+1L3-m+‘m__nt_. -
Though we get negative ialm,“uﬁth r z r
i required for arca Il'i?il'll'l-‘ﬂn’l.']#ﬂl"lihillﬁﬁﬂf:ﬂ-gﬂ Mgty

Ex 1L INiwo vertices of atnangle are (2, T)and (6, 1) sl it

find the third venes.
Solution: Let (a. b) be the third venex. According to definition. g
tj:w ='==Iu ""_.:_' B
T+1+h A

4= - = b=4q
3

The third vertex is (10, 4).

Ex 1), Change into polar coordinutes-
Dxieyl=k!  ii)xi- yiets
Solwtion: The relation isx= rcos 0,y =rsinb A
) x¥+y*=k? = { reos®)?+( rsint) "=H_._‘. 23 5
Mxi- yi=fx = ( reos0)=( rsint) *=irm~»§‘k - reos 26 = b
i) ay=9 = rcosBrsin@=9 = r¥ sin20=18 s

Ex 14, Change into cartesian coordimates- : - o
0)[2012, 2016] r=asin20 W) ricosX=a !

=
Solution: The relationis r=Jx' +y'. 0= @ & =
r=asin 20 =2asinBcos = = da sin’ G008

o "=[r'*]"=4ﬂ*;‘ﬂrl‘ﬂ'r‘ml=ﬂ' J‘L |
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sfr=al’ +y +(x+a) +g _'.,r'lu i) -|'-1'II!-*-.I-
= Ax" +¥y +a')-c s 2J(x" .u'J'-.";1'|1'-.-.-|
=X YV Fa ) -} =4l —g )y +2y (x" +at)
& 9 1 ¥ -
=X +F @ )= =4[{x" +a”) -:'_:"ln Fa
ST 3" +a") =iz 4y 'p.'lh."lrt'l—'lfl.l:'..'
-3 Ul -In-}* dc’y? =" (e —4g)
e
= — T — = = |
i =4y
4 g
Ex 5 1 " 3 i
IFTA B ¢ J.|r-:- three points whose Coardinates qare (a, )
respechively; if P be g my s PB
e 5 wahle pomi such that PA 24 PR =
Solution: P4 * =, 7 T

By given condition (g

Ex 6. Find equation [g

1) 307 with X-axis and has y-

i)

Solution:

An Introdechion 1o Polviechnic Mathemuri

PRE={r p )ty 2
P{'-'lil.l—l."_l'.'i"l-"
)= 4 e

= L 4_3'4;' =2 + 2t N

the line which makges angle

inlcn:::p{ -4,
-dxis and has ¥-inlercept 2,
i) m=tan 30° = —I-

‘ﬁ sC==d, Bn egualion 15 y

1) i = jan 1359 =

[35° with %

2.PC

—a, Uand{s

o mil Jiseig

*ix+a) +yis iy g3 v

L ||"-J|r..'|1-_- [ w6 o i
z Fy EF R

Ex7. Find cquation 1o the hine having gradien
1) & and passing through (0, 4)

11} 1 and passing through (- 2, 1.

. N s gy e
Salubon; 1lm= > M=21= -0 .&n:qu,ujh‘- % y—2k=4=0
o y—3
nym =1 _-‘"1-1=:-5~1¢th1mn y-x=3=0

Ex &. Find equation to the line passing through
i3 (2, 1y and (4, 6) i) (0, 0) and (1. T} 55 (=3, 1hand (3 3% =

y—-6 1=-6

Solution: 1) =50 = Xy

6) = Sx - 4) = 5x-2y-8=0

¥ 2=-0 i 1
i) = : = > ==y (itis beaum S
2 paint on the line then there 18 o
constant icrm in the cquation. )
=3 ' '

ght fine is 3x + 4§ - =0 Write the

Ex 9. The equation of o strai
) pradicnt fism,

ii ) intercept form and in) perpendicular form.

of perpendicular tnl.h-l:litl:ﬁﬂmmqh.
ppe e

i) Gradient formis ¥ = ’]I“'* = :
1

3 - s
Grudient is =3 and y-intercepti

EHedEAD
Find length i

| L
ii} Intercept form is 7+ e
3 4
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B - Pia, b Axe B
S praceenl of the hine pimang P and P s - - i

T E s papendscular o Ar + By + C=0

of o

r-\.
e B
a0 = g
&@—g i f|_~__'. 2.10
the dvctarce of P from Ax + By + C =10 and distance of P from Ax + By + (=0
arc ol i marmanude Bt of opposale 5. 1.e.
da+Bb+C Aa"+ B +
= —_——
A« F '-.-!'.-H.
Sence A_B C.a b s '-.uhlm_.’rlm.'rl‘un'aﬂuun_-lJ.rim:.F la . o7) can be foyndd

Sorme swrmple ¢ LEmpics @ reflection of (2. 3)on Y anis is (— 2.

3) and it reflection
on X-anis is (2, -3)

“whdmul',tmm

Ex I.Hm:lh.u.ugufﬂi:prlm MMOVIng af an

equal distance from (7. 4) and (3. 1)
Sty L =252 4 [y

- )3 =a-3+(y-1n2
== X'y ir -8By + 20 =
= '—’.I-lfl_'lr'l- Iﬂ:-ﬂ

= K - .i_'lrli-rl—.ﬂ

Tigyp? bx -2y 4+ 10

2 li:.:'r-:l :I‘-ﬂ of the point MovIng s an cqual distance from (1, 0) and
! =)

" say -1+ (y -ﬂF-—-l_'Jr—UF-I-{'r-l-E}’

= xlay? l:il=:-'+j:+1h-l-4

>xr+dy+3=0

Lnordingte ¢ POy

L
Ex . Find locus of the poim marked on 3 rod of length o + b and dividing it ings
sections of length a and & I‘I'_H[I:t“vrl}-;ﬁ._-nﬂnhiim on the coordinae

axes in the positive quadran

Solunon:  We observe the diagram

P(x. ¥) is the moving point. The md v of length a + b and it meess

A-3%15 ot Alo, 0), Yeaxis mt B(0. By So Pix, ¥} drvides the Fnc
ScEmnenl ynmng Aj, 0) and B{0, R) in the rafio b- o

u.rr-hﬂ__m':_ 'I
L |'_]*'Il'I u+b - “. Il
al+hf : b
- -u+f| .;r_-l-ﬁ
+h a+h it |
S a=—rzx, 3 > :
ir .
On the other hand A AOR is a right angled wriangle- -
Soa’+ [V = (a + by &'
at+h , ath 4, 2
-, { XY 4 (— ¥ ={a+h)
a b

L
=X 4L =)

il” ’t _-

r
Thus we get the moving point PLx, y) | g A

o . |
M e L o
Hence the jocus is F‘*hz . h .
P+ PB=c Findloces ol
Ex 4. A(a, 0) and Bi- a, 0) are two pomis. e .
P ing poink- :
Solation: Let P(x. y) s the moving Ve
PA+PB=c it o

=f(x—a)’ + ¥ Hyflx+a) ¥
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4.2.3 Collinearity

Condition that the three given pomnts (x . v ). {x. vy )and ] e colj;
= 1 g -
Collincanty can be tested in the follow Ing ways: .

1) We look for the area of the tnungle with the given POINLS a5 verr, 5 Ay
wre collinear so the triingle does not -

CAIFL means area we peg 2o,
) We find length of three different line segmenis with (f

pownts. Il there are two segments such that
then the points are collinear

WSS Points g

=
their sum equal

'=.|!|:|'1I|||.;;,_-,|.'_

] The gradient of the two lnes 0

€ passing through (. .
the other through (x__ v o) and {1

¥ ) and {5 :
p ¥ ) must be equal.

v T ang

Also other ways are there

4.2.4 Points of intersection of two straight

If Ax+8yv+C=0and ar+ v+ =
parallel or they will intersect it some poin
satsfy both the equations. Thus o, Baret

lines

are Two straigh lines then ejther they are
L. If points of intersection js (o, ), thena. B
he solutions of the two simultanem

15 CgUations
Ax+ By + C= 0 and ax+ by +e =0,

4.2.5 Equation of a siraj

ght line through the point of intersection
of two given lines

Whenever there are two straight lines, there exists a point of intersection JJ'TJ""J_‘”‘J
cocificients are not proportional, ie. Ar + By+C=0 and iax + by + ¢ = () hove point

: . b
ul intersection (y ¥ f % * = - The equation to the straight line passing through

Py
18—l oy v isan i '
r—x, ¥ constant which determines the slope.
Also In ane

ther way we can write the equation as
Ar+ By + C 4 kfm+.‘:}'+r}=ﬂ

By

Loanrdingis Lisnmetry

M7

Note: Three lincs a 1+ b ya¢ =0, r4 I!‘___F+l'l=n4drll--ﬁ._'i'1'fl-ﬂ'ﬂ

i. B
copdumenll e, 5 . =0
L |l:| i

4.2.6 .-'iﬂglf.‘ between two gifm lines :

If m, and m | are gradients of the two lines
then m. = tan |:|_ and m, = 1‘.H.I'.|l5|_.1"lI tnd El:ln:ﬂ]:.
angles made by the limes with X-axis

Angle between them s now §=8,- 8,

mt, — i,
tanld. —f )= Py
¥
4.2.7 Condition of Perpendicularity and _
If 6,= 8 thentwo lines are paralic]. Then &, = m, -
e, -0 = ;T hen wn lines e perpendicelar. ’
Then m . m,=— | > |m,1:+g}-+|:'=ms.h+l‘r+h-ﬁi:ﬂl!
We can say a line paratie
=0is Bx—Ay+ k=0 :
o Ax + By + C=0is Bx—A) .
i pdicular (o <
And a line perpe s
: int on a line: ._
Reflection of a po ) S
oy C = 0 he a line and PLe, b} e & poan =P +-
L ected point is P (a7, b)) TWOIBGSRIPESE

P is reflected on the line . TRETE




304 An Introduction to Polytechnic Mathematics |

: ¥

- 4 - = |
pseca poosecd \
= JIesat+ysina=p,

Now we have learnt that the first-degree equation - e
in;mrisurﬂtfmm.h-hﬂ}'+C==ﬂh']?l'=!-l=ﬂt! e
a straight hine.

" ¥
lts gradiemnt I'i:rrr.|"ri§._l"=—EJ'-'—'JE.'i."hEi'i!fl.'!ﬂl'l_!1 Fig.27
- . A o £
gradient of the line js — g and intercept on Y -axis is “B
Intercept form of straight line is —%74-—-":—:,-:-—1
7
gl : i
Its intercept on X-axis is -Indm Y-axisis - —
Perpendicular form of strai linei & 7‘“’-'='Bf £
M & = = ke
orm raight line is ;FI:-'..-!"wB*‘ PO "'=3’ + B
This is because sin’ @ + cos? a= | which is fulfilled only when coefficient of x is
T nﬂmﬂ‘mieﬂuf i = It
(4 + 5 yis X it i% to be noted that to make p
pusiﬁvusignﬂflhcsqummiswmnﬁngi}rﬂhm
4.2.2 Distance of line from a point
¢ ;Hslhcd Petpendicular from a. given point (', y7) 10 a given straight linc
I+ 8+ C=0-

L:Iuim:th:di'lganLii-ﬂtlimd:+ﬂ}r+f*ﬂ.ﬂx' int.L'is
Lt = +¥7) be the point. L. |
another fine through. Plx’. 1) paraliel 10 L. PN is distance of P from L. OM i
Fcf]_h:nd.tcuin'lrfmmﬂlﬂLﬂui!ﬂll#ﬂMMQﬂﬂL'.HPEHﬂ-

["m'n—d;n“‘:_ fm'ﬂql

C il
g I ﬂHEP‘: — _—'I=.= LTI 1‘ E
: TR
; ‘*H'I'L ;' 'i' ¥
e "1: Eﬁ"".-_'
"h'..“Sim-n OQ makes same angle as OM with X-axisand .~
B icular distance of L from otisin,socqumics. |
Qs perpendicular istance of L fromorigin, socquaion

-

Ax B
e e e
~ Since (x',y)isapointonL’
e A 3 =!ﬁ;
&0 rA1 e B.! II.I‘:- +EI ;.iéi- Y i

: . PN = distancc of P from L= 0Q-0M |
T .4

__ f{ﬂ I"E?rll..-.
2 44 l-.:'rr-- oo e
-] ‘:.a oy .-
Fr

==
=

 ltis important o noe that (he PRS2
:ﬂiﬁw. : F PSS
. mm_Fﬂ'lmt{u‘ -1 e S

ﬂw-i’r“"*---

[—— ¥

G r'-_" ¥
T SURR Gy | (

el
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Miscellaneous Worked out Examples:

Ex 1. [200%] i} What is the slope of the line v = 1*

= Find the length of perpendicolio from the point (3, 2) 1o the strai ok »

_'-I. ,‘1.*11 . I'_:I -\..-.I-._||| e
1 In H:I-i]fﬁl[.-.l[ﬁl"‘]lnr||'|||||-|-::|-|,‘- W LTER T & -

X-axis? . " » &) anndd { Pl be di vigded &
vl |Hlﬂ]fll'lu' the distance beiween the J-._-:.rﬂ,|'I,_”:I”L_ lines dx+ 1

anddr 4+ v+ T=0 I i

L 1
v/ Astrmight linc.is at a distance 5 from the ongm and it passes throush ¢
— . LHEET H

poant (0, 1). Find its equation

1 I -
Prove that the line passing through the points (5,

- 4 and (- § G
perpendicular 1o the straight line | 3z !

e+ 20=0

- S
Salulion: i) | ®I-4xd+9

— e 3
T R
1 ) Al thar Pmnt y coordingie 15 0. Ler the ratio be m : o
0 = ‘!”l”"‘“ e
— = Minisd ;T
m 48
W) Letus choose one point from 4143, 3=0.(2.~1) is a point on dv+3v—5=0
[ stance of ihe point fromdx + 3y + T=0 s sime a5 the distance !“_.__.l.;_“'r:
the two lines. It 15 ql?'.]_‘.r 1)+ 12 s
v’ 43’ g =
¥)  The perpendicular form is x cos a4+ ysin o= ™ 1 oo
v F5 £ p=7 . It passes through
L =
- 1 T 5x =
:ﬂ‘l.ﬁn-E:E—_-.u:E:wlﬁ —:--"-H'-r-\_li.-.:-r—-'-'j-'q-.

The equation is .‘-"_T-I;.t+_'|.I: lor, -3 x+v=1 ; :

Vi) Equation o the ling passing through (8, —4) and (— 5. 6i is
y+4 644 i '
= 10x 4 13y = 28, 50 it is perpendicular 1o 13x = [0v+20 = 0
-

L

i (BT ':i.':'-lr'!i'.
L)
009 1) In what rutio does the ompp
-z'l Ir| EOrE F-.I'\-I-]-r the ILRE irarme
EIL—E.U} and (4,007 T Hegment potmng the points
s ~ AT I -1I.J'|I'||.|' 1) amem
iy 1fthe poir » <} A equichatant feom (- | 9
B Show that the points (- 2,3, + TY T the value of 4,

G, 1jond (- 16
#v) The polar equation of & curve is given by r=

equation
¥l Find the CLpLLEiom OF 1 &f :.-.gh'. lime passm
gtraight line 2r— 3y + 8 =0
solution:
il At the origin coordinate 15 (0, O). Let the ratio be m : n. For & eoondmte

= 1} are ool Temenr
Za cos 0, Find jix Canicuian

£ IRrough (2. 3% and parallel o the

ZM+4.m
{J= — - :. r||-

misl:2
fH + 1

i} Distance between (3, 4)and{— 1, This Jg* 37 =5
Dhstance between (@ 3 ) omnd (-1.T)
5@+ D)7 +0-T) =i+ #4" =5
— a+ | =3 =a=1 The posmt'm [ 3L '
i) Lot the points are not collinear, Then they will be verbces of nmangle. Arca.

il that tnangie 18

1: (—2(l+ )+ -60=1-D+-100-1) =0

a contradiction. So poants are coflinear L i
iV} r=Z2acosd =7 =2arcosl. =x° + yi=dar

¥} The straight line paralie! to the straight line v =3y + 8 =0 x-Jr+k

= (). Since it passes through (2, Y weget I x 1-3x3+k=0> k=3
The equation is 2x— 3y +5=0

Ex3.12m0]

' A
il Write down any cquation o the 'Hia:: ::;::E of the X
)  Show that the points (4, 4). (5, 2)and (7, L“u e
i) Find the equation of the straight line paralle! to. |
1, 1) : \ P by
iv) :nwtrutnﬂu the lm:ﬁ:iﬂnsﬂﬂﬂﬂﬂfl:“““ 6, ) will be dvided B
Y-axis? : of the line joinin e
¥)  Find the cquation of the quﬂ:ulﬂr pisocis I '.
points A(- 4, 10) and Bi4, — 1 )

i i‘lfi"

'3
R
S
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mHidr—v+2=0Lx-Jy+ 3=l 5x+y=1
Fend angle bepween the himes
T & 4 | = hamd Gy + Sy 3§ =i}

TIT 2y t=Uand Iy + 'y +

i) r4+¥=2=0and 2x+ 1y i =i

w4+ 3y =0 and v+ 6y +5=0
=4y = =land 4y +3v+ 3 =0
| o 10 L e | L] Uhromesely e O IMIETSSEIn o
L) ) =) anid x 4 2 ¥ = 0 and theough the point (3, 4
v el anid 1 5 } = ) givel paralled o x -y
| § ] and 2x -7 3 = () and perpendicular o 3x+ v+ 5 =1

15, Show that the |'. Wl ine hnes sre concurmenl andd find their common |'h 0 I

| =% = 1=0 Tr—8v+l=0and llx-5v—tO=10U
E=0 and Sy—3y—1=U

y+ 10=0, x—Ty+12=0 and Ix-2y-2=0
Find distance belween the parallel lines:
{(J3r=-Iv+1=0ond x- v+ 5=0.

S =0and |0z + By + 3 =10

ml ;'a * I'I.'I
Show that following points are collinear
i} (2,3), (3, 5) and (6, 11).

(=1, 2} (3, 1}and (7, 0)

Find reflection of

12, 0)on Y-axis

) (=3, Thon Y-axis

s, f)on 3+ vy—18=0

i

_l:‘.-,,'- R =2V 4

Jx+ Sy + 16=0

LS

}.==-ﬂ.:1'.—r£:l
iy X 1 =0
Dy + 7x=36=0
) y=3x+4

=

i) 3c—4y +7=0

10

(5, 7)

f)
16
iv) paraliel ines

13. 1) wan’

M N 17x-22y+37=0

15, )1, 1)

16. ﬂ.E;_
142

1B, (-2, )

Uoardimate |

WOy

Answer

E=0 2. x v m g

37

l'ln:.':l1:-:|l-':, L':'I'E"f*:'lﬁ-:ﬂ

Wiy+r-5=0

nj v dy=Ra=ifl

ni v x4+ J=ml)

W)y =L+
T

) —+—=1

5

t R
]

426

i)

fi}~3.3)

]

£

lnum'l
v) perpendiculur lines.
iy 8x—8y-11=0
.3

12

W i

i) 3.7

R o
) -z¥4sy=3

—



SO

Dhisiance beiween the |

wio lines |

sitermately (1, 0) is & point on 3x 4

5= 0 fmom (], 0

10 20110
1} 5 I|l|~L:|p-u|rI|'~||t1-h 5 =[]
Dhstsnce of 3+ 12v = B=0 froom (5, 0)
IS5« |2x0—§ T
I v A

L&t reflectian o

Enstance of [

Ex 1Y Find rellection ol 1. Mo ve=x

r.| I'|||-.|-|.._ - r.l:h':J.\.":l

fmmy=xie. x—v=0Iis

Distance of (o, &) [rom vy =2

(1)

1.c

X -

¥=W1s

Cirselient of the ling Joamnge (1, 2) end

I.J..J':I:ln; h_'-l =

:I—I

o, a4+ h=3

>olving (1) and (Z) we geta=2and b = |

Hence reflected point is (2, 1)

i
-

-

4

5.

ST dmmaie O TRy

Exercise 4.2

|!'I.'-'-IJ locus of & pount moving of o constant Gstance 3 from (4, 11
Find locus of a pownt moving al o constant distance 6 from (0, 0)
FC oo n e e edusdestant troarm o ..1_ LY i-"". ”. |-T|

Fimd locus o the movii p point *if it moves such that its distance from (< L0} s

Find locus ot

fhuree times i8S |
Find locus ol the moving poat i1 maves such that 1ts distance from (2a, 0} is

equal 1o ils distance from Y -nxis

& Find equabon lothe lime

1y which makes anghe {5 uriily X -axis end has y-iniercept L
'|_ ik 1 EE

i having gradient -1 ard passing through (4, 1)

74

£. Find eguanion 10

Find cquation Lo the line passing through

i'I:-|-_3|lI'|'IJ.1'-'.";'| {2 Il.'.l'ldl.‘-_—]]
the lirie passing through | 1.1}

and

i1 having gradent 3
" ]
i) having y-imlercept =

Hil) passing through { 3, &)

iv) cuts off equal dislances frovm lﬂul‘.l'ﬂ- < ameitl P
. The eguation ol n siraight Ene i3 Gx = By # =10 £

} +i11ar o
i imtercepl o and i} rrl'r'f“d"- Har i

10, Find length of |:|1.'11:':-r1'||.1.:I|L!.'I.I' from

g2, 1to 1ls =
W0, Oyinx-9y—7= il
i) (= 1. 1yt d4x— 3y =7 1)
11. Find point of iptersection of ihe i
i) fx 42y~ 1=0 and 1 -Sy+ T
: rx—Y $9=0

Ty—1 =01
Fumul fimesi

fijrey=0 and

- 1-11_—{]
i x4+ 4y +2=0 and 2x-Y

e R



l i
MErCe . and  vernlercsn] s :
i 1 ' < lr |
i) Perpendiculur form is — = X 4 I =l
3 1= i " :-| - o 1 i -I'
o 4 l
= =¥ - 3
3 3
- i i |.
| g h ol MErpenchowlar o the lime |-|'1||_ OFEn 15 -
Length of r!'-m"l'-h'-ul-"_|':'|-'|‘|'i'r|'- Iromn (2, 3) 15
i d ] = | & 17
=
— £ 5
Length of perpendiculir 1o the line from (-4, 1)js — 2 (=% +dx1-1 4

3 ]

We see origin and |

+ 1) lie on same sideof the |
silde

me whereas (2, 3) lies on i b

Ex 10. Find point of intersection of the fwa hines 4y + Ty

What is the angle between them? Find
Poind of intersection and (2, 1)

Solution: Salution of the WO Buations 4.5 4 7

V—0=0and Sx+ 11y~ 3 = O for rand
Vare (3, - 2}, 50 point of INErsection is (5, - 23,

6 =0and 5x + 1ly-3={
“quabion Lo the line passing through the

Crradient of v+ Ty -6 ism = _ I
|

7
and gradienr of 51 4 ily-3

. 5
_-I'Jr;gm_: =1Fru
J Y |
> 4
e q
Angle between themis tan~ o2 T wtanl 11 7 pant -
[+ mr . 5 4 7
] 14 i —
11" 7

Lannde

e I'|-_|-|-|-|._ 111
: i
Equation (o the line PassIng through

| : the point of ines iCCtion is
X+ Ty=04+Kki5x+ 11y

'-""'|'-'-|H:I'l."~';_':us Ay H'lll,": ﬂ
: e i L q‘;C_, E
When it passes through (2, | o T

e
weget 424+7.0-6+k(52 4+ 11.1- _'l.,:n:-lar—; 'g.} \a‘:'\
Hence egquation sy +v—-3=0 :' "“,.p H’*‘
-!.‘ ¥ ﬂ;fﬁ"kJ
Ex 11. Find equation to the line passing throagh n ﬁb_ i : f‘-"
i} (1, 2)and parallel to Gx+ 2vy-3=0)

i) (3. 1) and perpendiculerto 2y + 9y~ 1 =0

11} (4, - 4} and centroid of the triangle with vertices (1, 11, (3, 2) and
(5, =3

Solution; 1) Eguation to the line paralle! 106+ 2y—3=0is fx+ Iy + k=10
. (1.72% 18 a2 poinl on the e, Sp, 62 ] +2x k=0
Hence kK =— 10
The required equation is 6x + 2y~ 10=0

i 2 b } 2epthe1 =0is I -2y +
Eguition o the hne rrtl"glﬂ‘l'adln.l-L'l:l'!ﬂ :
E k;r. {= 3, 1} 15 a point on the line. So, 91{—3}—111.1-_".%

Hence k =29 . »
The required cquation s Gr—2y+29=10 Lo _.-1:‘ .

1) Centroid of the tnangle with vertices (1, I:l,[].;j .~ -\--
-

{! t3+3 1423 10 @3.0) g

S < 3,0

E.qu;:mn 1o the linc passing through (4, — 4y and =
40 _y=0 L 4rey=12

4-3  2=3

Ex 12, Find distance between ']-*'*ir:lri IJ::E ::5 =0,
HIxey-3=01 12y-8=0. '
!Li]l“h--ﬁ:nmlrﬂh 8 =¥ -

itaocn o RE - from origin 15— 3G Jio
15 v

Solution: 1)
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e
ti} The general equation to the straight line passing through the poan
rtersection of
r+2y+3=0and x-y+T=0isx+2y+ 54 k(2-y4+T)=0

-—

; k+l ;
[n‘ad:mIqrflhcllr:lln'r:E = Since the hine is parallel 1o 5,

k+| 3

=% 2

= k=4 Nence the required equation to the straight line is

| X4y + S+ dix-y+7}=0

| o, Sx-2y+3i=0

| Ex 8. [2013] A ray of light passes through a point (8, 3) and is reflected at (14 ()} o
| the x-axis. Find the equation of the reflected ray.

| =0 so

i) Express Jizs ¥ =8 in the perpendicular form, also find the distance of the
lime [ rom ongin

)ﬂ [2016) Show that the lines 2x - y+ 8 =0, 3z +y+ 2 =0 and dx + 3y . 4 =

0} zre comcurrent
w)  The points (11, 2), (3, - 4 ), (- 7. - 9) are the three vertices of a rectangle
Find the coordinates of the fourth veniex,

vl  Find equation of the line which is paralle] o the line Sx + 4y + 7 =0 and
passes through the point (2, - 3),

Solution:
1) The reflected my passes through (14, 0) and (20, 3), Gradient of the linc is
3- L] | -0 1
0 H_E :.'-Equlumﬂthﬂrd'lutnduﬂr—'ﬁ=i —=x— 2v=14
l ¥ ]
i} Perpendicular form 1 - mem—
Bmaaa 5 JAr+ Juoy o
3.1
or, Tr+i-r=4ﬁmnfﬂuﬁmﬁmnilinis4
-1 B
i) For this we have o show that © 1 2[=0
z ST

Coordinate | WEOmetny 137

“mz‘,d.-h]i II-l!-H}+ﬁl‘:|-ll1:U|-kmuﬂ|gmhm“

: Ivﬂﬁm“,q{]lj}. B(3,-4), C(-7,-9) and D{x. y).

ﬁﬂl,ﬁﬁ__}]: 4 124.-1.] = [0, HK':J{]_* ?]r *{_41_9-;!-&

CD =J(-7-x) +(-9- )’ = [ 4y +1ax+ 18y +130 +

Dﬁ.zJ{;-llj’ () -2) = .fnu! 4y ~22x -4y 4128
:ﬂABnL*D =+ ¥ + ldo+ 18y + 130 = 100
BC=DA =+ vV -1i-dy+ 125=125

—36c 4+ 22y + 0 =0 =18x+ lly+ 15=0

244 3 y+9 3

ofABis 7T 7" Gradient of CD 15 +T-I =

ST

= 18x-2y-90=0 = 35y+105=0 =y=-3, s=1 _
Hence D is (1, - 1) J;,.,;h
ﬂnmﬂuqmﬂmtuumhmmmmlhﬂuﬁx+ugu

- Szt +dy + k=0
- KQ.- 3]hnm5.:+ly+k-ﬂwhwﬁxiﬂ{—ﬂ#iﬁ

. Ilqﬂmdﬁpmm of the line is Sxr+4y+2=0

Mwhnﬂ:ﬂﬂ:lumx+31+!=ﬂudﬁr -2y +T=4
“:W hﬂ - s
'mm-uhh:hﬂwﬂchpmmw
ﬂhﬁ:hu!:-l-d-y—ki-ﬂ ot
T ﬂhlﬁuﬂ;ﬂﬁl{-l uﬂvﬂﬂlﬂzqﬁ:
‘-Wmush ,
ﬁmhrhnhupﬂkli.lﬂﬂ!ﬂl

hrnin;-u:-my -5).
mupﬂ.wdﬂnﬂ

Ml
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i)  Find locus of the point equidistant from (=4, =5) and (3, 0),
' [2017] Find intercepts on axes by the straight line 2x 4 Iy-5=p

) Find equation to the straight linc passing through (0,0) and Perpendicy|
o x ~ 6y + 1=0. e

Find the distance between the two lines 4x + 2y = | and 4x 4 2y _ 7
Find the point of intersection of the two lines 2x + ¥Y=3and x + 2y -~

v} Find the locus of the ser of points cquidistant from Afa+p, ba) ang
B(a—b, a+b) g

viil) [2006] Change r=asin 24 to cartesian form.
[2016] y-axis divides the line joining A(3, 4) and B(S, - 7). Find ratig

division,

iof

Find the area of the triangle whose vertices are (- 3.-4),(-2,3) and (], 2)

l?'md the equation of the straight line passing through the point of ititersee.
bonolx+2y+5=0and y=x+ 7 and parallel to the line 5x - 2y + 1 =g

Solution:

1} Letus find the length of line segments AB, BC, CD, DA, AC and BD.
AB*=(4-1)" +(1-5F =25, BC! =(1 +2y +{5-17 =125
CD" = (217 +(1 43 =25, DA? =(1 -4 + (3 1) =25
AC* =(+2) + (11 =36,BD? = (117 + (5+3) =64

Wtucﬂuﬁd:anfme:!unﬁﬂn:nﬂﬁﬂﬂ!}m ual a '
nd the diagonals are
wﬂ_SuﬁBCDisamﬂmms. ™ =

)

L&t the moving point be P(x, y). Square of distance of P from A(~4.-5)is
AP =(x + 4) + (y + 5)°

SqumnfﬁmnuufpnmBﬂ.ﬂ}i;ﬂﬁau-:ﬁ}h{y-m*

As  AP=BP, so AP = gp2
_--1‘+Ex+lﬁ+y"-|-Iﬂy+15=;‘—-ﬂp.+9+y‘
32=0

= Tx + [

S0 locus of P is

ght line given by 7x + Sy + 16 =0.

£

'M[ﬂ,ﬂ}isnwintmlhclimmxnﬂ.ﬁummﬁﬂ‘ ne passing
through (0, 0) and perpendiculir o x - 6y + 1=Ofsbx ay=0.

Lo = eyl
- '.:I: iy E!“.ﬂ}il a Fﬁﬂd L on¥-
W

Coordinage Geometry

325

Ej+3}._57l]iscquwnh:nl:tn —Lr—Lzl i
: 502 513 -

Hence intercepl on x-axis is %mjan},ﬂhh 3
- 3- |

The general equation to the straight line perpeadicalir 1o = -
Gx+y+K=0. y "':" 3

L4

e 5
¥

bis l-:-:-"l- '_.'- :
Distance of 4x + 2y = 1 from (0,0} 1—-‘-;-# - ST
I+ : 3

The two lines are 2x + y=5 and x + 2y =7 g
Wesolveilforxandy. x+2y=Tor 2s+4y=14

. So(x+4y)-(2x+y)=14-5=90ry=IThisgivesn=
Hence point of intersection of the two lines is (1,3).
i) Let P(x, y) be the moving point. :

A
AP =(a+b-x)7+(b-a-yp BP =la-b-xF+latby
AP =BP* So (a+b-7)+(b-a-yF =(a-b IR E(EEES
= (a+ bR +(b-at+xt+y2-Aa+bx-2b-aly =
;_{Hvb,'ﬂ-l*[u-l-hF+.t1+}ﬂ—1[i-ﬁ:fl~l£*]F_._.-j. = -

> ax + bx + by -ay=ux- bx+ay+ by ##:ﬂi'.'-% B

r=a §in 1&::ﬂ=2mﬂsinﬂmﬂ=ﬁ|f=ﬁ"-; P

_—
n

— A
-

axis which divides AB in h
smedn m:.__g:i]tﬁ_!:fﬂlﬂ'r
men &

=
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%) Let the point be (x. v). hs distance fom (~1,0) is J(x 3 1) 3¢
1) i1

s diszance from (0. 2) s .,rq r—0) 4 {3 - :"1';

Caven ‘-|r+[|' 3 —[I?=

IJx -0 4 (y-2)°
Sy ++l=Nr" 4+ —dy )

| zh:#!|.—::'—3ﬁ_1+]5'-—1}

| wj ﬁiﬂlﬂtnt—_ﬁj—lwh—v—ll ig 2 4
-0, F=L. Inlcroepd formis 2, Y i
] T l _|1-1m'tn:qu

i .
,_ B g - ¥-interoept is — | g’

¥} The perpendicular distance is O-1—3-143 _ 4

J6° +5° zjﬁi—
) l:lh:nmdﬁ.{lljux—nhii B{3.-2)

. lfﬁnrmdﬂ].ljn.t=2iil:{l.11 ! l"

Ih:-zdﬁlrunxﬂishldin-uufﬂ
ﬁf‘l—ﬂkulﬂﬂﬁcmlﬂﬂ.
Dhstance of A from =21 '

i) Eﬂmmhhmhbﬁyﬂ =0 is fix 4+ 2y + k=0,

:-; passes through (1. 2) 50.6.142 2+k=0. Hence k = -8 and cquation

Exé.[2011)

] mnﬂﬁ:ﬂﬂt 1
quadsilateral formed i =)
(5.0 and (4, 6) taken in order. A i

B Show 3
& Hkmt—I."]pU. I)and (3, - 1) are collincar.
ivi

angle made by the line joining (-3, -5) and (5, 2) with the X-axis.

_E'Fl- ;--l-‘;-lhmrm
v wm:ih '
_ straight line which passes through the
i Elﬁhtmhhmqumﬂnnull 10.

%

-

Urendingts [ e —

m

:
r"""'“l_ . L":!ﬂ.ﬁdh_d

vi) Find the equation of the straght fine
imtersection of 2r + 3y - =10 and 3

: i)  Letihe points be A0, 3), B2, ~10 CI5, O and Dxd, 63
4 Area of ABCD = Area of triangle ABC » Amsy

I triangle ADC
- (=1~ 0) + 20 - 3) + 53 + 1|+ |O0- 83+
i) Letthe points Ai-2 45, B(1. 1) and O3, -1 ) g

atiangle. lts areais < [~ 201 + 1)+ 1~ 1-4)+ 36 1= A
Hence, they are collinesr. e

-+ J§ii)  The gradient of the line joming (-3, -5) ad ¢

B e
- i

F o
il

£

The angle made by the line with X-aus s

==
]

%"‘%-1-::.11*1!"'1& i'

Ix 2y - d
B er BaE

| ' s ¥ = ___
Let the straight line is = == G35
2 3

=—+ Flﬂ-lﬂ_-&k-‘._ —F
a 10-a e

s
'-*.: Ny

3
1 £

=

£

. o
| 3x-dy+7=0is2e+ Iy 1 A= THEE
line means 2.5 + 3.4 - 1 + K35 44T HEEE

IS I7x-34y+51=0 .

‘of a rhombus.

L §

—

-




T ] W
Ll | [} il |||_-:_-|_;|.|_ 5]

by ipl i g

) } r- Sy T
- Line equation 1o the straight line parallel

1 ohe A-axisisy=4
Siope of the X-axiz s

- T
| I e E&iiatiin (o the 4 P & il .
] LHEC UDe prissing L wugn (4, 4) and (G5 _-|_::.
- |
213 o — 4 I &
— = s A -

Phe eguatson Lo ihe line o -
i I i T B0 BIpE | pif I j & _|_ '} '-'--i":l'-.'-l_ ;;II"]'I:I_ Jr':q,

4 T=4
l e r+vy=8 T
- : | Bl X i | LIS llil.""l 1% & '-."llll.‘!I'.'J_l
i Lhe equaiton of the straight line parallel to ¢ = ik -
Pounl om The I|'.|: imnmplics 1 3 K| |, LIS 5

2.1 +k Means k= - i 3l
the II!I-_' it 5= Tv4 =0 i. Hl..h.l. Ehie :"“"i|:--|:'|.' §

vl The x-coordinate of the soins ; I
C SRS o the pornt is O, Let the rar
50 Lettl 0 b : 1 and poir
. £ Mt 15 (0] ¥4 ]
FI e vy i
— — m FiodE 3
R misl=*3

_TI:-.- locus -_-! the: point o ng equidistant from A and B is the perpendic

m==cior of AB. Lei the Imoving point be Pix, v), The Ir\'Lr-- i'u' L e

PA=PB —(x+4)!+ =10} = (x -4 2 4 (v H:'H'WI-LIMI:I”r
= lbx =4y — 2y =5 i

Ex 4. [2010]

r ] '|'|'I‘|I-: lII'II'||1||.| - B i1' “n | s I‘-' 1507 0 b= w1 h YeicCes aoi | ] '
I 1 e .J] INE cf LIcx i L= Fia L 2 e E
woll | |'||:I L | -
-3 - | u.IIIJ |—‘. _I. = :
1 i"-'L ||'-|I-|.|J CLIRHIH O d CUTVE

IS ®iIven b e P = [ =
L= TR T T Eive Y r= sasind, Find its Coartesian

iy I points } ] !

I_.m..:l!. (@, &) (e, d), (@=c. b ) lie on o strad ghit line, prove that ad = b
Find the coordinates of the point whig
poinis (2, 3) and (4,

Solution:

| h divides the line segment joining the
3} intemally in the ratio 2:3,

1] ¥ K R 24 i

! Let(p, g) be the centroid. Then p = 1._ 1and g = E‘.---“:I.T"_ =4%. %0
_ eentroid is (1, 3), .

1

F=lasinl, — 2o Zar sind).

= X+ P =2y

il

i)

"|'II|' -il\. NELFY
A |
If the fiveEl poinis are on g st e
I AT ENL line fhen ET

Bents of the lines Joinang

5Ny Vs [pOCS e same '-":J'--L"'-\'I!.—h.—-:|-=:||:11:.-r1 b, (e d—b
. e, df s o
and that of the line joining (e, d}, (g o b -1
] s >
d—b b=2d
Hence - :
L il o — fF

> ad —ab—2cd + 2bc = be~20d - ob 4 2ad = adu e

21+ 4ul |4

Let {p: g) be the posnt. Then p = e : and g

i i—2=35 | TRy
=" a2 g “0pomiis{—,—)
ol o - FRE

Ex5.[2011]

i)
i)

it}
iv)

¥l
wij

vii) Findeguation tothe srmght

Selution :

i)

u)

Convent the |'m'|.::’ comdimates (& —300°) Lew Cartestom fonme

Find the equation (o the median from the venex {1, 4} of the tmangle with
vertices (200, (1, 4) and {3, 3}

A point moves so that its distance from the point (-1, ) always 3 umes s
distance Trom the point (0, 21 Find the quation o the loces.

Write the cquation y = fix — | in inercept form. What ane the meercepts on
the axes?

Find length of perpendi
Find reflection of (3, 2}

cular from {1, 1) 0 the straigh fine f=Sy+3 =0,
on X -anis. What 4 its reflection o =27
HnEpuﬂngunmghEl,E]ﬂW

Ox 6y + L=0.

x=r cosh :3.;;-;15[-3“]’]=Hmhﬂ°=4.

_'|.-=r5|nI];;35:'n|:-:|mc'i=h1'

241 043 ﬁ

e al
The mediani joins the points (1, 4) md {375 2 ) Eustion 8 )

='1__.|£=_§ or, Sx.4 3y~ 17=0
=215 3

nm,ﬂ,i}u’imwﬁﬂﬂ-fﬁ?
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xi) Itis the locus of the point moving at cqual distances from A and B
If the moving point is (x, y), the locus 18

4../(.1|r+¢-1.)-"I +(y - IO)“- = J[,r —:1)" F(y+10)°
— (x+4)P - (x -4’ =(y+ 10)* - (y - 10)* =5 2¢ = 5y,

xit) General equation to the line passing through the point of intersection of the
lincs x+y-2=0and2x-3y +1=01s

x+y-=2+12x-3y +1)=0
(I,-1liecsontheline =1 +(-1)-2+{2x1-3(-1)+1}=0

! |
=l= 3 :;Equatinntnthestmjght]ineisx+y—2+§(2r~3y +1)=0=>x=1

xiii) Let the moving point be (x, y). Given \/(x—h)? +(y - k)’ =k

—x*+ Vv —2hx - 2ky + h* = 0.

* %k k k %
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130
Ex 10. [2015]

ii I ithe distance between (2.x)and (1,915 5 7 . find x.

i) Writedown the equation of a line parallel 1o x-axis at 3 djy,

e
frowm a-inis o5 iy

w) Reduce 3r+4y— 12 = 010 infercept form.

ivi Find the condition that the point (a. &) should e on the Jine Oining 7
H'I:”-*‘..'I'l‘- g QL 6

v} Find the coordinates of the poinl which divides the line joining
(7, 8) and (=6, 1 1) intermally in the ratio 5 - 7, '

v If the sum of squares of the distance of a vanable point from the roin
(~1.2) and (3, 4) are constant, find the locus of the point .

wi)  Find the equartion of the line passing through (3, 5) and perpendiculsr o phe
line joining (4, 2) and (2, §).

vill) I the point (a, b, (b, ) and (x, v} are collinear, prove that x+ y=g4b

i) ln_ﬂ:th ratio is the line joining thepoints (2, 3) and (- S, 1) divided by ¥-
s’ :

x}  Find l:h:_nqlllﬂim i) the fine which makes an angle 150° with x-axis and
cuts 3 umits from v-axis,

xi) Fﬂdﬂ?tﬂ!ulimmﬂupﬂ‘p:ndiculﬂhimnrnfthﬂim'ﬁnin the ponts
A{-4, 10) and B(4, - 10). e

xi) iﬂiﬁﬂlﬂm tothe straight line passing through the point of intersectionof
“'-5-"""‘.'!"—-=ﬂ'lnd:1:-3} + 1 =0 and the point (1, - 1).

[2016] Write the locus of point equidistant from a fixed point (h, £) wher

the Py

=L - 18t +32=0=(r- 16)x—2) =x=165%"
hmhxﬂtlndﬁmﬂﬁ units. Theyarey=

i)

v)

¥

=E

Coordinute Geometry e

(a. b, (2. 3)and (~ 4, 1) are collincar f uradient o the e ot 1 bt
(2. 3) = gradient of the line through (-4, ~ 1) and (2, 3) Mhﬂ:@
3-b_3+1 2 - e
SaTaaT3 M- ¥es=0 i3

Ria, b) divides the line joining the points (7, 8)and {6, 11)in
ot 56} +Tx7 19 Sx1147x8
ratio 5 : 7 S = TR and b =— o7

Hence R s R 13, 2
: :1'|2]

. . g

Let the variable point be (z, ). Given :
{ix+ 1¥+ (- 2P [ =3P £ p=4P)=c o o
=26 +27 - dr- 1y +W0=c o8

vii)  Slope of the line joining (4. 2) and (2.8) is 55 =3
b . T

(b, a) =gradient of the line throug

.:.,;..-"_t. 1

Equation of the line p

= x-3y+12=0.

_ﬂ._:;'n.&."- S gy L EE n ---'-f'.



= o Tmireduction 1o r'\-|-i|.:._l-t||r||_ "'--'-Ir-'n--rl'.-|-. |

L) Himad the -.||1|.||_|_' M

e IwWo paralle] lines 4y & 7
ol | ¥ = A = N
ok a0 ¥ B il by 4

wiil Find 1} C oguatyon of the | | 5
i ) 1P -.!.I"LF'I'..'-C'&{"‘. 'I'I'l“l"l 1
T el -F'|l-'l‘-'|d|l:
l."|*|"l.":-jll." il SEEN
VIl abow that the | TR 4 Ay 4 Il=0

i e s ;
WL aXes I."'I.]II,,] 1T ”‘I:lqlll:l.il.h;' !.I_“. d% L] {1 1 . P

p
cEF+ V=4 =0, 3y - By 1

EOmCurment =
R LT ||_”L_

i X Frnd the Cgualioen o the bsector of

|-I'|l..' 2 "I"'.:\," b g L
. L AN e L Lt - . e
= i} and I_"|I _ e o y 4 n .I‘ll. I|E'L_--1| :

) A

Slutbon: 1) m = Gradient of 4 W+ S5=0= |

i, = Liradient of 6 — Zv 4+ 7 = =3

|
] - w A = N
i i 5 X |  =The two lines are at right angles

nh - Leneral equalion to the
= ine paralie]l to the line 3x + 4 2, !
ive k=01 (4, — 5) ¥+ 5=0is 3r 4

lies on 3x + 4y k
= | - = L wWe h.;l".-"' - 44
k=0 =k = & e 3 xd 4%

Required equation of the line is Ir+ 4y + B

) Verbcesare A(- 2, - 7). (2.2 ). C{-2J3.2.F

J3)
AB=\(-2-2y 4 (-2-2)° =43
BC =/2+33) +(2-2,3) =43
CA= Ji-25+27 (2B +2) = 4.3

I'hus AB = BC = CA the triangle is equilster)

Wl R(-11. 16) divides the line segment joining A(— 1. 2) and Bi4, - 5)

i & = 1)
i =
temtiom:n —- ||= e Hlm=1ln=dm=-n —=3m=2n
~Sm 42
Ty -Tﬂ_ﬂ_ = lom+ 160 ==~5m+ 2n =2lm=—- ldn —=~=3Im=IN

Coordinate GCieometrs 120

Ee—y Hence R{- 11, 16} divides AB externally in the ratio 2 : 3
ﬂ.—v

n
i'IJ ]|= 1‘{1.‘:"‘ ‘1'".1". = E'.‘I!'z fan | "‘.." fhe -

it . Bl T ¥ i3 _
{Hence F"”]‘“ coordinates of the point s (2, 3 L

) (2.0)isn pointon 4x+ 3y =8
Distance between two paralic lines 4x + 3y =8 and 4x + 3y 4 12=01is
same as the distance d of (2,0)to4x + 3y + 12=0.

4x2+3x0+12 20
o e M |
i 'l..'ll-lJ 3 3

vii) The line has interceplts a on x-axis und —a on y-axis
1§ 1 . E T ;
— Eguation to the line is e 1.{95.6) lies on the line implies

=a=— 1. =»Equation to the lincisx-y+1=10.
viti} The three lines are concurrent if the cociTicient delerrnant is 0,

et g Y

Coefficient determinant =] 2 1 -4 =1(10+12)+3(20-32)+ 16+ 8)=0
-8 31 10

1
Hence they are concurrent.

X} There are two bisectors.

4x-3y+1 +IE:;—S_5.-+1'
The equation is o e

4 + % = .,.|-]1".|.5_3

S13(4c—3y + 1)=5(12x - Sy +7) and 13(4x -3y + 1) =512 Sy +7)
S84 4y+22=0 and 112x— 64y +48=0

BT+ 11=0 wnd Tx-4y+3=0

.
Ty, . ——.




